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: This project will study economic production quantity (EPQ)

models for the manufacturer under imperfect production
process and permissible delay in payments. There are two
scenarios in this project. The first scenario: We assume
that all non-conforming items can be reworked and become to
conforming items, as well as, shortage are allowed and
completely backlogged. Based on the previous assumptions,
we will develop an EPQ model with imperfect production
process when the supplier provides a permissible delay in
payments. The purpose of this project is to find the
optimal production lot size and backorder level for
minimizing the manufacturer’ s total inventory cost. The
proposed model is i1llustrated through numerical examples
and sensitivity analysis is reported. The second scenario:
Because machine breakdown is inevitable in the imperfect
production process, manufacturers frequently adopt the
preventive maintenance to guarantee that the machine does
not break down and runs up to a predetermined production up
time in real manufacturing system. Hence, we assume that a
regular preventive maintenance and free repair warranty
policies are adopted by the manufacturer. To reflect the
above assumptions and the permissible delay in payments
offered by supplier, we will develop an EPQ model with
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imperfect production process, preventive maintenance and
free repair warranty policies when the supplier permits a
permissible delay in payments. The purposes of this project
are to find the optimal production policy for minimizing
the manufacturer’ s total inventory. Numerical examples are
provided to 1llustrate the solution procedure. Sensitivity
analysis 1s carried out to discuss the influences of
preventive maintenance and free repair warranty policies on
the optimal solution and to investigate critical
parameters.

Lot size; Economic production quantity; Preventive
maintenance; Warranty period; Trade credits



Abstract

It is tacitly assumed that the products are all perfect, and the manufacturer must pay
off as soon as the raw materials are received in the traditional production model.
However, in the real manufacturing circumstance, the non-conforming items are
produced due to imperfect production process, and a supplier frequently permits
his/her manufacturers a delay of payment for attracting new purchasers and increasing
sales in today’s competitive business environment. This project will study economic
production quantity (EPQ) models for the manufacturer under imperfect production
process and permissible delay in payments. There are two scenarios in this project.
The first scenario: We assume that all non-conforming items can be reworked and
become to conforming items, as well as, shortage are allowed and completely
backlogged. Based on the previous assumptions, we will develop an EPQ model with
imperfect production process when the supplier provides a permissible delay in
payments. The purpose of this project is to find the optimal production lot size and
backorder level for minimizing the manufacturer’s total inventory cost. The proposed
model is illustrated through numerical examples.

1. Introduction

In the classical economic production quantity (EPQ) model, a common unrealistic
assumption is used that the products are all perfect. However, in the real
manufacturing circumstance, the defective items are produced due to imperfect
production process. To reflect the real-life situation, several scholars have developed
various analytical models to study the EPQ model with imperfect production process.
Rosenblatt and Lee (1986) were one of the early researchers who studied the effects of
an imperfect production process on the optimal production cycle time for the classical
economic manufacturing quantity (EMQ) model. Porteus (1986) introduced a



relationship between process quality control and lot sizing. Zhang and Gerchak (1990)
presented joint lot sizing and inspection policy in an economic order quantity (EOQ)
model with random vyield. Cheng (1991) developed an EOQ model with
demand-dependent unit production cost and imperfect production processes.
Ben-Daya (2002) formulated an integrated model with joint determination of EPQ and
preventive maintenance level under an imperfect process. Lin et al. (2003) examined
an integrated production-inventory model for imperfect production processes under
inspection schedules. Recently, Sana (2010) developed a production inventory model
in an imperfect production process. Many related articles in EPQ models with
imperfect quality items can be found in such as Salameh and Jaber (2000), Sana et al.
(2007), Yoo et al. (2009), Sana (2011), Sarker et al. (2010), Sarker and Moon (2011),
Sarker (2012) and their references. In addition, it is well-known that the total
production-inventory costs can be reduced by reworking the imperfect quality items
produced with a relatively smaller additional reworking and holding costs. Numerous
studies on the problems of EPQ model with rework process have been discussed by
Liu and Yang (1996), Hayek and Salameh (2001), Chiu (2003), Jamal et al. (2004),
Chiu and Chiu (2006), Chiu (2008), Chiu et al. (2010), Taleizadeh et al. (2010) and
their references.

In the imperfect production system, machine breakdown is inevitable. It is more
economical for an enterprise to implement preventive maintenance. Many researchers
have done considerable researches in this area. Meller and Kim (1996) studied the
influence of preventive maintenance on system cost and buffer size. Abboud et al.
(2000) developed an economic lot sizing model with consideration of random machine
unavailability time. Sheu and Chen (2004) presented an EPQ model to discuss the
optimal lot-sizing problem with imperfect maintenance and imperfect production.
Zequeira et al. (2004) proposed a production-inventory model to determine the optimal
buffer inventory and preventive maintenance for an imperfect production process.
Gharbi et al. (2007) considered joint preventive maintenance and safety stocks in
unreliable manufacturing systems. Recently, Widyadana and Wee (2012) developed an
EPQ model for deteriorating items with preventive maintenance policy and random
machine breakdown. Sana (2012) presented an production model with preventive
maintenance and warranty period in an imperfect production system.

Actually, today trade credit is widespread and represents an important proportion of
company finance. Businesses, especially small businesses, with limited financing
opportunities, may be financed by their suppliers rather than by financial institutions
(Petersen and Rajan, 1997). On the other hand, offering trade credit to retailers may



encourage the supplier sales and reduce the on-hand stock level (Emery, 1987). Goyal
(1985) was the first to establish an EOQ model with a constant demand rate under the
condition of a permissible delay in payments. Teng (2002) modified Goyal’s (1985)
model by considering the difference between the selling price and purchase cost, and
found that the economic replenishment interval and order quantity decrease under the
permissible delay in payments in certain cases. Chang et al. (2003) developed an EOQ
model with deteriorating items under supplier’s credits linked to ordering quantity.
Numerous interesting and relevant paper related to trade credits such as Aggarwal and
Jaggi (1995), Jamal et al. (1997), Chang (2004), Ouyang et al. (2005), Teng et al.
(2005), Goyal et al. (2007), Liao (2008), Teng and Chang (2009), Chang et al. (2010)
and so on.

Based on the previous discussions, the imperfect production process is inevitable in
most practical production environment, as well as, the preventive maintenance is
adopted by the manufacturer in order to avoid breakdown of the system. In addition,
the trade credit is a widespread and popular payment method in real business
transaction. In order to reflect the practical production environment and real market
phenomena, the project will develop appropriate EPQ models with imperfect
production process to find the optimal production policy for the manufacturer when
the supplier offers a permissible delay in payments.

Scenario |

Notation and Assumptions

The following notation and assumptions will be adopted in this project.

Notation:

P production rate

A demand rate

K setup cost for each production run

Vv purchasing cost of raw material per unit

c production cost per item including purchasing cost and inspecting cost, ¢ > v
S selling price per unit, s > ¢



TCi(Q! B)

TCUi(Q,B)

holding cost per item per unit time, excluding the interest charge

shortage cost per item per unit time

the proportion of imperfect quality items produced, where 0 < x <1

the production rate of imperfect quality regular production process per unit
time, where d = Px

the rate of reworking of imperfect quality items

reworking cost for each imperfect quality item

production lot size for each cycle

allowable backorder level

production cycle length

maximum level of on-hand inventory when regular production process stops
maximum level of on-hand inventory in units, when the reworking ends
permissible delay period offered by the supplier

the interest charged per dollar per unit time in stocks by the supplier

the interest earned per dollar per unit time

inventory total cost per cycle for case i, i=1, 2,3

inventory total cost per unit time for case i, i.e., TCU;(Q,B)=TCi(Q,B)/T, i=

1,23

Assumptions:

(1) Each product is made by a raw material.

(2) Production rate for perfect items is larger than demand rate, i.e., (1-x)P > 1.

(3) All imperfect quality items can be reworked and become to perfect items.

(4) Shortages are allowed and completely backlogged.

(5) The supplier provides the manufacturer a permissible delay in payments. During
the trade credit period the account is not settled, generated sales revenue is
deposited in an interest bearing account with interest rate I, . At the end of the

permissible delay, the manufacturer pays off all units ordered, and starts paying
for the interest charges on the raw material in stocks with interest rate I _ .



Mathematical formulation

The manufacturer buys all raw materials Q units per order from the supplier to
product and the unit purchasing price of raw material is v. The supplier offers the
manufacturer a permissible delay period M. A constant product rate P is considered
during the regular production uptime. The process may generate x percent of
imperfect quality items at a production rate d = Px. Thus, the produced items fall into
two groups, the perfect and the imperfect. The production rate for perfect item
(1—x)P s larger than the demand rate A . All imperfect quality items are assumed to
be reworkable at a rate of P,, and rework process starts when regular production
process ends. In this situation, the production-inventory system follows the pattern
depicted in Figure 1. From Figure 1, the expressions of production uptime t, and t,,
reworking time t,, production downtime t,, shortage permitted time t., the
maximum levels of on-hand inventory H, and H, and the cycle length T are as

follows:
B
t, = —m, 1
' Pd-a ()
H
t, = —1’ 2
>~ P_d-2 (2)
X d
g, = XQ_9Q (3)
P PP
H
t4: 7' (4)
B
t5 = I’ (5)
Hl:(P—d—M%—B, (6)
H'-H-NP—@t—Ql—i—Ei-—B 7)
1 1 3 P PlP )
and
T=t +t, +t, +t, +t _Q (8)
1 2 3 4 5 ﬂ, '
In addition, for convenience, we let t, =t , t =t +t, =9, t=t +t, +t; =
9+59,mdtdzg+g+g+u:-9%5.
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Figure 1: Graphical representation of the inventory system

The inventory total cost per cycle consists of the following components:
(@) The production cost is cQ.

(b) The repair costis cxQ .

(c) The setup cost is K.

(d) The holding cost is

h it2+ H,+H t3+ﬂt4j d(t +1, )(t ) d(t, +t,)t,
2 2 2 2

_h( 1-x g h _A
- 21[1—x—i/Pj Q 21[1 PJQ'

(e) The shortage cost is gB(t1 +t.)= bz ( ! +£j :

Pl-x)-4 A
(F) Interest earned and interest charged
Based on the values of M, t,, and t,, we have the following three possible cases:

(M <t,, (Qt, <M <t,,and B)M >t,.

Case1: M <t,

In this case, the manufacturer starts production and replenishing shortage at time 0.
As a result, the manufacturer accumulates revenue in an account that earns 1, per

dollar per year starting from O to M. The interest earned per cycle is
sl, (P-d)M?/2.

On the other hand, the manufacturer pays off all units sold by M at time M, keeps
the profits, and starts paying for the interest charges on the items sold after M. The

5



interest charged per cycle is
2 2 2
Vlc &+ Q QB M +m .
2A(P-d-4) 24 A 2

Case2: t, <M <t,
Since t, <M <t,, the interest earned per cycle is

2 2
sl{’w' +MB—B—}

2 2(P—d - 1)

On the other hand, the interest charged per cycle is

2 2 2
v | B AME QB o imB|.
21 24 2 2

Case3: M >t,

In this case, the manufacturer receives the total revenue at time t,, and is able to
pay the supplier the total purchase cost at time M. Since t, is shorter than or equal to
the credit period M, the manufacturer faces no interest charged. On the other hand, the
interest earned per cycle is

s|e|:_m_Q_z+@+ MQi|
2,(P-d-2) 21 2

According to the above arguments, we can obtain the inventory total cost per cycle
as follows:
TCi(Q, B) = production cost + repair cost + setup cost + holding cost + shortage cost +
interest charged — interest earned, 1=1, 2, 3.

Casel: M <t,
TCl(Q! B)

o) (P—d)M?

2
1 1-x , (h vl h AN vl |,
(—)(b+h+vlc)8 _(I+ 2 jQB{ﬂ(l—E)JFZ}Q .(9)

22\1-x=4/P
Hence, the inventory total cost per unit time is
TCU1(Q, B) =TC4(Q, B)/T
1

"0 {UQ(HCRX—WCM J+24K + 4 (vl —sl.) PL—x)M 2 = 2(h+VI_)QB

= cQ+CcxxQ—-VvI.MQ+ K+ (vl —




+(b+h+v|c)(l_i_+mj Bz{h(l—%}rvlc}Qz}. (10)

For convenience, we let
Gy = c+cygx—-VvI.M,

Uy = (b+h+vlc)(1_—xj=(b+h+vlc) _(@=0P >0,
1-x-A4/P (1-x)P-1
Vi = h(l—%j+vlc>0andwl = h+vl >0.

Then, Equation (10) can be rewritten as

TCU1(Q,B)= —

2
L lu)8-Mg| +246,0+2Ka+4 (vI, —sl,) PAL-x)M?
2Q U,

WZ

+V. ——L 0%}, 11
(1 0, ]Q} (11)

Case2: t, <M <t

TCZ(Q! B)

= cQ+CxQ-VI.MQ+K+(vl,—sl,)AM?/2

Asl,

+ i(1_—)(j(b+h)82+i vl + 2
22\ 1-x—A/P 2 P(l—x—A1/P)

h vl B hf, A), V|2
—(C QB sle)MB{M(l PJJFZJQ' (12)

Hence, the inventory total cost per unit time is
TCU,(Q, B) =TC»(Q, B)/T
: {ZAQ (C+CeX—VI_M )+ 22K +(vl_—sl )A*M*—2(h +VvI_)QB

2Q

+2(l —sl )JAMB+|(b+h| — 12X | 25 L B?
1-x—A/P P (1-x_a/P

i)}

For convenience, we let
G2=G; = c+cygx—-VvI,M

U = (b+h)(1_—xj+vlc+18|e[ 1 J>0,
1-x-A/P P \1-x-A/P




Vo=V, = h[l—%)+vlc>0andW2:W1 = h+vl >0.

Then, Equation (13) can be rewritten as

TCU,(Q, B)
_ L{UZ(B_%Q+(VIC—SIQ)/IMJ N 2[/1(32+W2 (vlc—sle)/lM]Q
2Q u, u, u,
+(v|c—sle)le2[1—VI°U_ZSI j+2Kﬂ, +(V2—Vl\J/—2:jQ2}. (14)
Case3: M >t,
TCS(Q! B)

= cQ+cyxQ—-sI,MQ+K
1 1-x h sl h AY sl
+ | —— " lb+h+sl,)B’ - (—+—2)QB+| —|1-= [+=2 [Q*. (15
2/1[1—x—ﬂ./P)( E) (/1 /I)Q [2/1( P) ZA}Q (15)
Hence, the inventory total cost per unit time is
TCU3(Q, B) =TC3(Q, B)/T

-1 {ZAQ(c—sIeM +CgX)+2AK —2(h+sl,)QB

2Q
+(b+h+s|e)(1_i_+mj BZ+{h[l—%j+sle}Q2}. (16)

For convenience, we let
Gs = ¢—-sl,M +cyx

Us = (b+h+s|e)(1‘—xj = (brhsst)[E=9P )
1-x-AIP 1-x)P-2
Vs = h(l—%j+sle>0and W; = h+sl,>0.

Then, Equation (16) can be rewritten as

TCU3(Q, B) = %{U{ —%Q] +2/IGSQ+2K/1+(V3—VL\J/—33]Q2}. (17)

Theoretical results

In this section, simple algebraic manipulations and an arithmetic-geometric mean
inequality approach are used to find the optimal production lot size and backorder
level. The arithmetic-geometric mean inequality is: if a > 0 and b > 0, then

(@a+b)/2> Jab , and the inequality holds when a="b.

8



Casel: M <t,

2
For minimizing TCU1(Q, B) in Equation (11), we let (B _\l/JiQ] =0, then

W,
B= U_lQ , (18)

Substituting Equation (18) into Equation (11), it gets
TCU(Q) = TCUL(Q, B)
N 2KA+ A (v, sl )P(L-x)M? N UV, -W>)Q .
2Q 2U,
The arithmetic-geometric mean inequality is used as optimization method to minimize

= ]G, (19)

the inventory total cost per unit time. Therefore, we obtain the optimal production lot
size (say Q, ) is given by

o, :\/Ul[2K1+/1(vlc—sle)P(l—x)M 1 (20)

U 1V1 - le

and the optimal backorder level (say B,) can be obtained as

(21)

W
B, :_1Q1= e 2
U1 U1V1 _Wl

W, \/ul[zmm I, —sl,)P(1-x)M?]
U, '

Case2: t, <M <t,
Similarly, for minimizing TCU,(Q, B) in Equation (14), we let

2
(vl, —sle)uvlj “o,

B—&Q+
U2 U2

then B :VﬁQ _ M sl )AM
UZ U2

Substituting Equation (22) into Equation (14), it gets
TCU2(Q) = TCU(Q, B)

= {Z(AGZ s, Ve = sl)AM jQ (I, —s1,) M [1—V'° _S'ej
2Q U u

2 2

2
+2KA +[VZ—VL\J/—2JQ2},

2

(22)

AG, +W, (vl —sI,)AM /U, +



N 2KA+ (vl —sI )A*M*(U, —vl_+sl,)/U, N (U,V, -W,/)Q .
2Q U,
It is similar to the arguments as in Case 1, the arithmetic-geometric mean inequality
can be used as optimization method to minimize the inventory total cost per unit time.
That is, we obtain the optimal production lot size (say Q, ) is given by

(23)

Q, = 2KAU, + (vl —sl )A°M 2(U2 vl, +sl,) ’ (24)
U2V2 _Wz
and the optimal backorder level (say B,) can be obtained as
W vl, —sl, )AM
g, Wog (sl )M
U2 UZ
_W, [2KaU, + (v, —sl )2’M?(U, —vl_+5sl,) (vl sl )aM (25)
Uz Uzvz _W22 U2 .

Case3: M >t,

2
Likewise, for minimizing TCU3(Q, B) in Equation (17), we let ( _\l/JﬁQj =0,

3

then

W3
B=°Q. (26)

3
Substituting Equation (26) into Equation (17), it gets

= - KA, UV, -W)Q
TCU3(Q) = TCUs(Q, B) = AG,+ ot T

Using the arithmetic-geometric mean inequality, we obtain the optimal production lot
size (say Q,) is given by

2KAU,
Q, = | 2K 28
S [VEVARTE (28)

and the optimal backorder level (say B,) can be obtained as

(27)

W 2KAU
STV (VivsES )
3 3 33 3

10



Scenario 11l

Notation:

O L 0 O > U T

w

o)

S 0O 00
=

Assumptions:

production rate

demand rate, where P >D

setup cost for each production run

production cost per unit item including purchasing cost and
inspecting cost

cost per unit time for preventive maintenance

selling price per unit

holding cost per unit item per unit time, excluding the interest
charge

shortage cost per unit item per unit time

repair cost for warranty per unit item

reworking cost for each non-conforming item

time elapsed after which the production process shifts to the
out-of-control state, which is a random variable

probability density function of =

number of non-conforming items

probability of non-conforming items when the production process
is in the in-control state

probability of non-conforming items when the production process
Is in the out-of-control state, where 0 <6,<6,<1

total replenishment time

fraction of total products that are non-conforming items
warranty period

failure rate function of conforming items

failure rate function of non-conforming items

permissible delay period offered by the supplier

interest charged per dollar per unit time in stocks by the supplier
interest earned per dollar per unit time

total inventory cost per cycle

(1) Demand rate and production rate are constant over time.

(2) Products are sold with a warranty policy.

(3) A free repair warranty policy is adopted.

(4) All non-conforming items can be reworked immediately in a parallel

11



manufacturing system.

(5) The regular preventive maintenance guarantees that the probability of a
breakdown of the manufacturing system during the production run time

is zero.

(6) The supplier provides the manufacturer a permissible delay in payments.
During the trade credit period the account is not settled, generated sales
revenue is deposited in an interest bearing account with interest rate |, .

At the end of the permissible delay, the manufacturer pays off all units
ordered, and starts paying for the interest charges on the raw material in

stocks with interest rate | .

Mathematical formulation

The manufacturer buys all raw materials Q units per order from the supplier to
product and the unit purchasing price of raw material is C. The supplier offers the
manufacturer a permissible delay period M. A constant product rate P is considered
during the regular production uptime. The production-inventory system follows the
pattern depicted in Figure 2. From Figure 2, the expressions of production uptime t,
and t,, production downtime t,, shortage permitted time t,, and the cycle length T

are as follows:

B
t = —
' P-D
_Q B
t, = ~————,
P P-D
= (P-D)Q B
3 PD D’
B
t4= B,
and

T=t, +t, +t, +t,==

Q
D

In addition, for convenience, we let t, =t,, t; =t +t, =

Q-B

D

(30)

(31)

(32)

(33)

(34)

and t. =t +t, +t,=



Inventory level

Y

& e Ly

Figure 2: Graphical representation of the inventory system

The number of non-conforming item N can be obtained as

_ 6Pt +t,) Af 7>t +t,
C|6,Pr+0,P(t, +t,-2) if <t +t,

The expected value of N is given by
E(N)=6P®+1)[  f(2)do)+ [ "[6Pr+6,P(t +1,~1)]f (1) dr
= 0P, +1)+(6,-0)P[ " (L +t,—2) T (1) dr.

The fraction of non-conforming item of the total produced is

~E(N)
TS

+92_‘91

=0
Yo+t

[+t -0 f@de

0

P +<92—6?l J'Q/P

R TS HOEISO)

0

The probability of a product failing within the warranty period [0, w] is

13

(35)

(36)

(37)



R =@=0)[" () dx+g ", (x) dx
= (1_ g)Wl + ng
=W, + (W, -W,)g,

where W, = [ h,(x) dx and W, = ["h,(x) dx.

The inventory total cost per cycle consists of the following components:

(1) The setup cost = A.
(2) The production cost =CP(t, +t,) =CQ.

(P-D)Q

(3) The cost of maintenance = C,(t,+t,) =C, op

(4) The expected free repair cost for warranty =
Cw P(tl +t2)Pw = CWQ[VV:L + (\Nz _Wl) g(Q)].

(5) The expected rework cost= C,gP(t,+t,) =C;9(Q)Q.
(6) The holding cost =

1 , 1(P-D),
Ch[E(P_ D)t; +§th]
_c, (P—D)Pt22
2D
_ . [QP-D)-BPF* . (P-D) -, P 2 1
=G 2DP(P-D) =Gl 0P 2 +2D(F>—D)B DQB]'
PB PB?

(7) The shortage costis Cq %(tl +t,)== ng

(8) Interest earned and interest charged

(P—D)D =Cs 2P-D)D

(38)

Based on the values of M, t,, and t., we have the following three possible cases:

1) M<t,, (2 t,<M<t.,and Q)M > t,.

Case 1: M <t,

In this case, the interest earned per cycle IE; is

DM2+(P—D)M2

IE, =SI.[= ]:3|EM.

2 2

The interest charged per cycle IC; is

14



(P-D)(t, -M?) L bl - M)’
2 2

Q_2+ PB° QB

2D 2D(P-D) D

IC, =CI [ ]

=Cl[

—MQ+EM2].
2
Case 2:t, <M <t

In this case, the interest earned per cycle IE; is

DM 2 +[(M -t,)+M)]B

IE, = S|
2 e{ 2 2 }
2 2
—s PM o me-— B8
2 2(P—D)

The interest charged per cycle IC; is

2 2 2
IC, :CIC[%(tC _M)2]=C|C[Q_+B__@+ DM

- MQ + MB].
2D 2D D 2 Q ]

Case 3:M >1t.

In this case, the interest earned per cycle IE3 is

[(M-t,)+M]B N [(M—t.)+ M]Dtc}

IE, =SI,
2 2

:S.G[MQﬁ_Q_Z_P_BZ]
D 2D 2(P-D)D

The interest charged per cycle ICs is zero, that is 1C3 = 0.

According to the above arguments, we can obtain the inventory total cost per cycle
as follows:
TCi(Q, B) = setup cost + production cost + maintenance cost + warranty cost + rework

cost + holding cost + shortage cost + interest charged — interest earned,
i=1,23.

Casel: M <t,

TC(Q B)=A+CQ+C, F-D0%uc, QW + (W, -W) 9(Q)1+C9(QUQ+
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. 2
e [C g P g Logec, 2 __
2DP 2D(P-D) D 2(P-D)D
2 2 2
+ Clc[Q—+ PB —QB—MQ+EM2]—SI8M.
2D 2D(P-D) D 2 2

Hence, the inventory total cost per unit time is
TCU1(Q, B) =TC4(Q, B)/T

(P-D)

=AD +CD+C, +C,, DIW, + W, -W,;) 9(Q)]+Cr g(Q)D +

C[(P_D)Q+ G- LI WG _PB
" 2P 2Q(P - D) *2(P-D)Q

9+—P82 —B—MD+EM2] —Slew
2 2Q(P-D) 2Q 2Q

+ CI [ . (39)

Case 2:t, <M <t

C_PXc, oM, + W, -W,) 9(Q]+C,9(Q)Q+

8D P gz Logjic
2DP 2D(P-D) D
2 2 2
boo QLB Q8 DM
2D 2D D 2
2 2
DM +MB - 8 ].
2 2(P-D)
Hence, the inventory total cost per unit time is

TCU,(Q, B) = TC2(Q, B)/T

TC,(Q,B)=A+CQ+C,

_ PB®
*2(P-D)D

~MQ + MB]

-,

(P-D)

=AD +CD+C, +C,, DIW, + W, -W,;) 9(Q)]+Cr g(Q)D +

cPDg, P g g P8
2P 2Q(P - D) 2(P-D)Q
+ CIC[9+B—2—B+ D*M* —MD+—DMB].
2 2Q 2Q Q
DM2+MB— B” ]E.
2 2(P-D)

~SI[ (40)

Case 3:M >1t.

P=D)Q.c,qm, + W, -W,) g(Q)]+C, 5(Q)Q +

TC3(Q,B)=A+CQ+C
3(Q ) Q 0 DP
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(P-D) -, P , 1 PB?
Gl 2DP Q +2D(F>—D)B DQB]+CS 2(P-D)D
_a W@_Q_Z_P_BZ]

D 2D 2(P-D)D

Hence, the inventory total cost per unit time is
TCU3(Q, B) =TC3(Q, B)/T

- AD +cD+c, P=D)

+CW D[Wl + (\Nz _Wl) g(Q)]+CR g(Q)D +

C[(P_D)Q+ P B2-B]+C _PB
" 2P 2Q(P - D) *2(P-D)Q

sl |Mp+B-Q__PB | (41)
2 2(P-D)Q

Optimal solutions
Our objective is to minimize the inventory total cost per unit time TCU;(Q, B), j=
1, 2, 3, which is a function of Q and B. The necessary conditions to make total cost

per unit time minimum are
J0TCU . (Q,B J0TCU .(Q,B )
¢:O,and ¢=0,1=1,2,3. (42)
oQ oB

Solve equations for Q and B in (42).

6TCU,(Q,B) _ ~ , , (P-D)
— 0 - Cu DW, -W,) 9'(Q)+Cr 9" (QID+C, 3
—(Ch+CS)P—BZZ+CIC[£— PB? 2]
2(P-D) Q 2 2(P-D)Q
N S,ewzo, (43)
TURB) - ¢, 4ol 2 q+c,— 2=y, (42)
oB (P-D)Q (P-D)D
dTCU,(Q,B) _ W : (P-D)
0 Cu DW, ~W) g'(Q)+Cr 9" (QID+Cy
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PBZ QZ_BZ

_(Ch+cs)m+CIc[W]
D*M?2 +2DMB DB®
M R T I
TUQB)_ o PB__gpc, PB ¢ (BEOM
2B "(P-D)Q ~ *(P-DD °
B .D
_SI[M - ~=0 46
NGRS )
aTCU,(Q,B) _ , : (P—D)
g CwDW W) g+ Crgi QD+, o
PB2 1 PB*  ._
G e Mot @
w: Ch[—PB —1]+Csi_8|e[l_i]:0' (48)
oB (P-D) Q (P-D)D (P-D)Q

Using Equations (44)-(48), the optimal solution (Q",B") can be obtained.
Substituting (Q",B") into (39), (40) and (41), the optimal total cost per unit time

TCU,(Q",B"), TCU,(Q",B") and TCU,(Q",B") can be determined, respectively.

Numerical Example

Example 1: Consider a production system with the following data: P = 10,000, A =
2,000, P,=600,K=750,v=15,c=2, c,=05,s=4,b=0.25h=0.2,x=0.05M
=0.3, 1,=0.09and 1,=0.05 in appropriate units. Using the proposed results above,
the optimal solutions are obtained as follows: optimal production cycle length T"=
2.249, optimal production lot size Q"= 4498, optimal backorder level B"= 2039,

and the optimal manufacturer’s inventory total cost TCU(Q", B") = 4613.06.

Example 2: Consider a production system with the following data: P = 10,000, D =

2,000, A=750,C=2, C,=05,S=4, C,=155s=4, C, =025 C, =0.2,

18



C,=0.15w=1 6, =010, 6,=0.20, f(r)—0.5e°%, h(x)=0.15x",

h,(x) =0.45x*, M =0.3, 1,=0.13and 1, =0.07 in appropriate units. Using the

proposed results above, the optimal solutions are obtained as follows: optimal
production cycle length T"=2.522, optimal production lot size Q"= 5044, optimal

backorder level B”= 1988, and the optimal manufacturer’s inventory total cost

TCU(Q",B") = 4569.98.

Conclusions
In order to reflect the real manufacturing circumstance and the practical business
behavior, firstly, we establish two mathematical models to study the optimal
production policy for an EPQ inventory system with imperfect production processes
under permissible delay in payments, complete backlogging and preventive
maintenance. Next, a simple algebraic manipulation and an arithmetic-geometric
mean inequality method are employed to determine the optimal production lot size
and backorder level. Finally, numerical examples are given to illustrate the
theoretical results.
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