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Abstract. Two techniques for the shape reconstruction of multiple metallic cylinders from scattered fields are investigated in
this paper, in which two-dimensional configurations are involved. After an integral formulation, the method of moment (MoM)
is applied to solve it numerically. Two separate perfect-conducting cylinders of unknown shapes are buried in one half-space
and illuminated by the transverse magnetic (TM) plane wave from the other half space. Based on the boundary condition
and the measured scattered field, a set of nonlinear integral equation is derived and the imaging problem is reformulated
into optimization problem. The non-uniform steady state genetic algorithm (NU-SSGA) and asynchronous particle swarm
optimization (APSO) are employed to find out the global extreme solution of the object function. Numerical results demonstrate
even when the initial guesses are far away from the exact shapes, and the multiple scattered fields between two conductors
are serious, good reconstruction can be obtained. In addition, the effect of Gaussian noise on the reconstruction results is
investigated and the numerical simulation shows that the reconstruction results are good and acceptable, as long as the SNR is
greater than 20 dB.

Keywords: Inverse scattering, microwave image, buried conductors, asynchronous particle swarm optimization, genetic algo-
rithms (SSGA), half space

1. Introduction

The solution of an electromagnetic inverse scattering problem has been an area of research for many
years because of its wide variety of applications which include, for example, geological investigations
of the earth structure, nondestructive evaluation and characterization of different food grains, imaging of
human organs in biomedical microwave tomography, ground-penetrating radar, and possible detection
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Fig. 1. Geometry of two perfectly conducting cylinders in (x, y) plane.

of diseases in trees and forests etc. [1–7]. Furthermore, the inverse problems related to the underground
objects are of particular importance in scattering theory. However, inverse problems of this type are
difficult to solve because they are nonlinearity [8,9].

One way for the nonlinear inverse problem is solving the forward scattering problem iteratively to
minimize an error function known as the objective function. This function represents the error between
the measured scattered fields and the simulated fields during the updates of the evolving objects in each
inversion [10–30]. Recently, several papers for inverse scattering problems have been published on the
subject of 2-D object about deal with shape reconstruction problems by using the Newton-Kantorvoitch
method [31]. However, for a gradient-type method, it is well known that the convergence of the itera-
tion depends highly on the initial guess. If a good initial guess is given, the speed of the convergence
can be very fast. On the other hand, if the initial guess is far away from the exact one, the searching
tends to get fail [13]. In general, they tend to get trapped in local minima when the initial trial solu-
tion is far away from the exact one. Thus, some population-based stochastic methods, such as genetic
algorithms (GAs) [10,12,13,17–21], differential evolution (DE) [11,22–27], particle swarm optimiza-
tion (PSO) [26–29], subspace-based optimization method [32], Neural network [33] and level-set algo-
rithm [34] are proposed to search the global extreme of the inverse problems to overcome the drawback
of the deterministic methods.

In general, most of objects are placed in a homogeneous space, while Chiu and Chen [35,36] re-
construct a buried imperfectly conducting cylinder by genetic algorithm. The microwave imaging of
multiple objects in free space has been proposed by Chiu [37]. Qing [38] has been proposed using dif-
ferential evolution strategy with individuals in groups (GDES) to solve the multiple conductor problem.
This paper is based on our earlier work on inverse scattering where the NU-SSGA is utilized to recon-
struct the buried perfect conductor cylinders [39]. Moreover, to the best of our knowledge, there are still
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no numerical results by APSO to reconstruct the multiple conductors. Moreover, a comparative study
about the performances of APSO and NU-SSGA to inverse scattering problems is also investigated. In
Section 2, a theoretical formulation for the inverse scattering is presented. The general principles of
optimization algorithms and the way we applied them to the inverse problem are described. Numerical
results for reconstructing objects of different shapes with noise are given in Section 3. Finally, some
conclusions are drawn in Section 4.

2. Theoretical formulation

Let us consider two separate perfectly conductors buried in a lossy homogeneous half-space, as shown
in Fig. 1. The media in regions 1 and 2 are characterized by the permittivities and the conductivities (ε1,
σ1) and (ε2, σ2), respectively, while the permeability μ0 is used for each region, i.e., only nonmagnetic
media are concerned here. There are two separate conducting cylinders with cross section that are de-
scribed by polar coordinates in the xy plane through shape equations ρ = F (θ), in other word, the objects
are star-like shapes. The conductors are illuminated by TM (transverse magnetic) plane wave with time
dependence ejωt on region 1, in which the electric field is assumed parallel to the z-axis. Let Ein denote
the incident field from region 1 to region 2 with the incident angle Φ1. Due to the interface between
region 1 and region 2, the incident plane wave generates two waves in the interface, which would exist
in the absence of the conducting targets: the reflected wave in the region 1 and the transmitted wave in
the region 2. Thus the unperturbed field is given by

⇀
E i= Ei(x, y)ẑ (1)

with Eq. (1), where

Ei(x, y) =

{
E1 = e−jk1[x sinφ1+(y+a) cosφ1] +R1e

−jk1[x sinφ1−(y+a) cosφ1], y � −a

E2 = Te−jk2[x sinφ2+(y+a) cosφ2], y > −a

where

R1 =
1− n

1 + n
, T =

2

1 + n
, n =

cosφ2

cosφ1

√
ε2 − j σ2

ω

ε1 − j σ1

ω

k1 sinφ1 = k2 sinφ2, k
2
i = ω2εiμ0 − jωμ0σi, Im(ki) � 0, i = 1, 2.

We introduce an equivalent induced current concept, and then the scattered field in each region can be
expressed by

ES(x, y)=

⎧⎪⎪⎨
⎪⎪⎩
−

2π∫
0

G1(x, y, F1(θ
′), θ′)J1(θ′)dθ′ −

2π∫
0

G1(x, y, F2(θ
′), θ′)J2(θ′)dθ′, y � −a

−
2π∫
0

G2(x, y, F1(θ
′), θ′)J1(θ′)dθ′ −

2π∫
0

G2(x, y, F2(θ
′), θ′)J2(θ′)dθ′, y > −a

(2)

In Eq. (2), the current density and Green’s functions are given by

Jh(θ
′
h) = −jωμ0

√
F 2
h (θ

′
h) + (F ′

h(θ
′
h))

2Jsh(θ
′
h)

G(x, y, Fh(θ
′), θ′)=

{
G1(x, y, Fh(θ

′), θ′), y�−a

G2(x, y, Fh(θ
′), θ′)=Gf (x, y, Fh(θ

′), θ′)+GS(x, y, Fh(θ
′), θ′), y>−a

(3)
h = 1, 2. Please see [39] for details.
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The inverse scattering problem is to determine the shapes and positions of the conducting cylinders
when the scattered electric field ES is measured outside the scatterer. For shape expansions, the Fourier
series is selected to express the shape functions. Assume the approximate center of the scatterer, which
in fact can be any point inside the scatterer, is known. The shape functions F1(θ) and F2(θ) can be
expanded by Fourier series as follows:

F1(θ) =

N/2∑
n=0

B1n cos(nθ) +

N/2∑
n=1

C1n sin(nθ) (4)

F2(θ) =

N/2∑
n=0

B2n cos(nθ) +

N/2∑
n=1

C2n sin(nθ) (5)

where B1n, C1n, B2n and C2n are real coefficients to be determined and 2(N + 1) is the number of
unknowns for expanding the shape functions. Note that the discretization number of J(θ) for the inverse
problem must be different from that for the direct problem. In our study, the discretization of the current
density for the direct problem is twice of that for the inverse problem. Since it is crucial that the synthetic
data generated by the direct solver are not alike those obtained through the inverse solver. This problem is
resolved by an optimization approach, for which the global searching scheme SSGA, APSO is employed
to minimize the following objective function (OF):

OF =

{
1

Mt

Mt∑
m=1

∣∣∣Eexp
s (r̄m)− Ecal

s (r̄m)
∣∣∣2/ |Eexp

s (r̄m)|2
}1/2

(6)

where Mt is the total number of measured points. Eexp
s (r̄) and Ecal

s (r̄) are the measured scattered field
and the calculated scattered field, respectively. The smaller the OF, the smaller the error of the scattering
field such that the reconstructed shapes are closed to exact one.

2.1. A synchronous particle swarm optimization (APSO)

Clerc [40] suggested the use of a different velocity update rule, which introduced a parameter ξ called
constriction factor. The role of the constriction factor is to ensure convergence when all the particles
tend to stop their movement.

The velocity update rule is then given by

vk+1
j = ξ ·

(
vkj + c1 · φ1 ·

(
xkpbestj

− xkj

)
+ c2 · φ2 ·

(
xkgbest − xkj

))
(7)

xk+1
j = xkj + vk+1

j , j = 0 ∼ Np − 1 (8)

where

ξ =
2∣∣∣2− φ−
√

φ2 − 4φ
∣∣∣ , φ = c1 + c2 � 4.

By Eq. (7), particles fly around in the multidimensional solution space and adjust their positions ac-
cording to their own experience and the experience of neighboring particles, by exploiting the knowledge
of best positions encountered by themselves and their neighbors.
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The key distinction between a particle swarm optimization (PSO) and the asynchronous particle swarm
optimization (APSO) is on the updating mechanism, damping boundary condition and mutation scheme.
In the typical synchronous PSO, the algorithm updates all the particles velocities and positions using
Eq. (7) at the end of each generation. And then update the best positions, xpbest and xgbest. Alternatively,
the current updating mechanism of asynchronous PSO use the following rule: just after the update by
Eq. (7) for each particle the best positions xpbest and xgbest will be replaced if the new position is better
than the current best ones such that they can be used immediately for the next particle. In this way, the
swarm reacts more quickly to speedup the convergence.

In this paper we have applied the damping boundary condition and mutation scheme. The mutation
scheme plays a role in avoiding premature convergences for the searching procedure and helps the xgbest
escape from the local optimal position.

2.2. Non-uniform steady-state genetic algorithm (NU-SSGA)

The non-uniform steady-state genetic algorithm (NU-SSGA) was developed and first applied into
inverse scattering problem by Chiu in 2004 [41]. The SSGA is very powerful stochastic global opti-
mization methods based on genetic recombination and evaluation in nature. In general, the SSGA must
be able to perform seven basic tasks:

1. Encode the solution parameters as genes.
2. Create a string of the genes to form a chromosome.
3. Initialize a starting population.
4. Evaluate and assign fitness values to individuals in the population.
5. Perform reproduction through some selection scheme.
6. Perform recombination of genes to produce offspring.
7. Perform mutation of genes to produce offspring.
The key distinction between an SSGA and a typical GAs is in the number of fitness calculation. In a

typical GAs, each generation of the algorithm replaces the population with the new population. On the
contrary, SSGA only needs to generate a few offspring, by non-uniform beta distribution in crossover
and mutation, to replace the weakest individual in each new generation. The non-uniform probability
density scheme in genetic operator could increase the searching diversity in the early iteration, and
also increase the exploration ability of the algorithm in latter iteration. In other words, the number of
fitness calculation corresponding to the new population is large in a typical SSGA compared with NU-
SSGA. To prevent the superior individual from been lost during the NU-SSGA optimization process, the
rank scheme is employed in the selection operation for which copies the superior individual to the next
generation. Based on the characteristic of NU-SSGA in reducing the numbers of fitness calculation, we
are able to reconstruct the microwave image efficiently. The details see [42]. It should be noted that the
shape function used to describe the shape of the cylinder will be determined by the APSO and NU-SSGA
scheme.

3. Numerical results

Let us consider two separate perfectly conducting cylinders which are immersed in a lossless half-
space (σ1 = σ2 = 0). The permittivities in region 1 and region 2 are characterized by ε1 = ε0 and
ε2 = 2.56ε0, respectively, and the permeability μ0 is used for each region which are only nonmagnetic
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Fig. 2. (a) The reconstructed shapes for example 1. The solid curves represent exact shapes, and other curves are the calculated
shapes APSO and NU-SSGA in final generation, respectively. (b) The error of the reconstructed shapes in each generation.

media. A TM polarization plane wave of unit amplitude is incident from region 1 to region 2 as shown
Fig. 1. The frequency of the incident wave is chosen to be 3 GHz. For all simulation, we set the position
of the interface at y = −a, and the two objects are buried at the same depths (a ∼= λ0). In our experiment,
the scattered fields are measured on a probing line along y = −(a+0.01) m in region 1. The two targets
are illuminated by three waves with incident angles. g That are 0◦, 45◦ and 315◦, respectively, and then
the 8 measurements at equally separate points are used along y = −(a+ 0.01) for each incident angle.
Therefore there are totally 24 measurements in each simulation. Here, the parameter is set to 0.1 m in
all simulation.

There are fourteen unknown parameters to retrieve. The relative coefficient of the modified APSO are
set as below: The learning coefficients c1 and c2, are set to 2.8 and 1.3, respectively [43].

The relative coefficients of the NU-SSGA are set as below: the crossover probability pc and the muta-
tion probability pm are set to 0.1 and 0.08, respectively [42]. The former 0.1 is to maintain the concept
of steady state, the latter 0.08 is suitable to avoid premature convergence in our experience.

The first example, the shape functions are chosen to be F1(θ) = [0.02 + 0.0115 cos(2θ)] m and
F2(θ) = [0.02 + 0.015 cos(θ) + 0.01 sin(θ)] m, respectively. The d1, d2 and Ψ are 0.1 m, 0.1 m and 0◦,
respectively. This example shows to reconstruct the different shape functions. The reconstructed shape
functions are plotted in Fig. 2(a). Moreover, the relative error of the reconstructed shapes versus numbers
of generation shown in Fig. 2(b). The APSO and NU-SSGA relative error are about 0.2% and 2.5% in
the final, respectively. Here, relative error (RE) is defined as following

RE =
1

2N ′

N ′∑
i=1

[∣∣F cal
1 (θi)− F1(θi)

∣∣
F1(θi)

+

∣∣F cal
2 (θi)− F2(θi)

∣∣
F2(θi)

]
(9)

where N ′ is set to 360. The quantities relative error provides measures of how well F cal
1 (θ) and F cal

2 (θ)
approximate F1(θ) and F2(θ), respectively. It is clear that the reconstructed results are good although
the reconstructed shapes of the initial generation are far away from exact ones.
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Fig. 3. (a) The reconstructed shapes for example 2. The solid curves represent exact shapes, and other curves are the calculated
shapes APSO and NU-SSGA in final generation, respectively. (b) The error of the reconstructed shapes in each generation.

Fig. 4. The trend of relative error (RE) for example 1 and example2 with noise.

In the second example, two shape functions are selected to be F1(θ) = [0.04 − 0.01 cos(3θ) −
0.01 sin(3θ)] m and F2(θ) = [0.04 + 0.012 cos(2θ) + 0.012 cos(3θ)] m, respectively. Moreover, the
d1, d2 and Ψ are 0.1 m, 0.1 m and 0◦, respectively. This example shows that the proposed scheme can
reconstruct more complicated scatterers whose shape function for each target has three concavities. The
reconstructed shape functions are plotted in Fig. 3(a). Moreover, The relative error of the reconstructed
shapes versus numbers of generation shown in Fig. 3(b). The APSO and NU-SSGA relative error are
about 0.01% and 6.2% in the final, respectively.

For investigating the effect of noise, Fig. 4 shows the reconstructed results for the multiple conductors
cylinder under the condition that the recorded scattered fields are contaminated by noise, of which the
SNR includes 30 dB, 20 dB and 10 dB. It is observed that good reconstruction can be obtained for the
shape of the metallic cylinder when the SNR is above 20 dB.
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4. Conclusions

This paper presents a study by using the steady state Asynchronous particle swarm optimization al-
gorithm and genetic algorithm to reconstruct the shapes of two separate perfectly conducting buried
cylinders through knowledge of scattered fields. The targets are illuminated by TM plane wave in re-
gion 1. Then based on the boundary condition and measured scattered field, we have derived a set of
nonlinear integral equations and reformulated the inversion problem into an optimization problem. It
should be noted that Fourier series expansion is employed to describe the shapes of the buried cylinders,
which can be readily replaced by using the technique of cubic spline interpolation. Nevertheless, the
shapes of the objects can be reconstructed by using the APSO and NU-SSGA from the scattered fields
in region 1. Numerical results show that the APSO yields better reconstructed results as compared with
those by GA. Finally, to mimic experiments the effects of white Gaussian noise on the reconstruction
results is investigated, and the numerical result shows APSO yields better immunity against noise than
NU-SSGA does.
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