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# % 4 & : In today’ s business transaction, most sellers usually
offer their buyers a delay period in payment to stimulate
sales and encourage consumption. In a manufacturer-retailer
channel, the manufacturer provides an upstream credit
period to his/her retailer, while the retailer offers
his/her customers a downstream credit period. This study
will discuss that the influences of trade credit on the
ordering policy of retailer in manufacturer-retailer chain.
In this project, we assume that the manufacturer products
multiple items and delivers the products to the retailer,
as well as, the total storage capacity for all items is
fixed. Based on the previous assumptions, this project
establishes new mathematical models to find the optimal
ordering policy which maximizes the profit of retailer. The
numerical examples are provided to illustrate the solution
procedure.

# % B 43 © inventory; two-level trade credit; deteriorating items;
restriction of capacity



Abstract

In today’s business transaction, most sellers usually offer their buyers a delay
period in payment to stimulate sales and encourage consumption. In a
manufacturer-retailer channel, the manufacturer provides an upstream credit period to
his/her retailer, while the retailer offers his/her customers a downstream credit period.
This study will discuss that the influences of trade credit on the ordering policy of
retailer in manufacturer-retailer chain. In this project, we assume that the
manufacturer products multiple items and delivers the products to the retailer, as well
as, the total storage capacity for all items is fixed. Based on the previous assumptions,
this project establishes new mathematical models to find the optimal ordering policy
which maximizes the profit of retailer. The numerical examples are provided to
illustrate the solution procedure.

1. Introduction

It is tacitly assumed that the buyer must pay the total purchasing cost as soon as
he/she receives the ordered items in the classical inventory model. However, this
assumption is unrealistic in the real world. In today’s business transactions, most
sellers usually offer their buyers a delay period in payment (i.e., a trade credit) to
stimulate sales and reduce inventory. The trade credit may also be seen as an
alternative to a price discount because it does not provoke competitors to reduce their
prices, and thus introduces lasting price reductions. Hence, the trade credit is
widespread and represents an important proportion of company finance. Businesses,
especially small businesses, with limited financing opportunities, may be financed by
their suppliers rather than by financial institutions (Petersen and Rajan, 1997). On the
other hand, offering trade credit to retailers may encourage the supplier sales and
reduce the on-hand stock level (Emery, 1987). Goyal (1985) was the first to establish



an EOQ model with a constant demand rate under the condition of a permissible delay
in payments. Teng (2002) modified Goyal’s (1985) model by considering the
difference between the selling price and purchase cost, and found that the economic
replenishment interval and order quantity decrease under the permissible delay in
payments in certain cases. Chang et al. (2003) developed an EOQ model with
deteriorating items under supplier’s credits linked to ordering quantity. Huang (2003)
established an EOQ model under two levels of trade credit in which the supplier
provided the retailer a trade credit period M, and the retailer also offered its
customer a trade credit period N (with N <M ). Teng and Goyal (2007) amended
Huang’s model and a relaxed dispensable assumption, N <M . Jaggi et al. (2008)
proposed an EOQ model with the credit-linked demand under permissible delay in
payments. Thangam and Uthayakumar (2009) extended the model of Jaggi et al.
(2008) and developed an EOQ model with selling price and credit linked demand for
deteriorating items. Teng (2009) established an EOQ model that a supplier offers a
full trade credit to good customers and a partial trade credit to bad customers. Teng et
al. (2011) proposed the optimal ordering policy for stock-dependent demand under
progressive payment scheme. Further, Teng et al. (2012) extended the demand from
constant to non-decreasing pattern. Ouyang and Chang (2013) developed an EPQ
model with imperfect production process under permissible delay in payments and
complete backlogging. Sarkar et al. (2014) built up an integrated inventory model
with lead time, defective units, and delay in payments. Likewise, Liao et al. (2014)
derived optimal strategy for deteriorating items with capacity constraints under
two-level trade credit. There were several interesting and relevant studies related to
trade credits such as Chang et al. (2010), Liang and Zhou (2011), Chern et al. (2013),
Lou and Wang (2013), Yang and Chang (2013), Chen et al. (2014) and so on.

It is an observed phenomenon that an increase in shelf space for an item induces
more consumers to buy it. This occurs because of its visibility, popularity or variety.
Conversely, low stocks of certain baked goods (e.g., donuts) might raise the
perception that they are not fresh. Therefore, demand is often inventory-level
dependent. In the last several years, a considerable body of literature has been written
in the operational research area on how inventory-level dependent demand should
affect inventory control policies. Levin et al. (1972) observed that “large piles of
consumer goods displayed in a supermarket will lead customers to buy more. Yet, too
many goods piled up in everyone’s way leaves a negative impression on buyers and
employees alike.” Silver and Peterson (1985) also noted that sales at the retail level
tend to be proportional to the amount of inventory displayed. To quantify this, Baker
and Urban (1988) established an economic order quantity model (or EOQ) for a
power-form inventory-level-dependent demand pattern. Mandal and Phaujdar (1989)



considered an economic production quantity model (or EPQ) for deteriorating items
with constant production rate and linearly stock-dependent demand. Bar-Lev et al.
(1994) developed an extension of the inventory-level-dependent demand-type EOQ
model with random yield. Urban and Baker (1997) further generalized the EOQ
model in which the demand is a multivariate function of price, time, and level of
inventory. Teng and Chang (2005) developed and EOQ models for deteriorating items
with price- and stock-dependent demand. Chang et al. (2010) established an inventory
model with non-instantaneous deteriorating items with stock-dependent demand.
Sajadieh et al. (2010) proposed an integrated vendor-buyer model with
stock-dependent demand. Min et al. (2010) developed an inventory model for
deteriorating items under stock-dependent demand and two-level trade credit.

Based on the previous discussions, the trade credit is real life phenomenon and it
has an important influence on the inventory policies, either the cost to the seller or the
benefit to the buyer, it is not ignored in practical business environment. In addition, in
reality, many suppliers product several goods as well as retailers sell various items
and stock them in their warehouse. Hence, there is a restriction on maximum
warehouse space available for storage. In order to reflect the practical inventory
management problem and real market phenomena, the project discusses the impact of
the trade credit and the restriction of warehouse space on the decision variables for
multi-items with stock-dependent demand. The project develops appropriate
inventory model with multi-items under stock-dependent demand, two-level trade
credit and the restriction of capacity. The objective of this project is to find the
optimal ordering policy with various items for a retailer.

2. Notations and assumptions

The following notation and assumptions are used in the entire study.

2.1. Notation
C, unit purchase cost for Product i,i=1, 2, ..., n, in dollars
h holding cost per unit per year for Product i, 1=1, 2, ..., n, in dollars
, interest charged per dollar per year
, interest earned per dollar per year
K ordering cost per order for multiple items in dollars



M retailer’s upstream credit period offered by the supplier in years

N retailer’s downstream credit period to the buyers in years

0 perishable rate for Producti,i=1,2,...,n (0<0<1)

D unit selling price for Producti,i=1,2, ..., n,indollars (p, > c,)

I

W, unit storage size of Producti,i=1,2, ..., n,
W total storage capacity,

E, ending inventory level for Product i, i=1, 2, ..., n, in units (E; = 0)
T replenishment cycle time in years (T >0)

Q, order quantity for Product i, i=1, 2, ..., n, in units

L (t) stock level at time t for Product i, i=1, 2, ..., n, in units

TP, (T) Total annual profit in dollars for Case j

Next, we propose some necessary assumptions in order to build up the
mathematical model.

2.2. Assumptions

Levin et al. (1972) and Silver and Peterson (1985) observed that a large pile of
fresh products displayed in a supermarket often induces more sales because of its
visibility, variety, and freshness. Hence, we assume the same as in Mandel and

Phaujdar (1989) that the demand rate R.(t) at time t for Producti,i=1, 2,..., n, is as

follows:

Ri(t) =D, +a;1,(t), @

where a;, and D, are positive constants, i=1,2, ..., n.

It is a well-known fact that it may be profitable to end the inventory cycle with
non-zero ending inventory if the demand depends on the displayed stock level
on-hand. The higher the inventory level, the higher the demand, which may result in



the larger the profit for the retailer. Hence, for generality and profitability, we extend
the traditional assumption of zero ending inventory to non-zero ending inventory.

To make the replenishment cycle repeatable, we assume that the initial and the
ending inventory levels are the same. At time 0, the retailer has the initial inventory of

E, units for Product i, i =1, 2, ..., n, and receives the order quantity of Q, units,
for i =1, 2, ..., n. Hence, the retailer’s inventory level at time O is increased to

E, +Q, units at time 0 for Product i , i = 1, 2, ..., n. Due to demand consumption

and deterioration, the inventory level is gradually depleted to E; units at the end of

the replenishment cycle time T, and the new replenishment cycle is repeating again.

The retailer receives an upstream credit period M from the supplier, hence pays no
interest charges until time M, and earns interest on accumulative revenue during the
upstream credit period [0, M]. In addition, the retailer grants a downstream credit
period N to the customers. Hence, a customer buys the product at time 0 and pays at
time N. Similarly, a customer buys the product at time T and pays at time T + N. So,
the retailer receives the revenue from N to T + N.

For generality, we assume that shortages are prohibited, replenishment rate is

instant and infinite, and the residual value of a perishable item is zero.

3. Mathematical model
In this note we establish the inventory level for Producti,i=1, 2, ..., n, at the

end of the replenishment cycle time T to be not zero; thatis I.(T) = E;, so:

di, () _

LP=Di-al O-61,@), 0st<T, L(M)=E, i=12 ..n )

Solving the differential equation in (2), we obtain:

Ii(t):( D, +EiJ[e(“i*‘9i)(T“)—l]+ E, 0<t<T, i=12, ....n. 3)
a,+ 06
Therefore, the demand rate R.(t) at time t for Product i, i=1, 2, ..., n, becomes:
R(t)=D,+a, | (t)= L {Di9i+[ai (D, +E, (o, + 6 ))]e<“i+9i><T‘°},
a; +0,
0<t<T, i=1,2,...,n. 4)



The order quantity for Producti,i=1, 2, ..., n, is:

D.
L4 E, (e T —1], i=1,2,...,n. 5
- .J[ ) ©

Qi =Ii(0)_Ei :(
[04

From (3) — (5), we know that the total profit per replenishment cycle time
consists of the following elements:

1. The sales revenue for Producti,i=1, 2, ...,n, is

SRy =p, IOT Ri(t) dt:p—ig{a DT +a{ B, EiJ(e‘“W —1)] (6)
a; + 0

a;, + 06,

2. The ordering cost is

OC=K. (7)

3. The purchasing cost for Producti,i=1,2,...,n,is

PC, =¢Q, = ci( D, + Ei][e(c‘”g‘)T —1]. (8)
o, + 0

4. The holding cost for Producti,i=1,2, ..., n,is

HC, =h [ 1,@)dt= { & +Eij[e(“‘*"‘”—l]—DiT}- ©)

a,+6 |\ o +0

5. For the interest earned IE and the interest payable IP, based on the values of N and
M, there are two cases: N<M and N>M . Let us discuss the case in

which N <M first, and then the other case.

Case 1:N <M

The retailer receives all items at time zero and must pay the purchasing cost at
time M. Based on the values of M (i.e., the time at which the retailer must pay the
supplier to avoid interest charge) and T + N (i.e., the time at which the retailer
receives the payment from the last customer), we have two possible sub-cases:
T+N>M andT +N <M. Now, let us discuss the detailed formulation in each
sub-case.

Sub-case 1-1: M <T +N

In this sub-case, the retailer starts selling product at time 0, but receiving the money



from the customer at time N. Consequently, the retailer accumulates revenue in an

account that earns |, per dollar per year starting from N through M. Hence, the

interest earned per cycle is P;l, multiplied by the area of NAM as shown in Fig. 1.
On the other hand, the retailer pays off all units sold by M —N at time M, keeps the

profits and must finance all items sold after time M —N at interest charged | per
dollar per year. Therefore, the interest payable per cycle is |, times the area of
MB(T + N)shown in Fig. 1. As a result, the interest earned IE, and the interest

payable IP are represented in Egs. (6) and (7), respectively.

IE,; = ile{DiHi(M -N)’ n o [D; +Ei(a; +6)] (M —N) e +
2(c; +6) (o, +6)°
a;[D; + E;(a; + 6)] (e TN —e(“”g‘)T)} , (10)
(Oti +Hi)3
and
P, = CiIC{Di +Ei(g 4;‘90 [t ] Di(T+N - M)}, (11)
(@ +6) a; +6,

Notice that the retailer offers the customers a downstream credit period N, and
hence receives the sales revenue from time N to time T+N.

Next, we discuss the sub-case of M >T +N .
Sub-case 1-2: M >T +N

In this sub-case, the retailer receives the total revenue at time T+N, and is able to
pay the supplier the total purchase cost at time M. Since the supplier credit period M

is longer than the customer last payment time T+N, the retailer faces no interest

charged. Hence, the interest payable [P,;= 0. In addition, the interest earned per cycle
is p;l, multiplied by the area of NABM as shown in Fig. 2. Consequently, the

interest earned 1E;; is given by



|E2i — pi|e{ - DieiTz + a[D; + E (o +‘9i)](1_e(ai+gi)T) + G [D; +Ei(a ':Q)]T
2(a; +6) (o, +6)° (a; +6)

{DﬂJ +&JQ+EKm+@ﬂ@M%H_D}@A—N%- (12)

(e +6) (@ + )

Now, we are ready to discuss Case 2of N> M .
Case2: N>M

In this case, the downstream trade credit period N is equal to or larger than the
upstream credit period M. Consequently, there is no interest earned for the retailer.
That is, 1E, = 0. In addition, the retailer must finance all items ordered at time M at
an interest payable 1. per dollar per year, and start to pay off the loan after time N.
Hence the interest payable per cycle is c,1, times the area of MAB(T + N)shown in

Fig. 3. Hence, the interest payable per cycle is given by

IP,; :cilc{(N - M){ Digi-; n a,[D; + Ei(igi +gg])(ze(ai+9i)T _1)}
a; +6 a, +0

LD+ Ea + o)™ -1 DT } (13)

(@ +6)° a,+6
Based on the above argument, we obtain the retailer’s total annual profit as

Tpl(r’El’Eza---,En), N<MandM ST+N;
TP(T;E]JEZ’...,En): TPZ(T’El’EZ""’En)! NSMandM >T+N, (14)
TPS(TlE]_lEzw--,En), NZM,

where
TP, (T,E,, E;\.ny T[Z(SRHE -PC, -HC, - IPJ.i)—OC]j=1,2,3. (15)
=1
According to Egs, (1) - (9), the total annual profit for each j is given as follows:
__K 1 (a; +6,)T
TP]_(T!E]_!EZI"'IEn)_?+?z[|:iAie I I +BIT+FIOI+U|]’ (16)
i=1
-K 1 p.1.D.6
TP, (T, E, By B = FG[e“ T —1]+ 3T - =—"LT? ], 17
2( 1 2 ) lell|:||[ ] (0("‘1‘0) ( )



and

TP,(T,E,.E, ..., En)=__|_—K+%Z[FiLi(e(“'+9"T ~1)+sT], (18)
i=1
where
_DrE(@r) o (19)
(a,+6)

p e(a,+€,)(N—M) -1
A =pa —h —c (e +6)-cl e "MW 4+ plal (M-N)+————

(; +6,)

= pio, —h — ¢ (a; +6) + pil. (M —N)

1_ e_(ai+9i)(M—N)

_ —(ai+6,)(M-N) _
cl.e Pl @+0) (20)
D,
Bi:(ai+0i)[pi9i+hi+cilc]>o’ (21)
O =-pa +h+c(e +6)+cl, (22)
D pl.(M-N)* _
@) > ¢l (M -N)], (23)
G, =pea, —h —c (o +06,)+ pilea{(M—N)—( i@)]’ (24)
a; T 0
) =#{pﬂia +hD, + pil{eioi(m ) alB Bl ”’i”ﬂ, (25)
(o +6) o +0
L =pia = —¢i(a; +6) ¢ 1 [1+ (N -M)], (26)
and
D, B B
S, = 7 +9i)[pi9i +h +¢1,1-6,(N-M)). (27)

The unit size of Product i, i =1, 2, ..., n, is w,. Hence, the total storage capacity

occupied by all products is

n

Consequently, the objective of this paper is to find the replenishment cycle time T and

the ending inventory level for Product i, E, i=1, 2, ..., n, such that the retailer’s total



annual profit TP(T,E,,E,,...,E,) is maximized. Thus, the mathematical model of the

problem here is simplified as

Maximizing ;¢ g ¢ TP(T,E,,E,,...,E,)
. " w. D +E (a +6
suject to': 1D+ Ei(o +6)] [t _1]<w, (29)
) o, +6,
and I0

4. Numerical examples

Now, we use a couple of examples to compare the total annual profit between two
optimal solutions with and without zero-ending inventory.
Example 1: We consider an inventory system with 5 items (n = 5), the associated
parameters are {K, W, 1., 1., M, N} = {200, 1000, 0.10, 0.12, 0.3, 0.25}, and others
are listed in Table 1. Since M > N, the Case 1 is considered. By using software
MATHEMATICA 9, we obtain the optimal solutions with zero-ending inventory and
nonzero-ending inventory as shown in Table 2. Table 2 reveals the optimal total annual
profit with nonzero-ending inventory is 11% higher than that with zero-ending
inventory because 5208.06 / 4681.34 = 1.1125.

e

Table 1: Parameters of inventory system for Example 1

i D a; g h; Ci P Wi
1 100 0.5 0.05 1.5 6 15 5
2 80 0.55 0.03 2.0 5 14 3
3 90 0.5 0.02 2.5 7 18 4
4 110 0.45 0.03 1.0 4 14 3
5 120 0.7 0.05 2.0 8 17 4
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Table 2: Optimal Solution with and without zero-ending inventory

Optimal solution Zero-ending inventory Nonzero-ending inventory
TP" TP = TP,=4681.34 TP"= TP,=5208.06
T" 0.456457 0.368854
(Q;, E/) (51.8866, 0) (48.4262, 33.4927)
(Q,, E;) (41.8067, 0) (43.4063, 44.0334)
(Q;, EJ) (46.3664, 0) (45.1647, 40.5335)
(Q., E;) (56.1355, 0) (56.4660, 62.3600)
(Q., E;) (65.3189, 0) (69.3964, 57.7536)
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