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In the classical economic order quantity (EOQ) model, a
common unrealistic assumption is used that the purchasing
cost 1s paid at the time of delivery. However, in
practices, a supplier frequently asks his/her buyers to pay
all or a fraction of the purchasing cost in a fixed period
before the date of delivery, in order to reduce or control
default risks. In addition, a supplier may offer a
permissible delay in payments to the buyers to stimulate
more sales or provide a cash discount to the buyers to
encourage the buyers pay cash on delivery and avoid the
default risks. This project will study economic order
quantity models with deteriorating items for retailers when
the supplier adopts three different strategies (prepayment,
trade credits and cash payment) for paying the purchasing
cost. Based on the previous assumptions, this project will
establish a new mathematical model to find the optimal
pricing and ordering policies for the retailer to obtain
1ts maximum profit, when the supplier asks partial
prepayment and cash payment and provides partial delay
payment for paying the purchasing cost. Next, numerical
examples are provided to illustrate the solution procedure.

Economic order quantity; Advance payment; Permissible delay
in payments; Perishable products
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Abstract

For perishable products, the seller usually asks for the buyer to prepay a fraction of
the acquisition cost as a good-faith deposit, to pay some cash upon the receipt of the
order, and then a permissible delay is granted on the remaining of the acquisition cost.
Hence, an advance-cash-credit payment scheme is commonly used in real world
business transactions. In this paper, we develop a supplier-retailer-customer chain in
which the retailer receives an upstream advance-cash-credit payment from the
supplier while in return offers a down-stream cash-credit (some in cash and the rest in
credit) payment to customers. Additionally, the demand for perishable products is
influenced by the combined effect of selling price and product freshness linked to
expiration date. Furthermore, we demonstrate that the present value of total annual
profit is strictly concave in unit price and strictly pseudo-concave in replenishment
time, which simplifies the search for the global solution to a local maximum. Finally,
we conduct a sensitivity analysis and obtain several managerial insights.

1. Introduction

In real world, to reduce or control default risks, a supplier frequently asks his buyer
to pay all or a fraction of the purchasing cost in a fixed period before the date of
delivery. Hence, the advance payment scheme is widespread and useful to diminish
the estimation error in demand. The scheme is a real life phenomenon. Zhang (1996)
proposed an optimal advance payment scheme involving fixed per-payment cost. A
simple model is presented to resolve the tradeoff between the lost interest of the cash
deposit and the fixed per-payment costs. Maiti et al. (2009) discussed the inventory
model with advance payment incorporating stochastic lead-time, and proposed an
inventory model with stochastic lead-time and price dependent demand incorporating
advance payment. Taleizadeh et al. (2011) proposed a constraint multiproduct
joint-replenishment inventory control problem that considers importing raw material
from another country where a fraction of the purchasing cost is paid in advance.



Thangam (2012) considered both the advance payment scheme and two-echelon trade
credit option in a supply chain with perishable items. Taleizadeh et al. (2013)
considered that the buyer must pay a fraction of the purchasing cost as prepayment
during several payments, and developed an EOQ model with multiple partial
prepayments and partial backordering. Taleizadeh (2014) developed two classic EOQ
models for deteriorating items with and without shortage under multiple prepayments.
The prepayment can be paid in consecutive equaled size payments. Zhang et al. (2014)
studied the buyer’s optimal ordering policies when the vendor gives different kinds of
payment terms, including all the payment paid in advance, as well as the
partial-advanced-partial delayed payment.

Most suppliers grant their buyers varied credit terms to stimulate sales and reduce
inventory in today’s competitive markets. Hence, the trade credit is widespread and
represents an important proportion of company finance. Businesses, especially small
businesses, with limited financing opportunities, may be financed by their suppliers
rather than by financial institutions (Petersen and Rajan, 1997). On the other hand,
offering trade credit to retailers may encourage the supplier sales and reduce the
on-hand stock level (Emery, 1987). Goyal (1985) was the first to establish an EOQ
model with a constant demand rate under the condition of a permissible delay in
payments. Teng (2002) modified Goyal’s (1985) model by considering the difference
between the selling price and purchase cost, and found that the economic
replenishment interval and order quantity decrease under the permissible delay in
payments in certain cases. Chang et al. (2003) developed an EOQ model with
deteriorating items under supplier’s credits linked to ordering quantity. Jaggi et al.
(2008) proposed an EOQ model with the credit-linked demand under permissible
delay in payments. Thangam and Uthayakumar (2009) extended the model of Jaggi et
al. (2008) and developed an EOQ model with selling price and credit linked demand
for deteriorating items. Teng (2009) established an EOQ model that a supplier offers a
full trade credit to good customers and a partial trade credit to bad customers. Teng et
al. (2011) proposed the optimal ordering policy for stock-dependent demand under
progressive payment scheme. Further, Teng et al. (2012) extended the demand from
constant to non-decreasing pattern. Ouyang and Chang (2013) developed an EPQ
model with imperfect production process under permissible delay in payments and
complete backlogging. Sarkar et al. (2014) built up an integrated inventory model
with lead time, defective units, and delay in payments. Likewise, Liao et al. (2014)
derived optimal strategy for deteriorating items with capacity constraints under
two-level trade credit. There were several interesting and relevant studies related to
trade credits such as Chang et al. (2010), Liang and Zhou (2011), Chern et al. (2013),



Lou and Wang (2013), Yang and Chang (2013), Chen et al. (2014) and so on.

Based on the previous discussions, we adopt a generalized advance-cash-credit
payment scheme and a discounted cash-flow analysis to set up the objective that
maximizes the present value of total annual profit. Furthermore, we demonstrate that
the present value of total annual profit is strictly pseudo-concave in both the selling
price and the replenishment time. Finally, several numerical examples are solved by a
discounted cash-flow analysis to gain managerial insights.

2. Notations and assumptions

The following notation and assumptions are introduced to model the EOQ model
for perishable products with an advance-cash-credit payment scheme.
2.1. Notation

a The fraction of procurement cost to be paid in advance, 0< a <1.

B The fraction of procurement cost to be paid at the time of delivery,
0<pB<1.

T The fraction of procurement cost granted a permissible delay from the
supplier to the retailer, 0<7<1 and a+f+7=1.

0 The downstream credit period by the retailer to customers, 6 >0.
The upstream credit period by the supplier to the retailer, «>0.

Yo, The fraction of the sales revenue offered a permissible delay by the retailer

to customers, 0< p<1.
The annual compound interest paid per dollar per year.

-

A The procurement cost in dollars when placing an order at time .

c The procurement cost per unit in dollars, ¢ > 0.

CcC The present value of capital cost per cycle in dollars.

h The holding cost excluding interest charge per unit per year in dollars, h > 0.

HC The present value of holding cost excluding interest charge per cycle in
dollars.

I The length of time in years during which the prepayments are paid, | > 0.
I The interest charged by the supplier per dollar per year.
I The interest earned per dollar per year.

m The time to the expiration date or the maximum lifetime in years, m > 0.
@) The ordering cost in dollars per order, O > 0.

oC The present value of ordering cost per cycle in dollars.

p The price per unit in dollars, p > ¢ > 0 (a decision variable).

Q The order quantity in units.

SR The present value of sales revenue per cycle in dollars.

PC The present value of procurement cost per cycle in dollars.
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t The time in years, t>0.
T The length of cycle time in years, T <m (a decision variable).
D(p)  The annual demand rate, D(p) = ae ™ with a, 1>0.
o(t) The degrading (or deteriorating) rate at time t, 0<4(t) <1, '(t)>0, and
o(m)=1.

I(t) The inventory level in units at time t.
PTP The present value of total annual profit in dollars.
2.2. Assumptions

When the procurement cost is high, the supplier usually demands that the retailer (i)
prepay o fraction of procurement cost A (i.e., «A) in | years prior to the time of
delivery, (ii) pay another S percentage of procurement cost (i.e., SA) at the time of
delivery (i.e., t = 0) , and (iii) offer an upstream credit period of 4 years on the
remaining ¢ portion of procurement cost (i.e., 7A, with 0<¢,f,7<1 and
a+ p+7=1).

For simplicity, we assume that the retailer prepays « fraction of procurement
cost at time -l years when placing an order, pays another /S percentage of
procurement cost at time O upon the receipt of all items, and receives an upstream
credit period of 4 years on the remaining z portion of procurement cost. Likewise,
the retailer also offers customers a partial downstream trade credit, in which a
customer is granted a credit period of o6 years on p fraction of sales and pays the
remainder (i.e., 1— p fraction of sales) in cash.

Since the product cannot be sold after the expiration date, we may assume
WLOG that 6 <m, g <m,and T <m.

3. Mathematical formulations

The retailer pays the supplier « fractions of the procurement cost A in | years
prior to the time of delivery. The order quantity (i.e., Q units) arrives at time 0. The
quantity received is gradually depleted to zero at time T due to the combination of
demand and deterioration. Then the replenishment cycle repeats. Consequently, the

inventory level at time t is governed by the following differential equation:

%=—D(p)—0(t)l(t),0stsT, 1)

with boundary condition 1(T)=0. The solution of the above differential equation is:

I (t) =e*® LTD(p)e‘”(V’dv, 0<t<T, @)



where
o(t) = I;e(v)dv is non-decreasing, 0<t<T. (3)

The retailer’s ordering time is | years prior to the time of delivery 0. So, the
present value of ordering cost at time - is:
oC =0e". (4)
Since the retailer grants customers a partial downstream credit period ¢ (i.e., a
customer receives items at time t, and must pay the credit payment at time t+¢) on
p fraction of sales. Hence, the retailer’s present value of sales revenue per cycle time

T is as follows:

T+6 T
SR=pp[ " D(p)e"dt+p(l—p)[ D(p)edt. (5)
From (2), we know the order quantity delivered at time 0 as:

T

Q=1(0)= [ D(p)e"dt. (6)
The procurement cost without considering time value of money is given by:
A=cQ=cl(0)=c| D(p)e"“dt. ()

The payments for the procurement cost consists of three parts: (1) the advance
payment at | years before time 0, (2) the cash payment at time 0, and (3) the credit
payment at time . Therefore, the present value of procurement cost is give as:

PC=aAe" + B A+rAe™™ = A(ae" + B+1e™). (8)
The present value of the holding cost excluding interest charged per cycle time T is as

follows:
HC = hjoTl(t) edt = hD(p)joT j: eIy (it 9)

The present value of interest charged including advance and cash payments per cycle

is given below:



Ic, =cD(p)TICUjae‘”dt +.[05ﬁe‘”dt} a+ AED(P)L[ (T +5-te"dt. (10)
As for the credit payment, from the values of upstream and dowstream credit periods
u and &, we have two potential cases: (1) 6 <u, and (2) 6> u. Let us discuss
them separately.
3.1.Caselof 6<u

Based on the values of downstream credit period g, and timing T +¢6 at

which the retailer receives the customer’s last payment, there are two sub-cases.

3.1.1. Sub-case 1 of 6<u and u<T+6
In this sub-case, the present value of interest charged for credit payment per

cycle time T is given by:
T+6 T
IC, = rCD(p)IC[pI (T+5-te"dt+@-p)[ (T —t)e"dt} .
H H
The present value of interest earned for credit payment per cycle time T is as follows:
IE,= ¢ pD(p)le[pj:(t —8)edt + (1—p)_[0ﬂte‘“dt} .
Consequently, the present value of capital cost per cycle time T is as follows:
CC=IC,+IC, —IE
S5 ) T+6
=cD(p)TICU_I aedts [ ﬂe‘”dt}t (a+BYD(PI [ (T +5-t)e "dt
T+6 T
' rcD(p)Ic[pJ (T +5—t)e™dt+(1-p)[ (T —t)e-”dt]
H u
—: pD(p)Ie[pJ: (t—&)e "dt + (1 p)jo”te-"dt] (11)
Combining (4) — (11), we have the present value of total annual profit given by:
PTR(p,T) :TE(SR —OC-PC-HC-CC)

1 T+8 . L
= ?{ppD(p)L e "dt + p(l—p)D(p)I0 e "dt

~0e —(ae" + f+7e ")eD(p)], e Vot ~hD(P)] [[ & "av



—eD( p)TICUj e "dt+ Jjﬂe‘”dt} ~(a+B)D(PIL[ (T +5-t)e "t

T+6 T
—z¢D(p) Icl:p [T +5-tedt+-p)[ (T —t)e-”dt] (12)
u u
3.1.2. Sub-case 20of 6<u and u>T+6

In this sub-case, the retailer receives all revenue at time T + 6, and is able to

pay the supplier the total procurement cost at time .. Hence, there is no interest
charge for credit payment. However, the present value of interest earned for credit

payment per cycle time T is given as:

— T+o —rt # —rt
IE,= prpD(p)Ie[L (T+5-t)e dt+jMTe dt}

+ (- p)r pD(p)Ie[ [T —temdt+ jT”Te“dt} |

Hence, the present value of capital cost per cycle time T is as follows:

cC=IC, - IE,
- 5 n T+ -
:CD(p)TICUIae dt+ [ pe dt]+(a+ﬂ)cD(p)|cL (T +5—t)edt
pr pD(p)Ie[ [ +o-verdt+ _[T”wTe”dt}

—(1- p)z pD( p)Ie[ [l —vende+ [T e”dt} . (13)
As a result, the present value of total annual profit is obtained as:

PTPz(p,T)=%(SR—OC —~PC-HC-CC)
1 T8, T,
= Llon(p)] e at+ pa- pD(R) et
~0e" — (ae" + f+7e™)cD(p) [ e*Vdt ~hD(p)[ [ e dv dit
° g T+0
~eD(P)TI,| [ e dt+ [} pedt| - @+ HEDPILL[] (T +5 -y
+pe ()L [ (T +8-nedt+ [ Temat]

+ (- p)r pD(p)Ie[ [T —vede+ [T e‘"dt}}. (14)



3.2.Case20f 6> pu

In this case, there is no interest earned for credit payment. The present value

of interest charged for credit payment per cycle time T is derived as:

IC,= rcD(p)|C{p[j5Teftdt +jT+5(T +5—t)e"dt} + (1_p)jT(r —t)e’“dt}
H 3 H

Thus, the present value of capital cost per cycle time T is given by:

CC=IC, +IC,

—eD( p)TIC[ [faendt+ [’ ,Be”dt} +(a+B)eD(P)I[ (T +o-tedt

+(TCD(p)IC{p[ [Terat+ [T+ 5—t)e”dt} + @-p)f (T —t)e’”dt}. (15)
yz 3 H
Hence, the present value of total annual profit is as follows:

PTP3(p,T)=%(SR—OC—PC—HC—CC)
- 1{ T+ nt T -n
= = peD(p)[, e dt+ p(i-p)D(p); et
~0e" — (ae" + f+7e™)cD(p) [ e*Vdt ~hD(p)[ [ e dv dit
S B S5 _ T+0 _
—cD(p)TICU_Iae de+ [ pe "dt}—(mﬁ)cD(p)ch (T +5—t)e"dt

J. T+0 T
—TCD(p)IC[pU Tedt+[ (T +5—t)e‘”dt) +@-p) T —t)e‘”dt}} |
u 6 u
(16)
4. Optimal solutions
41.Caselof 6<u
Applying fraction concave theory, we have the following results:

Theorem 1. For any given selling price p,

(1) PTP(p,T) in (12) is a strictly pseudo-concave funtion of T, and hence there
exists a unique maximum solution T, .

(2) PTR,(p,T) in (14) is a strictly pseudo-concave funtion of T, and hence there
exists a unique maximum solution T, .
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For any given price p, applying Theorem 1, taking the first-order derivative of

PTP,(p,T) with respect to T, setting the result to zero, and re-arranging terms, we
get the necessary and sufficient condition for the optimal replenishment cycle time

T, as follows:
pPD(p)L[, " e ™dt~Te "]+ p(L- p)D(p)[[ e "dt~Te "]

—0e" —(ae" +,8+re’”‘)cD(p)[joT e’Odt —Te?™]

—hD(p)[ '[OT LT e?MPOt Gy gt — T '[OT g0 ]

(et + B)cD(P)!I. j;b (5 —t)e"dt

_zeD( p)lc[p [ @-edt--p) Ete‘”dt}

rr pD(p)Ie[pj:(t ~o)edt+ (- )] te‘”dt} = 0. (17)
Since u—&<T,<m, we know from Theorem 1 that T, =T, , if u—5<T,<m. If
T,>m, then T)= m. If T,<u-&, then T/ = u—5. Similarly, we get the

necessary and sufficient condition for the optimal replenishment cycle time T, as

follows:
T+0 T

peD(P)I[, e "dt-Te "]+ p(— p)D(p)[[ e"dt-Te ]

~0e" —(ae" + f+7re ™) cD( p)[IOT e#Oqlt — Te!™]

—hD( p)[joT .LT e V-1t qy dt _T'[OT e¢(T)'¢(t)'"dt]

T+5

—(@+B)xD(p)I.[ " (5-t)e"dt

+ ptT pD(p)'eU;+6(5—t)e‘”dt L T2 T(T+) _TJ‘;—+§ e_”dt}

+ (- p)r pD(p)IeUZ—te‘”dt +T2e‘”]= 0. (18)

Likewise, it is clear from Theorem 1 and T,<pu-¢ that T,=T,, if T,<u-6.

Otherwise, T, = u—-5.



Theorem 2. For any given cycle time T, if (2— pA) >0, then

(1) PTR(p,T) in (12) is a strictly concave funtion of p, and hence there exists a
unique maximum solution p, .

(2) PTR,(p,T) in (14) is a strictlyconcave funtion of p, and hence there exists a

unique maximum solution p,.

For any given cycle time T, applying Theorem 2, taking the first-order
derivative of PTP(p,T) with respect to p, setting the result to zero, and re-arranging

terms, we have the optimal price as follows:

«_1 {( " iy o [T ad0) T[T o-p0)-1t
pl_z+ ae" + B +re ”)C.[Oe dt+hj0 It e dv dt
d —rt g —rt T+o -t
+cT|CU_Iae dt+ [ pe dt}+(a+ﬁ)clc_[é_ (T +5—t)e "dt
T+6 T
+TCIC|:pJ (T +5 -t "dt+ (1 ) (r—t)e-”dt}
u u

T+6 T
/{pL e dt+ (1 p)[ e dt+7 |e|:pj: (t—5)e "dt+ (1— p)j:te‘"dt}}. (19)
Likewise, we derive the optimal price p, as follows:

;=1 T T T
p = {( rl -r #(t) $(V)-p(O)-rt
2 /1+ ae” + f+re ﬂ)cJ'Oe dt+hJ.oJ.t e dv dt
+ CTI J.gae_l'tdt + Jaﬂe_rtdt + (a i IB)CI J‘T+5 (T N 5 _t)e—rtdt;
cf J 0 )
/{pﬂ+6 e "dt +(1- p)IoT e dt + pr IeU;+§(T +o-tedt+ " T e‘”dt}

+(-p)r |e[ [[-verdts [T e‘”dt}} | 20)
42.Case2: 6>u

Applying the same analogous argument as in Case 1, we get the following
results.
Theorem 3. For any given selling price p, PTR,(p,T) in (16) is a strictly pseudo

concave funtion of T, and hence there exists a unique maximum solution T,.



For any given price p, applying Theorem 3, taking the first-order derivative of

PTR,(p,T) with respect to T, setting the result to zero, and re-arranging terms, we

obtain the necessary and sufficient condition for the optimal replenishment cycle time

T, as follows:
peD(P)[[ " & dt~Te "]+ p(1- p)D(P)I, e"dt~Te ]
—0e" —(ae" + f+71e™)cD( p)[J.OT e’Odt —Te?™]
—hD(p)[ J‘OT J‘: e WP0Tt gy gt —T J‘OT e Mo0 ]
T+6
— (e + B)cD( p)ICJ:s (5 —t)e"dt
T+6 rt T it
—rcD(p)lC[pj (-edt- - p)[ te dt}zo. (21)
u u

Since 0<T, <m, and from Theorem 3, we know that T, =T, , if T, <m. Otherwise,

Theorem 4. For any given cycle time T, if (2— pA)>0, then PTR,(p,T) in (16) is

a strictly concave funtion of p, and hence there exists a unique maximum solution

P
For any given cycle time T, applying Theorem 4, taking the first-order

derivative of PTR,(p,T) with respect to p, setting the result to zero, and

re-arranging terms, we get the optimal price p, for the case of & > u as follows:
p= 2 (e + prre e[ et +h [ [T e 40ty o
2 0 0 Jt
+cTl| [*ae™dt+ [ pedt |+ (a+ B)ol [ (T +6 -t dt
el Jo 0 ¢ls
0. T+6 T
+TCIC[pU Tedt+ [ (T +5—t)e‘”dtj+ a-p)f' —t)e‘”dt}}
H [ H

/l:p [erdtra-p)f e‘”dt] 22)
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5. Numerical Examples

Example 1. For a perishable product, annual demand rate is D(p) = 2000e >%", and
degrading rate is 6(t) =1/(1+ m—t). The parameter values are: «=0.2, =0.2,
7=0.6, p=0.4, unit cost ¢ = $10, holding cost h = $5 per unit per year, lead time |
= 0.1 years, maximum lifetime m = 0.5 years, ordering cost O = $20 per order,

annual compounded interest rate r = 0.04 per dollar, downstream credit period

6 =0.25 years, upstream credit period g = 0.3 years, interest rate charged 1,=0.05

per dollar per year, and interest rate earned |,= 0.04 per dollar per year. Using

Theorems 1 and 2, and applying Equations (17) — (20), we obtain optimal solutions to
PTR(p,T) in(12)and PTR,(p,T) in (14) respectively as follows:

p, =$46.655, T, =0.1084 years,and PTP,(p,T) =$1,372.52.

P> =$45755, T, =0.05years,and PTP,(p,T) =$1,222.06.
As a result, the optimal solution to the problem is

p = $46.655, T "= 0.1084 years, and PTP" = $1,372.52.
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