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We solve the vacuum Einstein’s field equations with the cosmological constant in space-times admitting
three-parameter group of isometries with two-dimensional spacelike orbits. The general exact solutions,
which are represented in the advanced and retarded null coordinates, have two arbitrary functions due to
the freedom of choosing null coordinates. In the thin-wall approximation, the Israel’s junction conditions
yield one constraint equation on these two functions in spherical, planar, and hyperbolic domain wall

space-times with reflection symmetry. The remain freedom of choosing coordinates is completely fixed by

requiring that, when the surface energy density o, of domain walls vanishes, the metric solutions will
return to some well-known solutions. It leads us to find a planar domain wall solution, which is

conformally flat, in the de Sitter universe.
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I. INTRODUCTION

The inflationary universe was originally proposed to
solve horizon and flatness problems in the hot big-bang
cosmological model [1]. From the discovery of the cosmic
microwave background (CMB) anisotropy, the idea of
cosmological inflation becomes more convincing, and it
serves as the initial conditions for the subsequent hot
big bang. Most popular inflation models are described
by scalar fields, called inflaton fields, with their effective
potentials [2]. Although there still lacks a fundamental
theory to explain the origin of inflation, some effective
theories reveal that inflation may naturally happen due
to the spontaneous symmetry breaking and phase transi-
tions in the early Universe [3].

When a phase transition occurred in the early Universe,
various types of topological defects, which are classified
by homotopy groups, can form in the vacuum manifold,
and this phenomenon is known as the Kibble mechanism
[4]. Therefore, domain walls, which are a particular type of
the topological defects, correspond to vacuumlike hyper-
surfaces interpolating between separate vacua. Besides the
Kibble mechanism, domain walls can also form by the
quantum tunneling process of false vacuum decay, i.e.,
bubble nucleation [5], or quantum production of topologi-
cal defects in de Sitter space [6]. (See [7] for a review of
domain walls.) Reference [6] has shown that the topologi-
cal defects can be continuously formed during inflation and
still be present after inflation with appreciable densities.
Hence, it motivates us to study the gravitational effects of
domain walls in the de Sitter universe.
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Since we are only interested in the macroscopic effects
of domain walls, it is sufficient to study the domain wall
space-times in the thin-wall approximation, where the wall
is regarded as infinitely thin, with §-function singularity in
the energy-momentum tensor. Therefore, gravitational
effects of domain walls are described by Einstein’s field
equations off the wall together with Israel’s junction con-
ditions [8]. As far as we know, domain wall solutions have
been studied based on two different approaches. The first
approach starts from exact solutions of Einstein’s field
equations off the wall in the specific coordinates, and
then the wall’s motion in the same coordinates is described
by Israel junction conditions. The second approach is to
introduce the comoving coordinates, where the wall is
placed at a particular constant coordinate variable, say,
z =20, and then the exact solutions of Einstein’s field
equations off the wall are obtained in the comoving
coordinates.

Cvetic et al. [9] studied the local and global properties of
domain wall space-time with the cosmological constant A
in the comoving coordinates. They found domain wall
solutions based on three assumptions. The first one as-
sumed that the two-dimensional spatial sections V, of
space-times ‘‘parallel” to the wall are homogeneous and
isotropic. It corresponds to space-times admitting a three-
parameter group of isometries with two-dimensional
spacelike orbits, i.e. V, are two-dimensional spheres,
planes, or hyperboloids [10,11]. The second one assumed
that the space-time section orthogonal to the wall, say,
(z, z)-plane, is static. It means that the metric components
gy and g, are f-independent. The third assumption re-
quired that the directions parallel to the wall are boost
invariant, i.e., extrinsic curvature of constant-z hypersur-
faces is boost invariant. It yields that the metric function
intrinsic to V, are separable. It seems to us that the second
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and third assumptions are not satisfactory since they may
eliminate some interesting domain wall solutions. For ex-
ample, our planar domain wall solutions in the de Sitter
universe, which are obtained in Sec. IV B [see (66)], are
conformally flat and will return to the metric of the de Sitter
universe when the surface energy density of the domain wall
vanishes. Solution (66) cannot be found in [9] since it does
not satisfy the second and third assumptions.

In this paper, we release the last two assumptions in [9]
and find the general solutions of Einstein’s field equations
with A in the double-null coordinates. Solving Einstein’s
equations in null coordinates has been used to find
Schwarzschild and Reissner-Nordstrom solutions in [12].
Since the nondegenerate general solutions contain two
arbitrary functions F(v) and G(u) due to the freedom of
the null-coordinate choices, the Israel’s junction conditions
yield one constraint equation on these two functions, where
the domain wall is placed at a constant-z hypersurface.

From the generalized Birkhoff theorem [10,11], one can
find a coordinate transformation [see Eq. (35)] to make our
nondegenerate solutions become

1 2

g U(R)dT ® dT + UR) dR ® dR + R*dV,,
where U(R) =K —2M/R — (A/3)R*> and dV, =
(1 — Kr?)"'dr®dr + r’d¢ ® d¢. Itis clear that the met-
ric (1) is static in the certain range of coordinates.
Moreover, it turns out that the domain wall, which is
originally sitting at a constant-z hypersurface, becomes
moving in the coordinates (T, R, r, ¢»). So one may expect
that a domain wall solution in the comoving coordinates is
locally equivalent to a moving wall embeded in a space-
time with metric (1)." Here, we call these two different
approaches the “comoving-coordinate” approach and the
“moving wall” approach. The equivalence of these two
approaches has been demonstrated by Bowcock et al.
[13],% so there exist coordinate transformations between
these two approaches. Having shown this equivalence,
Bowcock et al. solved Israel’s junction conditions to find
the most general brane-universe solutions based on the
moving-wall approach. In the study of brane cosmologies,
it is more suitable to use the moving-wall approach.

In this paper, we solve Israel’s junction conditions and
find the general domain-wall solutions in the comoving-
coordinate approach. We will show that the domain-wall
solutions in the comoving-coordinate approach are more
useful for studying gravitational perturbations and quan-
tum fluctuations than the moving-wall approach, which is
normally adopted to study the dynamics of the brane-
universe. It is known that a proper coordinate choice can

ey

"t is possible that the solutions obtained in these two coor-
dinate systems may have different global structures of space-
time.

*In [13], these two different approaches are called the ““brane-
based” approach and the “‘bulk-based” approach.
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largely simplify physical problems and equations. For
example, when one studies metric perturbations in a spe-
cific background space-time, a proper choice of back-
ground coordinates is important since it may largely
simplify perturbed equations or make these equations solv-
able. Moreover, when we study quantum fluctuations in
curved space-time, the coordinate choices become signifi-
cant since there is no coordinate-invariant definition of the
vacuum state, i.e., the vacuum state is observer dependent
[14]. In the comoving-coordinate approach, the Israel’s
junction conditions only fix one freedom of double-null
coordinate choices, so the remaining freedom can be used
to further simplify our domain-wall solutions or to avoid
coordinate singularities that appear in metric solutions.
However, in the moving-wall approach, the metric solu-
tions outside the wall are fixed in the static form, i.e.,
Eq. (1), which has coordinate singularities at some finite
values of R, and the Israel’s junction conditions will com-
pletely determined the trajectories of walls. In this work,
we propose a reasonable way to fix the remaining coordi-
nate freedom by requiring that, when the surface energy
density o of domain walls vanishes, the metric solutions
will return to some well-known solutions. For example,
when oy = 0, planar domain wall solutions with M = 0
and A > 0 [see (66)] will return to the de Sitter universe in
conformal-time coordinates, where the quantum fluctua-
tions have been largely studied. So the domain-wall effects
on primordial quantum fluctuations in the early Universe
may clearly be seen by studying quantum fluctuations in
solution (66).

The plan of this paper is as follows. In Sec. II, we briefly
review the thin-wall approximation and Israel’s formalism
in the covariant approach. Sec. III presents general solu-
tions of Einstein’s field equations with A in space-times
admitting a three-parameter group of isometries with two-
dimensional spacelike orbits. The general nondegenerate
solutions have F(v), G(u) and three parameters: two-
dimensional constant curvature K, gravitational mass M,
and A. We also show that the solutions will return to some
well-known exact solutions in specific coordinates by
choosing F and G. In Sec. IV, we limit our discussion in
space-time having reflection symmetry with respect to the
wall, and the Israel’s junction conditions become an alge-
braic equation for the two functions F' and G. Sec. IVA
discusses spherical and hyperbolic domain walls with
M = 0 in the de Sitter universe. In Sec. IV B, we present
a planar domain-wall solution, which is conformally flat, in
the de Sitter universe. When the surface energy of the
domain wall vanishes, the solution returns to the de Sitter
metric in the conformal time. We conclude in Sec. V.

We use the units 7 = ¢ = 1, and the metric signature is
(= 4+ ++). The Latin indices a, b, - - - refer to coordinate
indices and the Greek indices «, B, y - - - refer to ortho-
normal frame indices. g and V denote the metric tensor and
Levi-Civita connection, respectively.
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II. THE THIN-WALL APPROXIMATION

In the thin-wall approximation, the thickness € of a thin
wall is taken to be zero, so the infinitely thin wall becomes
a three-dimensional timelike, null or spacelike hypersur-
face 3 in four-dimensional space-times, and its associated
stress-energy tensor 7%, of the space-times has a
S-function singularity on 3. Here, we will assume 3, to
be a three-dimensional timelike hypersurface for our
current interest. From Einstein’s field equations and the
singular property of 7¢,, it turns out that the extrinsic
curvature 7., of X has a jump discontinuity across 2,
and its discontinuity is naturally related to surface stress-
energy distribution of matter fields on % [8,15].

A. Israel’s junction conditions

Since 2 is a three-dimensional timelike hypersurface,
one may first introduce its unit spacelike normal n satisfy-
ing g(n,n) =1, and the intrinsic metric & of 3 is then
given by

h=g—n®r,

where i = g(n, —) is the metric dual of n. So the extrinsic
curvature 7, of 2 is defined by

1 _
Tap = E(ﬁnh)ablﬁ’ (2)

where L, denotes the Lie derivative along the unit normal
n, and £ is any extension of 4 to a neighborhood of 3.
Because of the discontinuity of 77, across 2, it is conve-
nient to introduce the notation 77|, where the subscripts
* refer to values just off the surface on the side determined
by the direction of *£n. In [8], it showed that

1
Yab = 77'(117'7L - 7Tab|7 = _K(Sab - Ehabscc) (3)

in the thin-wall limit &€ — 0, where «k = 87 Gy and
Sap = limg_q [§dIT,, denotes the surface stress-energy
tensor. Here [ is the proper distance through 2 in the
direction of n. Equation (3) is normally called Israel’s
junction conditions. It is worth pointing out that Eq. (3)
is also valid when we include the cosmological constant A
in Einstein’s field equations. One may further impose that
the space-time geometry be reflection symmetric with
respect to 2, which will be considered in Sec. IV, and it
yields 7l = — 7l .

B. The surface stress-energy tensor

The surface stress-energy tensor S = S,,dx* ® dx” is
usually assumed to have the following perfect-fluid form,

S=(c—1ni®iu— 7h, 4)

where o and 7 denote surface-energy density and tension
of 3, respectively. i = h(u, —) is the intrinsic metric dual
of the unit timelike vector field u, which lies within .
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It is known that dynamics of S can be determined by
Eq. (3), Einstein’s field equations, and the Gauss-Codazzi
equations in the thin-wall approximation [8,15]. In particu-
lar, one of the Gauss-Codazzi equations yields the conser-
vation equation of S, which is

D-S=(oc—7D,i+aD  -[(c —7)u] —dr =0, (5)

where D is the three-dimensional intrinsic covariant de-
rivative on %, satisfying Dh = 0 and the torsion-free con-
dition. D- denotes the divergence. In terms of coordinate
components, it is easy to show that, for any tensor field T

on 2,

DaThmcd,__g = haphqb e hrchds e hetvaqmrs...t: (6)

where T is any extension of T to a neighborhood of 3.
For dust walls, i.e., 7 = 0, Eq. (5) yields that the world
lines of u are geodesics and the surface energy density is
conserved, which is D * (cu) = 0. For domain walls, i.e.,
T = o, we simply obtain do =0, which means that
o = 0 is a constant on 2. In the following discussion
(see Sec. IV), we will concentrate only on domain-wall
space-times with reflection symmetry, so Eq. (3) becomes

KO
 hgp (T)

Yab = 2T apls = —2mg|- = T
Therefore, the reflection symmetric domain-wall space-
time will be described by vacuum solutions of Einstein’s
field equations with the cosmological constant off X
and Eq. (7).

II1. SPACE-TIMES ADMITTING A THREE-
PARAMETER GROUP OF ISOMETRIES

It is still a great challenge for mathematicians and
physicists to find an exact solution of Einstein’s field
equations without assuming any symmetry of space-time.
Most of the well-known exact solutions are found in spaces
of high symmetry, so the group of isometries becomes a
useful method of classification and also for finding exact
solutions [10]. In Sec. IV, we will consider that the domain
wall is homogeneous and isotropic in its two space dimen-
sions, so it leads us to assume that the four-dimensional
space-time geometry induced by the domain-wall source
has the same symmetric property, i.e., two-dimensional
spatial sections V, parallel to the wall are homogeneous
and isotropic [9]. This assumption of space-time symmetry
may correspond to space-times admitting a three-
parameter group of isometries with two-dimensional
spacelike orbits, denoted by G5(2, s). In this section, we
shall solve the vacuum Einstein’s field equations with the
cosmological constant off % under Gs(2, s).

It is known that an n-dimensional Riemannian space V/,,
admitting G,, where g = n(n + 1)/2, is a space of con-
stant curvature [10]. Hence the orbits V, of G5(2, s) must
have constant Gaussian curvature K, and correspond to
two-dimensional spheres (K >0), planes (K = 0),
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or hyperboloids (K < 0). Moreover, it is always possible to
introduce coordinates (7, z, r, ¢) such that the metric tensor
g with G3(2, s) has the form [11,16]

g = I (—dt @ dt + dz ® dz) + ¥JaVv,,  (8)

where dV, = (1 — Kr*)"'dr® dr + r’d¢ ® d¢. By re-
scaling e**, one can normalize the constant curvature to
be K = +1,0, —1.Itis clear that the two space dimensions
of X are placed at 7, z = constant. In [9], its metric ansatz
yields

g = e2O(—dt® dt + dz ® dz) + 2Ae0+ARIqy,  (9)

which is only a special form of the metric (8). We shall

stress again that the general exact solutions of »(z, z) and

A(t, z) obtained in this section will only be valid off 3.
We first introduce the Einstein’s three-forms [17]

G, =Ru.gA*(e* NeP Ney), (10)

where R,z are curvature two-forms defined in terms of
Levi-Civita connection V, ¢ are orthonormal coframes,
and * denotes the Hodge map associated with g.
So Einstein’s equations with A are

G, = —2k1, +2A *e,, (11)

where 7, are stress-energy three-forms of matter fields.
Since we are only interested in vacuum solutions of
Eq. (11), 7, will be assumed to vanish in the following
calculation. Substituting the metric (8) into vacuum
Eq. (11) yields

AN =N+ AN =V A=0, (12)

e (A2 = 3N = 20" + 240 +2XV) + e K = A,
(13)

e BA = N2 42X =240 2AV) + e K = A,
(14)

e — v+ A=A+ AT = A7) = A, (15)

where dots and primes here and in the following denote the
differentiation with respect to ¢ and z, respectively. These
four nonlinear partial differential equations, Egs. (12)—(15)
, are difficult to find an analytic nontrivial solution for
due to their highly coupling nature. However, they can be
largely simplified by introducing advanced and retarded
null coordinates u, v, defined by u = %(r +2),v= % X
(r—z). A similar procedure has been used to find
Schwarzschild and Reissner-Nordstrom solutions and their
maximally analytic extensions [12].

It is convenient to set
Alt, z) = €%, B(t,z) = e*, (16)

where A > 0, so the metric (8) becomes

PHYSICAL REVIEW D 83, 084014 (2011)
g =A(t z)(—dt®dt + dz ® dz) + B*(t,2)dV,. (17)

By transforming (7, z) coordinate variables to the null
coordinates (u, v), Egs. (12)—(15) with some linear combi-
nation yield

AB,, —A,B,=0, (18)
AB.,,—A,B,=0, (19)
BB,, + B ,B, + AK = AAB?, (20)
B(InA) ,, + 2B, = 2AAB, 21)

where a subscript comma denotes partial differentiation
with respect to the coordinates following it. It turns out
that Egs. (18)-(21) become much simpler and solvable.
If we put K =1 and A =0, Egs. (18)—(21) agree with
Egs. (31)-(34) in Sec. 17 of [12).°

From Eqgs. (18) and (19), we observe that there exist
degenerate nontrivial solutions in the case of B, or B,
vanishing. Hence it is better to study the degenerate and
nondegenerate solutions separately. In the special case of
K = A =0, i.e., plane symmetry, the degenerate and non-
degenerate solutions have been studied in [15,18], where
[15] called them class-I and class-II solutions, respectively.

A. The degenerate case: B, =0or B, =0
(but not both)

Since Eqs. (18)—(21) are invariant under switching the
coordinate variables u and v, it is necessary only to study
either B, = 0 or B,, = 0. Suppose B, =0 and B, # 0,
i.e., B= B(v). Then Eq. (18) is trivial satisfying and
Eq. (20) yields

K
B = 1= const. = 0, (22)

where K, A # 0. It is clear that both B, and B, vanish,
which gives a trivial solution. So the case of K, A # 0 does
not give a degenerate nontrivial solution, and we will not
proceed further with our discussion in this case.

For K = 0, i.e., plane symmetry, Eq. (20) yields A = 0
since A and B cannot vanish. It means that the nontrivial
degenerate solutions with plane symmetry cannot allow the
nonvanishing cosmological constant. Then we expect to
recover the class-I solutions in [15]. One may first solve
Eq. (19) to yield A = G(u)B,, where G is an arbitrary
function of u, and the Eq. (21) becomes trivial satisfying.
So this solution does return to class-I solutions of [15].
It is worth mentioning that the planar domain-wall solu-
tions obtained in [15,19] have the class-I solutions outside
the wall.

3We point out that the metric signature (+, —, —, —) used in
[12] is different from ours.
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B. The nondegenerate case: B, # 0 and B, # 0
In this case, Egs. (18) and (19) yield

A(u,v) = F(v)B,, (23)

A(u, v) = G(u)B,, (24)

respectively, where F(v) # 0 and G(u) # 0 are arbitrary
functions of their arguments. Substituting Eq. (23) into
Eq. (20) gives

(BB,U + KF(v)B — %F(U)B3) —0. (5

u
Hence, from Eq. (25), we obtain

B, = —KF(v) + ? + %F(U)Bz, (26)

where H(v) is an arbitrary function of v. A similar result
can be obtained by substituting Eq. (24) into Eq. (20),
which yields

Jw) A
= - +
B, = ~KG(u) + ==+ 3

G(u)B?, 27
where J(u) is an arbitrary function of u. Since Egs. (26)
and (27) possess some symmetry between u and v, we
multiply Eqgs. (26) and (27), and use Egs. (23) and (24),
which gives

J A

B,B,= —KA+ @BU +2AB? (28)
e B U3
H A

= KA+ %B,u +3AB (29)

If {J(u), H(v)} # 0, Egs. (28) and (29) yield
Ju) _ B, _ G

Hw) B, Fw)’ G0
So we finally obtain

Juw) _H@) _

Gw =T 2M, 3D

where M is a constant. By substituting Eqgs. (23) and (27)
into Eq. (21) and using Egs. (20) and (31), one can easily
verify that Eq. (21) is automatically satisfying. Therefore,
the general exact solution of Egs. (18)—(21) yields

2M A

A= —F(v)G(u)(K - - 532), (32)

with B(u, v) satisfying

dB — —(K — %M - %Bz)(G(u)du + F)dv).  (33)

Also, the metric Eq. (17) becomes

PHYSICAL REVIEW D 83, 084014 (2011)

2M A
g= 4F(v)G(u)<K 5 332>du ® dv + B%dV,.

(34)

From the metric (34), it is clear that the existence of the
two arbitrary functions F(v) and G(u) is due to the free-
dom of choosing null coordinates u, v. Hence, the different
choices of F(v) and G(u) may correspond to the metric g in
different null coordinates. According to the generalized
Birkhoff theorem [10,11], the metric (34) can actually be
put into a static form [see Eq. (1)] by introducing coordi-
nates:
T= [ F(v)dv + f Gudu, R=B. (35

In the following, we show that the metric (34) will return to
some well-known solutions in various different coordinates
by choosing three parameters K, A, M, and two functions
F(v), G(u).

In the case of K = 1 and A = 0, Egs. (32) and (33) yield
the Schwarzschild solution obtained in [12], and M will be
regarded as gravitational mass. Moreover, by setting

and G(u) = ZTM (36)

we obtain the Schwarzschild solution in the Kruskal
coordinates, which is the maximal extension of the
Schwarzschild solution [12,20]. If one further sets
v/u=e"M  the metric (34) will be transited to
Schwarzschild coordinates (¢, R, 6, ¢), which yields

g = —h(R)dt® dt + h(R)"'dR ® dR + R*dQ,, (37)

where B=R and h(R) =1 —2M/R. dQ, = dO ® db +

sin’0d¢ ® d¢ denotes surface element of two-spheres. It

is clear that the coordinates (z, R) cover only the regions of

both u, v being positive and negative in the (u, v)-plane.
In the case of K = A =0, i.e., plane symmetry with

vanishing cosmological constant, it is not difficult to verify

that Egs. (32) and (33) give the class-II solutions of [15].%
In the case of K = 1, M = 0 and A > 0, by setting

31 31
F('U) = ‘/%; and G(M) = \/%;, (38)

we obtain the de Sitter metric in the Kruskal coordinates:

kv
§ A (uv —1)?

+ 2
du®dv+i(uv D)

Its global properties have been discussed in [21].

Finally, we consider K = M = 0, which will be useful
for cosmological models. Since K =M =0, Eq. (33)
gives

*It should be noted that the two arbitrary functions F and G in
[15] are different from ours.
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-~ _+c= /G(u)du + [F(v)dv, (40)
where ¢ is a constant of integration, and the metric (34)
becomes
o 4A
g = B* — 7F(U)G(u)du ® dv + dX, ), 41

where dX, = dx ® dx + dy ® dy. It is interesting to dis-
cuss the sign of F and G in the cases of A being positive or
negative. For A > 0, the metric (41) indicates that FG > 0.
On the other hand, the metric (41) yields FG <0 in the
case of A <0. Since we are interested in the de Sitter
universe, we will consider only A > 0.

It is clear that the metric (41) is conformally flat if we
simply choose

Fv) = —\/%, Gu) = —\/%,

(42)
for A >0, and Eq. (40) yields
3 1
B=4—F—. 43
\/;(u +v—o) 43)
Furthermore, the metric (41) becomes
1
g= 15 (=dne®dn+dz®dz + dX,), (44)
37

where 7 = t + ¢. The metric (44) is a well-known solution
of a flat expanding de Sitter universe in the conformal time
[22]. One can also realize that the metric (44) is a back-
ground metric for describing a slow-roll inflation in the
early Universe [2].

It is known that the metric solution (34) is only valid off
the 3. Hence, a general solution of domain-wall space-
time should also need to satisfy the Israel’s junction con-
ditions. As we mentioned in Sec. I, the study of the
domain-wall space-times can be separated into two differ-
ent approaches mainly due to the different choices of
coordinates, namely, the moving-wall approach and the
comoving-coordinate approach. The moving-wall ap-
proach is usually used to study the two space-times, M,
and M _ with a common moving boundary X, [13,23,24]. In
this approach, the metric solutions of M, and M _ have the
static form (1), and it turns out that % is moving in this
coordinate system. Therefore, the Israel’s junction condi-
tions become equations of motion for ..

The comoving-coordinate approach is to introduce the
comoving coordinates of the wall system, i.e., the rest
frame of the wall X [9]. In the comoving coordinates, the
wall % is normally placed at a constant z-coordinate posi-
tion, say, z = 0, so Israel’s junction conditions serve as
boundary conditions of the metric solutions at z = 0. In
Sec. IV, we will adopt the second approach by considering
a domain wall sitting at z =0 with space-time being
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reflection symmetry. It turns out that the Israel’s junction
condition, i.e., Eq. (7), yields some constraints on F(v) and
G(u) at z =0, so F(v) and G(u) cannot be arbitrarily
chosen.

IV. DOMAIN-WALL SPACE-TIMES

In this section, we limit our discussion on reflection-
symmetric domain-wall space-times, so Israel’s junction
conditions yield Eq. (7) and constant surface energy den-
sity o = 7= 0. Since the metric solution (34) has a
freedom of choosing double-null coordinates (u, v), we
may simply assume that 3 is placed at z =u — v = 0.
According to the reflection symmetry, it only needs to
study the metric (34) at z > 0. Hence, Eq. (7) may be
considered as the boundary conditions of the metric (34)
atz = 0.

Since 2, is placed at z = 0, the unit normal n and unit
timelike vector u in the coordinates (t, z, r, ¢) become

1 1
d u = 9,

VAGD) VA(t, 2)

where 9, and 9, denote the coordinate basis, and the
intrinsic metric /& of X yields

h= _AIZ:Odt ®dr + lezzod‘/z.

n=

(45)

(46)

Substituting (46) into Eq. (7) and using Eq. (2) gives two
nonvanishing equations

. KO

Al|+ - TA3/2|ZZO’ (47)

Ehz—%?ﬁQEO 48)
It is clear that Egs. (47) and (48) will give F(v) and G(u)
further constraints, so F(v) and G(u) cannot be arbitrary
functions.

By substituting the solution (32) into Egs. (47) and (48)
and using (33), a tedious but straightforward calculation
yields

F L, —L
(——’v+ Gu L —L I ’v) = —kogV—FGL ,

F G z=0 z=0
(49)
L(F = G)lg = = 2(BV=FGL)l.o. ~ (50)
where
2M A
L(I/l, 'U) :K_?_ng (51)

However, Egs. (49) and (50) actually are not independent.
To verify this, one may first differentiate Eq. (50) with
respect to t. Then, by using Egs. (33) and (50), one
can show that Eq. (49) is implied by Eq. (50) if
(F + G)|,—o # 0, which is assumed in the following
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discussion. It 1is interesting to note that, when
(F — G)l,—p = 0, Eq. (50) yields o, = 0. We then obtain
an important result that, if the domain wall exists, i.e.,
oo # 0, in the space-time, one cannot choose F(f) =
G(1). It turns out that Egs. (36), (38), and (42), are not valid
choices in the domain-wall space-time. We shall mention
that Eq. (50) cannot uniquely determine the F(v) and G(u),
so one still has freedom of choosing these two functions.

A. Spherical and hyperbolic domain walls

In this subsection, we study spherical and hyperbolic
domain walls in the de Sitter universe, i.e., K = *1,
M = 0, and A > 0. It is convenient to introduce

F () = f F)dv,  Gu) = [ Gdu,  (52)

and, in the case of K = 1, Eq. (33) yields

Voot BT+ 6] for 5 >3,
V| BT+ 6] for 5 <3,

It is known that B> = + corresponds to cosmological hori-
zons [21]. Substituting Eq. (53) into Eq. (50) gives

3
\/7f2 \/700sh \/7f+ for BZ>K

f_ ‘/:smh \/7 + for B? <i
N A

(54

where £, (1) == (F + G)|.— and f_(1) := (F — G)|.—.
It is clear that f. = 1(F = G)|,—o. The F sign corre-
sponds to f, >0 or f, <0, respectively. Equation (54)
indicates that either f, or f_ is given; the other will be
determined.

In the case of K = —1, a similar calculation yields

B= \/%tan[\g( F+ g)], (55)

(33)

and

\

W: ro f3 sml:\/_ f+], (56)

for sec[\/g( F + G)] > 0. We expect that the choices of f

or f_ are related to global properties of space-times and a
proper choice of f; or f_ may yield a simpler domain-
wall solution and also avoid coordinate singularities. So
far, our guiding principle of choosing f, or f_ is that,
when o, = 0, the domain-wall solutions should return to
some well-known solutions. Here, we present an example

PHYSICAL REVIEW D 83, 084014 (2011)

of choosing f in the case of K = 1. A more comprehen-
sive study on f,, f_ and also global properties of domain-
wall space-times will be present in our future work.

In the case of K = 1, the de Sitter metric (39) in Kruskal
coordinates has been presented in Sec. III. From Eq. (38),
we know that f, = %‘/% Int for ¢ > 0, and then substituting

f+ into Eq. (54) yields

B —Re+1) .
2P+ G+ 17

where we consider only B? > 3. We then obtain F and G,
which are

F(v) = J%%(l -

31
G(u) = \/:— 1+ .
4A”( VAU + (w12

It is clear that when o = 0, Eq. (58) returns to Eq. (38),
and the metric should become the de Sitter metric in
Kruskal coordinates.

(v+1) )
B+ w+ DY
(58)

(u+1) )

B. Planar domain walls

In this subsection, we study the planar domain wall in
the de Sitter universe, i.e., K = M = 0 and A > 0. In the
planar domain-wall case, the Israel’s junction condition
(50) becomes

AR (59)

which is much simpler. The = sign corresponds to B > 0 or
B <0, respectively. In Sec. III, we have found the metric
(44), which is conformally flat. It was obtained by choos-
ing F = G = constant. We observe that, if F and G are two
different constants, Eq. (59) can also be satisfied.
Therefore, we consider

F(v) = F,, G(u) = F,I, (60)
where F,, and I are constants. Since FG > 0 for A > 0, so
I' > 0. If one considers F;, < 0, then substituting Eq. (60)
into (50) yields

\/7(1—r)—+@\/_ 61)

for B being positive or negative. If one further assumes
oo = 0, which is physically reasonable, Eq. (61) yields
that I' = 1 for B> 0, and I' < 1 for B < 0. The algebraic
equation (61) has two real positive roots, which are
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320} \/48K20'3A + 9o}
8A 8A '

so the larger root of I' corresponds to the case of B > 0, and
the smaller root to B < 0.

Substituting Eq. (60) into Egs. (40) and (41) yields
_ 3

AFy(Tu + v —¢p)’

T=1+

(62)

B = (63)

g= B%%F%(—dt ®dt+ dz®dz) + dXz). (64)

It is interesting to note that B should take different values
of I for B > 0 and B < 0, so these two domain regions may
need to be considered separately. Since F is an arbitrary

negative constant, we may choose Fy = —,/%, and then
obtain

_ —dn®dn+d:®dz + dX,
5+ 5l

8 (65)

for z > 0. It is obvious that when I' = 1, i.e., oy = 0, the
metric (65) returns to (44), which is the de Sitter universe.
Moreover, the metric (65) is conformally flat, although it
has z-dependence. According to the reflection symmetry,
we then obtain the domain-wall solution in the de Sitter
universe:

:—dn®dn+dz®dz+dX2

AT +1)? —
AGE (o + {51l

(66)

The metric solution (66) is important and useful for cos-
mologists to study the domain-wall effects in the early
Universe. It is worth mentioning that the metric (66) will
not return to the planar domain-wall solution obtained in
[15,19] when A = 0, since the metric (66) outside the
domain wall belongs to the nondegenerate solution.
Moreover, A = 0 will make the metric (66) become diver-
gent. Finally, we would like point out that, if one applies
the following coordinate transformations:

. '+ +F—l I A +F+1
7 57 5% Z 5" ;%

i=\/1:x,

for z > 0, the metric (65) also returns to (44). However, in
these coordinates (7, Z, X, ¥), the wall’s location becomes

~_[(T'—-1\=x
= <m)77

which is moving along Z.

Here, we consider only the spherical, planar, and hyper-
bolic domain-wall space-times with M =0 and A > 0.
It might also be interesting to study more general cases,

(67)

(68)
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e.g., M # 0and A < 0. Moreover, the global properties of
these domain-wall solutions are important and will be
discussed in our next work. In particular, the problems of
the two-bubbles collision in the early Universe exhibit the
hyperbolic symmetry on two-dimensional spatial section
V, of space-times [24,25], so it should be important to
further investigate the global properties of K = —1.

V. CONCLUSIONS

We have systematically studied exact solutions of vac-
uum Einstein’s field equations with A in space-times ad-
mitting G3(2, s). The general solutions are classified into
degenerate and nondegenerate solutions. In the degenerate
case of {K, A} # 0, we did not find any physically inter-
esting solutions. However, in the case of either K = 0 or
A = 0, each degenerate field equation required the other to
be vanishing. Therefore, we obtained the planar symmetric
solutions with vanishing A, which are equivalent to the
class-I solutions of [15]. In the nondegenerate case, the
general exact solutions are obtained in the double-null
coordinates, and they contain three parameters, K, M, A,
and two arbitrary functions F(v) and G(u) due to the
freedom of choosing null coordinates. We considered non-
degenerate vacuum solutions as the domain-wall solutions
outside the wall.

In the domain-wall space-times, we assumed that the
domain wall ¥ is homogeneous and isotropic in its two
space dimensions. Since the nondegenerate solutions have
freedom on choosing null coordinates, we then considered
that % is placed at z = 0, and the Israel’s junction con-
ditions yield one constraint equation on F(v) and G(u).
The remaining freedom of choosing F(v) and G(u) is fixed
by requiring that, when the surface energy density o of
domain walls vanishes, the metric solutions will return to
some well-known solutions. In the derivation of Israel’s
junction conditions, we assume only that the space-time be
reflection-symmetric without putting any restriction on the
three parameters. Applying the Israel’s junction conditions
to the case of M = 0 and A >0, we first discussed the
cases of K = *1. It turns out that Israel’s junction con-
ditions become a first-order ordinary differential equation
for two arbitrary functions, f (¢) and f_(¢). An example of
choosing f has been presented. In the case of K = 0, we
obtained the planar domain-wall solution, which is con-
formally flat, in the de Sitter universe.

We plan to use the solution (66) to study primordial
quantum fluctuation during inflation in the early Universe.
Since the wall is at rest at z = 0 and the planar domain-
wall metric is conformally flat, the quantum fluctuation of
scalar fields may be solved exactly. Moreover, the study of
the global properties of the domain-wall solutions obtained
in this paper is in progress. Besides the study of the planar
domain walls, it will also be interesting to extend our
current investigation to {M # 0, A < 0}.

084014-8



DOMAIN WALL SPACE-TIMES WITH A COSMOLOGICAL ...

ACKNOWLEDGMENTS

The authors would like to thank Professor Kin-Wang
Ng and Dr. I-Chin Wang for helpful discussions. We
would also like to thank the referee for introducing us to
Bowcock et al’s work and pointing out the similar tech-
niques used in this paper and theirs [13]. We also thank the
Institute of Physics, Academia Sinica, where part of
this work was done. C-H.W. was supported by the

PHYSICAL REVIEW D 83, 084014 (2011)

National Science Council of the Republic of China under
Grant No. NSC 98-2811-M-032-005. H-T.C. was sup-
ported in part by the National Science Council of the
Republic of China under Grant No. NSC 99-2112-M-
032-003-MY3, and the National Center for Theoretical
Sciences. Y-H.W. was supported by the Center for
Mathematics and Theoretical Physics, National Central
University.

[1] A.H. Guth, Phys. Rev. D 23, 347 (1981).

[2] A.R. Liddle and D.H. Lyth, Cosmological Inflation and
Large Scale Structure (Cambridge University Press,
Cambridge, 2000).

[3] A.D. Linde, Particle Physics and Inflationary Cosmology
(Harwood Academic Publishers, Chur, Switzerland, 1990).

[4] T.W.B. Kibble, J. Phys. A 9, 1387 (1976).

[5] S. Coleman, Aspects of Symmetry (Cambridge University
Press, Cambridge, England, 1985).

[6] R. Basu, A.H. Guth, and A. Vilenkin, Phys. Rev. D 44,
340 (1991).

[71 M. Cveti¢ and H. H. Soleng, Phys. Rep. 282, 159 (1997).

[8] W. Israel, Nuovo Cimento B 44, 1 (1966).

[9]1 M. Cvetic, S. Griffies, and H. H. Soleng, Phys. Rev. D 48,
2613 (1993).

[10] D. Kramer, H. Stephani, E. Herlt, and M. MacCallum,
Exact Solutions of Einstein’s Field Equations (Cambridge
University Press, Cambridge, England, 1980).

[11] H. Goenner and J. Stachel, J. Math. Phys. (N.Y.) 11, 3358
(1970).

[12] S. Chandrasekhar, The Mathematical Theory of Black
Holes (Oxford University Press, New York, 1983).

[13] P. Bowcock, C. Charmousis, and R. Gregory, Classical
Quantum Gravity 17, 4745 (2000).

[14] N.D. Birrell and P.C.W. Davies, Quantum Fields in
Curved Space (Cambridge University Press, Cambridge,
England, 1982).

[15] J. Ipser and P. Sikivie,
(1984).

[16] H. Goenner, Commun. Math. Phys. 16, 34 (1970).

[17] I.M. Benn and R. W. Tucker, An Introduction to Spinors
and Geometry with Applications to Physics (Institute of
Physics Publishing, Bristol, 1987).

[18] A.H. Taub, Ann. Math. 53, 472 (1951).

[19] A. Vilenkin, Phys. Lett. 133B, 177 (1983).

[20] S.W. Hawking and G.E.R. Ellis, The Large Scale
Structure of Space-Time (Cambridge University Press,
Cambridge, England, 1973).

[21] G.W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 2738
1977).

[22] V. Mukhanov, Physical Foundations of Cosmology
(Cambridge University Press, Cambridge, England, 2005).

[23] D. Garfinkle and C. Vuille, Classical Quantum Gravity 6,
1819 (1989).

[24] B. Freivogel, G.T. Horowitz, and S. Shenker, J. High
Energy Phys. 05 (2007) 090.

[25] S.W. Hawking, I. G. Moss, and J. M. Stewart, Phys. Rev.
D 26, 2681 (1982).

Phys. Rev. D 30, 712

084014-9


http://dx.doi.org/10.1103/PhysRevD.23.347
http://dx.doi.org/10.1088/0305-4470/9/8/029
http://dx.doi.org/10.1103/PhysRevD.44.340
http://dx.doi.org/10.1103/PhysRevD.44.340
http://dx.doi.org/10.1016/S0370-1573(96)00035-X
http://dx.doi.org/10.1007/BF02710419
http://dx.doi.org/10.1103/PhysRevD.48.2613
http://dx.doi.org/10.1103/PhysRevD.48.2613
http://dx.doi.org/10.1063/1.1665136
http://dx.doi.org/10.1063/1.1665136
http://dx.doi.org/10.1088/0264-9381/17/22/313
http://dx.doi.org/10.1088/0264-9381/17/22/313
http://dx.doi.org/10.1103/PhysRevD.30.712
http://dx.doi.org/10.1103/PhysRevD.30.712
http://dx.doi.org/10.1007/BF01645493
http://dx.doi.org/10.2307/1969567
http://dx.doi.org/10.1016/0370-2693(83)90554-3
http://dx.doi.org/10.1103/PhysRevD.15.2738
http://dx.doi.org/10.1103/PhysRevD.15.2738
http://dx.doi.org/10.1088/0264-9381/6/12/010
http://dx.doi.org/10.1088/0264-9381/6/12/010
http://dx.doi.org/10.1088/1126-6708/2007/05/090
http://dx.doi.org/10.1088/1126-6708/2007/05/090
http://dx.doi.org/10.1103/PhysRevD.26.2681
http://dx.doi.org/10.1103/PhysRevD.26.2681

