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The vibrating membrane problem with variable density is discussed. Designing the weight function (density distribution of the membrane) of Helmholtz equation by the method of group invariance is exhibited. The exact similarity solutions of the eigenvalue problem of Helmholtz equation under the spiral and inversion groups are constructed in the regions bounded by concentric circles, eccentric circles, and a half-plane with circle removed. The eigenvalues of the problem are also obtained by the numerical and variational methods and they agree well with the exact solutions.

