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An optimal confidence region is proposed for obtaining the largest and the smallest
means of a multivariate normal distribution with a common unknown variance and a
non-negative correlation coefficient. The confidence region is compared to a class of
asymmetric confidence regions, and the results show that it is uniformly better. Further,
a design-oriented two-stage confidence region with a fixed width is also given. Finally,
the optimal confidence region is applied to an experiment to measure the treatment
effectiveness of a physical therapy with four independent groups and the result reveals
that the proposed confidence region can provide some useful information.

Keywords Confidence region; Fixed-width; Largest (smallest) mean; Least favorable
configuration; Student ¢
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1. Introduction

The topic of interval estimation for the largest mean of several independent normal popula-
tions under certain random variable has been studied by many researchers in the past. When
the common population variance is known, Saxena and Tong (1969) and Dudewicz (1972)
analyzed symmetric and asymmetric confidence intervals that were not optimal. Later on,
the optimal problem was solved by Dudewicz and Tong (1971) in their work on optimal
confidence interval for the largest mean and then Tong (1973) provided percentage points
for it. When the common population variance is unknown, Chen and Dudewicz (1973) pro-
posed a class of confidence intervals for the largest normal mean. Saxena (1976) proposed
a confidence interval for the largest mean based on a large sample approximation. Chen
and Chen (1999) proposed a nearly optimal confidence interval which improves the one by
Chen and Dudewicz (1973) for the largest mean. No optimal solution was found until a re-
cent breakthrough by Chen and Chen (2004) who developed an optimal confidence interval
for the largest normal mean under homoscedasticity to conclude a longtime investigation
in this area. In situations where the population variances are unequal and unequal, Chen
and Wen (2006) proposed an optimal confidence interval for the largest normal mean. For
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several correlated normal populations or equivalently a multivariate normal distribution of
a random vector, with a common non-negative correlation coefficient, Chen et al. (2008)
proposed an optimal confidence interval for the largest population mean and it was applied
to U.S. stock mutual fund evaluation. To extend the aforementioned inference to a more
general case, Chen and Wu (2011) proposed a confidence region for the largest and small-
est population means of several independent normal populations under heteroscedasticity.
Based on the result of Chen et al. (2008), we propose, in this paper, an optimal confidence
region for the largest and the smallest means from a multivariate normal distribution, or
equivalently, of several correlated normal populations. By “optimal” we mean that the
individual interval width in the component of the confidence region is the shortest one
at some LFC among the class of confidence regions obtained by Bonferroni inequality.
More specifically, the optimal confidence region is obtained by the following steps: For
an individual interval on the largest population mean with a fixed expected interval width,
one first attains a least favorable configuration (LFC) of the means such that the infimum
of the coverage probability of the interval for the largest population mean and the smallest
one, respectively, over the set of all possible values of means and variance is achieved, and
then locates the optimal choice of the critical values so that the maximum of the infimum
of the coverage probability attains a preassigned probability level. Finally, the Bonferroni
inequality is employed to obtain the confidence region for the largest and smallest pop-
ulations means. Each individual interval component in the proposed confidence region is
asymmetric about its best mean due to the fact that the largest sample mean overestimates
the largest population mean and the bias increases as the number of populations increases
as argued by Dudewicz (1972). Therefore, in the confidence region, it is necessary to shift
more of the individual interval for the largest (smallest) population mean to the left (right)
of the largest (smallest) sample mean. By taking a negative sign of all observations, the
largest population mean becomes the smallest one, and consequently, the smallest sample
mean turns out to underestimate the smallest population mean. Owing to such symme-
try the calculation of the confidence region becomes feasible. In real world problems, a
confidence region for both the largest and the smallest population means can tell how
good and how bad about the selected best and the worst ones are in ranking and selection
problems. In Section 2 we provide the technical part of an optimal confidence region for
the largest and smallest population means under a multivariate a normal population with
a common non-negative correlation coefficient. An algorithm to obtain the critical values
for the confidence region is given and tables of needed critical values are calculated. In
addition, if an experimenter specifies a desired fixed width for each individual interval in
the confidence region, a design-oriented two-stage asymmetric confidence region for the
largest and the smallest population means under correlated case is proposed in Section 3,
and thereafter the needed sample size can be determined. In Section 4, the proposed optimal
confidence region is compared to a class of nonsymmetric confidence regions formulated
by intercepting a lower and an upper interval; we can show that the proposed optimal
confidence region is uniformly better (in the sense of a shorter interval width) than the one
by intercepting two one-sided confidence intervals. In Section 5, this method is applied to
treatment effectiveness of a physical therapy among four independent groups and the result
reveals that the proposed confidence region can provide some useful information on real
world problems. At last, in Section 6, a summary and conclusion is made to conclude the
findings of this research. It is recommended that the joint confidence region for the largest
and the smallest population means be employed in real world problems whenever the best
and the worst scenarios are simultaneously interested.
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2. An Optimal Confidence Region for the Largest and Smallest Means

Let{(Xy, ..., X)), L = 1, ..., n} be arandom vector sample of size n drawn from a k-variate
normal distribution with a mean vector of u = (i1, ..., 4x), a common unknown variance
of 62 and a non-negative correlation coefficient of p. Let (X, ..., Xi) bethe sample mean
vector and Cov = {s;;,1, j = 1, ..., k} the sample covariance matrix based on the random
vector sample of size n. Then, the well-known unbiased variance estimate of o2 is defined
by

o A G=D0 T s =20 %0 5
B k(1 — p){1 + (k — D)p}

with v = k(n — 1) degrees of freedom (d.f.), independent of X;’s (see Johnson and Kotz,
1972; Johnson and Wichern, 2002) Let X[l] < X[z] <..< X[k] and M = pp) <. =
Uik be, respectively, the ordered sample means and ordered population means in the
mean vectors where the X[;)’s are known sample mean values while w(;)’s are unknown
ordered population means. For a prespecified probability P*(1/k> < P* < 1), consider a

confidence region for the largest mean iy and the smallest mean ji[;; simultaneously by

6]

I'={py € 1 and ppy € L}, 2

where I} = ()_([k] — diS//n, )_([k] + d,S/+/n) is a confidence interval for py and I =
(X111 — d3S//n, X1+ dyS/+/n) is a confidence interval for g1y, and dy, d, d3 and dj are
critical values, such that the coverage probability of the largest mean j) being included in
the interval /; and the smallest mean ;] being included in the interval I, is at least P*. To
be more specific, the coverage probability of the confidence region for wu) in I; and
in I, can be expressed by

P(up € I, pn € I)

P(Xyy — diS//n < iy < Xyg + daS//n, Xy — dsS/v/n < g < Xy + daS/+/n)
P(Xy)—diS//n < puy < X + doS/+/n)

+ PRy — daS/N/m < mpy < Xy + daS//m) — 1, 3)

v

where the above probability lower bound (3) is obtained by use of Bonferroni inequality.
Let Y;; = —X;;, then the random vector (Y, ..., Yy;) has a k-variate normal population
with a unknown mean of —pu;, a common unknown variance of o2, and the same non-
negative correlation coefficient p, where the random vector (Y7, ..., Y3;) also represents the
Ith observation in the random sample of size n, [ = 1, ..., n. After the transformation, let
¥ = —X;, ¥; is associated with a mean of —u; and Yj;; = — X is associated with the
largest mean fifx; = —u(17. Then, the above probability lower bound (3) of the confidence
region (2) can be rewritten as

P(Xp —di1S//n < g < Xy + doS//n) + PV — daS/
Vn < g < Yy 4+ dsS//n) — 1. “4)

The two probability statements in (4) are actually the individual probability coverage for the
largest and the smallest population means, respectively. One may assign different coverage
probabilities to the individual intervals I; and I,, respectively; but, it is reasonable to assign
equal coverage probability to each of the two individual intervals due to symmetry of
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a marginal normal distribution with a common variance. Under such consideration, the
optimal choice of the constants d3 and d, in the coverage probability for the smallest mean
P(up € 1) will be equivalent to those of d; and d in the coverage probability for the
largest mean P(up € 1)), i.e., ds = d; and d3 = dp. Without loss of generality, one may
write the joint coverage probability in (3) as

P(upy € It, upy € L)
> ZP(X[](] —dlS/ﬁ < Uy < X[k] +d2S/\/E) —1.
=2Bg(dy,dr) — 1, (5)

where :36(‘117 dy) = P()_([k] — d1S/ﬁ < Uy < )_([k] + dQS/\/ﬁ) is a function of §, and
8= (8, ..., 8) with & = /n(up — ni)/o > 0,i =1, ..., k. Observe in (5) that
:36 (d] ) d2)

= P(Xy — diS//n < upg < Xy + daS/N/n)

=PXi <pup+diS/Vni=1,....k)— P(X; < py — doS//n,i =1,...,k)

=PZ; <é;+diY,i=1,....,k)y—P(Z; <6 —drY,i=1,...,k), (6)
where (Z; = /n(X; — w;)/o,i =1, ..., k) follows a k-variate normal distribution with
a mean vector of zero, a common variance of 1 and a common non-negative correlation
coefficient of p denoted by N(0, 1, p), and the r.v. Y = S/o is distributed as the root
of Chi-square divided by /v with v = k(n — 1) d.f., independent of the random vector
(Z1, ..., Zy). To further reduce the dimension of the k-variate normal distribution in (6) for
ease of calculation, let W, Wy, ..., W, be independent and identically distributed (i.i.d.)
r.v.’s each having a standard normal distribution with a mean of 0 and a variance of 1 such
that the component Z; can be expressed as Z; = /1 — pW; — /oW,i =1, ---, k. Bysuch

transformation the lower bound of the coverage probability (5) of the confidence region for
Mk in Iy and pp) in I, simultaneously in Expression (2) can be can be expressed as

2Bs(d1, dr) — 1
zz[P(,/l—pWi—ﬁw53,-+d1Y,i=1,...,k)
—P(\/l—pW,»—\/EWscS,»—de,iz1,...,k)]—1

o poo [k
=2|:/; / {l_[P(Wi5(6i+d1y+ﬁw)/\/l—p)
( —00 | =1

k
- l_[ P(W; < (8 —doy + /pw)/y/1 — P)} ¢(w)gu(Y)dey:| -1

i=1

oo [e ] k
=2[f0 / {]‘[@((8[+d1y+ﬁw>/¢1—p>
— Li=1

k
— [T @ = oy + ow)//T = p)} ¢<w>gu(y)dwdy} -1, ©)

i=1



956 Wu and Chen

where ®(-) and ¢(-) denote the cumulative distribution function (c.d.f.) and the probability
density function (p.d.f.) of a standard normal r.v., respectively and g,(-) denotes the p.d.f.
of a / sz /v r.v.. Since the r.v.’s W, Wy, ..., W, are independent of 52, the second equality
in (7) holds. Further, by definition, one of the §;’s is zero, without loss of generality, we
may assume §; = 0, i.e.,6 = (81, ..., 8x—1, 0). For a given y and fixed arbitrary constants d;
and d, satisfying L = d; + d, > 0, we wish to find a least favorable configuration (LFC)
of means, denoted by 8, over the parameter space Q2 of all possible ;s and o2 satisfying

Bs,(d1. d2) = inf f5(d. dy).
Then, the probability lower bound in (5) can be expressed as
2Bg,(d1,dr) — 1
= 2igfﬁ3(d1, dy) — 1. (8)

By applying a Theorem in Chen et al. (1993), the LFC of means in 8g(d1, d2) (8) occurs at
dj=0oratd; =ocoforj=1,...,k—1and hence the infg 85(d;, d>) is obtained by

Bs,(d. o) = min (f(rids, L), ©)

where

Flrids, L) = /0 / [o @y + VrmT=p)

= O (—~day + )/ VT= )| p(w)g,(r)dwdy,

where d) = L — d,. Following Theorem 2 in Chen and Chen (2004) for a fixed interval
width L = d, + d, > 0 and for every k > 2, there exists a constant d5 = dj(k, L, v) (and
hence d{ = L — d} ) such that

[e.elaayilee]

f(l;dz,L)=/ / {owdy + aw/VT=0)

0 —00
— ©((—day + /Pw)/NT = p)} p(w)g,(y)dwdy if d» < dj,
Bs,(d, d>) = (10)

flksda, L) = fo / {<I>"((d1y + /pw)/y/1 = p)
— D (=doy + /pw)/VT = p)} p(w)g,(y)dwdy if dy > dj,

and the constant for (10)isd} = L/2 fork =2 and d} < L/2 fork > 3. (11

The optimal choice of the critical values d; and d, can be determined by d5 = d»(k, L, v)
(hence di = L — dj) satisfying

I}, d3) = 2sup Bg (d,dr) — 1 = P, (12)
dy
then d; is the choice of d, which maximizes (takes supremum over d, the infimum of

the coverage probability (12) of the confidence region (2) for g in /; and ppyy in I
simultaneously. Once the confidence region (2) is so determined by (12), it is usually
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called a 100P*% confidence region for p and 1. Therefore, if Bg (df, d3) = 0.95,
then the confidence region (2) for both ;) and pif1; simultaneously has a joint confidence
I'(df, d;y) of 0.90 (=2 x 0.95 — 1) and P* = 0.90 as seen in (12). The results in Eq.
(10) and Expression (11) guarantee that a symmetric interval in the confidence region is
optimal with d = L/2 for k = 2; and an asymmetric interval in the confidence region with
d; < L/21is optimal for k > 3, which means that the individual interval /; in (2) should be
shifted more to the left of Xp;; and the individual interval I, in (2) should be shifted more
to the right of X[;;. This is because the largest point estimator Xp;; overestimates () and
the smallest estimator X[;; underestimates (17 for finite sample and the bias increases as
k increases as argued by (Dudewicz (1972)). It can be seen that the coverage probability
580(‘11 , dy) reported in (9) and (10), is monotonically increasing in L and is bounded below
by zero and above by one. For calculating Expression (10) we used a 64-point quadrature
on each of six subintervals for normal integral and two subintervals for chi/root(df) integral
and we find by numerical calculation that for any fixed L, S, (dy, d») is increasing first in d;
and then decreasing after it reaches its maximum at d, = d; with dj = L/2 for k = 2 and
dy < L/2fork > 2 for any given non-negative correlation coefficient of p, which confirms
the theoretical result in (11).

For any given k, p, P* and v, the optimal choice of d; for a 100 P*% confidence region
for the largest and the smallest normal means is calculated via the following algorithm:

(i) Choose a pair of values (L, d») with L( being a low initial value of L (say Ly = 3)
and a beginning value of d;, (say Lo/3).

(ii) Calculate the integrals in (10) over the grids (Lo, .001), (Lo, .002), ... ,(Lo, Lo/2).
Find the pair (L, d,) among the grids which gives the maximum coverage prob-
ability, say P, in (10).

@iii) (a). If P < (P* + 1)/2, then replace Ly by Ly + .001 and go to step (ii).
(b).If P > (P*+1)/2and P — (P*+1)/2 > 107%, then replace Lo by Ly —.001
and go to step (ii).
(). If P> (P*+1)/2 and P — (P* + 1)/2 < 107*, then stop. The solution is
found.

The critical values of d; and d, for P* =0.8, 0.90, 0.95,0.975,0.99; p =0.0,0.5; k =3,
4,8, 12, 15 and various degrees of freedom, v are reported in Tables 1 and 2. For example,
let k=4,p=0.5, P*=.90, and n = 10(df = 36), then the solution of d; = 2.26 and
dr = 1.87 can be obtained from Table 2. Therefore, a 90% confidence region for i[4)
being included in I; = (X4 — 2.265/+/10, Xp4; + 1.875/+/10) and j11; being included in
L, = (X1 — 1.875/4/10, X[1;+2.265/+/10) can be so constructed. Other desired critical
values can be obtained by a Fortran software program (CONF-REGION-2012.FOR) for any
combinations of k, p, P* and v, available from the authors. Note that the theory discussed
in Section 2 works for independent populations of a random variable, the variance estimate
in (1) becomes the usual pooled variance estimate with correlation coefficient p = 0 in Eqs

(1—(10).

3. A Two-stage Confidence Region for Correlated Normal Populations

The confidence region proposed in Section 2 is good for an arbitrary sample size and it
has a random width in each individual interval in the confidence region. If one wishes
to control the width in each individual interval under a specified confidence, one needs a
two-stage procedure. In this section a design-oriented two-stage procedure is proposed to
find a confidence region with a fixed width on each individual interval under this setting.
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Table 1
Critical values of d; (left) and d, (right) for various k, P*, and v at p=0.0
pop df P*=0.38 P*=09 P*=0.95 P*=0.975 P*=0.99
k v dl d2 d1 dz dl d2 dl d2 d1 dz
3 3 268 212 358 290 468 382 601 49 829 6.87
3 6 218 177 271 226 325 277 382 331 4.67 4.07
3 9 205 167 249 210 293 251 336 294 395 351
3 15 195 1.60 234 198 270 234 303 270 348 3.15
3 30 188 156 224 190 254 223 282 254 319 292
3 60 185 153 218 187 248 217 274 246 3.08 280
3 210 1.83 151 215 1.84 242 214 267 241 298 274
4 4 263 1.83 335 244 416 3.11 510 387 657 505
4 8 226 1.61 272 206 3.18 250 3.65 295 431 3.56
4 12 215 155 254 19 292 235 329 273 381 321
4 20 206 151 242 188 273 224 3.05 256 346 298
4 36 201 148 233 184 262 217 291 246 325 284
4 60 198 147 229 182 258 213 285 241 316 277
4 200 197 145 226 179 252 210 277 237 3.07 270
8 8 265 151 312 197 361 240 411 285 481 345
8 16 243 143 278 183 3.13 219 347 254 390 299
8 24 236 141 268 179 298 214 329 245 3.67 285
8 32 234 139 263 177 292 210 320 241 355 279
8 40 232 138 261 1.75 288 209 3.15 239 348 276
8 64 227 138 257 174 283 206 308 235 338 271
8 240 225 136 251 172 276 203 299 231 328 2.64
12 12 270 142 309 185 348 224 388 261 439 311
12 24 254 138 286 176 3.16 211 344 244 381 284
12 36 249 136 278 174 3.06 207 332 238 3.65 276
12 48 247 135 274 1.73 300 206 326 235 357 272
12 60 244 135 272 1772 298 204 322 234 353 269
12 120 242 134 269 170 293 202 315 231 344 265
12 240 240 134 267 1.69 290 2.01 311 229 343 2.63
15 15 273 140 3.10 180 345 217 380 253 426 298
15 30 259 136 290 174 3.18 208 346 239 379 279
15 45 255 135 283 1.72 310 205 335 235 366 272
15 60 253 134 280 171 3.05 204 330 233 35 269
15 75 252 134 278 171 3.03 202 326 232 356 2.67
15 150 249 133 275 1.69 299 201 321 229 348 263
15 300 247 133 274 168 296 200 3.18 228 344 2.62

For this purpose, a generalized Stein-type (Stein, 1945) two-stage sampling procedure
P similar to Chen and Dudewicz (1976) is developed as stated in the following steps:
P,: Take an independent initial vector sample (X, ..., 2( x1) of size nyo(> 2) from a k-

variate population Ny(i, o2, p), 1 = 1, ..., ng. Let (X?, ..

i, j =1,..., k} the sample covariance matrix based on the initial sample

0
and Cov” = {slj, i,

0

., X?) be the sample mean vector
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Table 2
Critical values of d; (left) and d, (right) for various k, P*, and v at p = 0.5

popu df  P*=0.8 P*=09  P*=095 P*=0975 P*=099

k % dl d2 d1 d2 dl d2 d1 d2 dl d2
3 3 257 218 344 298 452 391 581 507 801 7.02
3 6 211 1.81 264 230 3.18 281 375 335 458 4.12
3 9 200 170 242 214 286 255 330 297 388 3.55
3 15 191 163 228 202 266 236 299 272 346 3.16
3 30 1.83 159 220 192 250 225 280 255 318 292
3 60 1.82 155 214 189 244 219 272 247 304 282
3 210 179 154 210 1.87 239 216 264 243 297 274
4 4 246 190 3.15 252 394 320 484 397 624 5.18
4 8 213 1.67 260 211 306 255 353 3.00 420 3.60
4 12 204 160 244 200 284 238 322 275 373 324
4 20 197 155 233 192 267 226 300 258 341 299
4 36 193 152 226 1.87 257 219 286 248 323 284
4 60 190 151 222 185 253 215 280 243 313 2.8
4 200 1.88 149 220 1.82 247 212 273 239 3.05 271
8 8 241 156 288 2.01 337 245 388 289 457 3.50
8 16 223 148 262 186 298 223 333 257 379 3.01
8 24 218 145 254 182 287 216 3.18 247 358 287
8 32 215 144 251 179 281 213 311 243 348 281
8 40 214 143 249 178 278 211 3.07 240 341 277
8 64 212 142 245 176 274 208 3.00 237 333 272

8 240 2.09 141 241 174 268 205 293 232 323 265
12 12 243 147 285 188 327 226 367 264 420 3.13
12 24 232 141 267 179 3.00 213 332 245 371 285
12 36 228 140 262 176 292 209 322 239 356 277
12 48 227 139 259 175 288 207 3.17 236 350 273
12 60 226 138 258 174 286 206 3.13 235 346 270
12 120 224 137 255 172 281 204 3.07 232 338 266
12 240 221 137 253 172 280 203 3.04 230 335 263
15 15 245 144 286 183 323 220 3.60 255 4.08 3.01
15 30 236 139 271 176 3.02 210 332 241 3.69 279
15 45 233 138 266 174 296 206 323 237 357 273
15 60 232 137 264 173 292 205 320 234 353 269
15 75 231 137 263 1.72 291 2.04 317 233 349 2.68
15 150 230 136 259 172 287 202 313 230 342 2.64
15 300 229 135 258 171 286 201 3.09 230 339 262

vectors, where X! = Y/, X;/ng and s, = 31° (X — X))(X ;1 — X)/(ng — 1). From
Johnson and Kotz (1972), the unbiased estimate of o2 is given by

o L E=2p) Y0 55 =20,
o k(1 — p){1 + (k — Dp} '

(13)
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The total sample size drawn from the k-variate normal population is defined as:

SZ
n = max{ng + 1, [c :| 1}, (14)

where the value of ¢ in (14) is an arbitrary positive constant (c is called a design constant
to be discussed later) which is to be chosen in order to meet some probability requirement
to control the interval width on the largest mean ) (and the smallest mean p17), and [x]
denotes the largest integer smaller than or equal to x.

Then, take n — n( additional vector observations (X, ..., Xy),l = no+1, ..., n, sowe
have a total of n observations for the ith component denoted by X1, ..., Xin,, ..., Xin. For the
ith component of the k-variate population, choose the coefficients a;1, ..., Giny @i ng+15 ---» Qin
to satisfy the following three conditions:

() Y ay =1,G0) ain = ... = ain,, (i) S§ Y_aj; =

=1 j=1
Solving the equation (iii) subject to conditions (i) to (ii), we obtained the coefficients

1 —( —ng)b
aj] = ... = 0jpy = —n =a,
0

where b is solved by (i) to (iii) as given by

b 1{l + /1 " 1 noc” }
=dan = ...=4aj, = — — — .
ot n (n — np) S2

Finally we can compute the weighted sample mean for the sample from the ith component
by

X; —azx,l +b Z Xin (15)

I=np+1

which is actually a linear combination of the two sets of samples (the initial and the
second samples ) with random coefﬁments a and b. Such choice has the property that if
the total sample size n is close to So /c?, then a and b are close to 1/n, thus, X; converges
to the unbiased sample mean. Define the rv. T; = (X; — pi)/c, then it has a marginal
Student ¢ distribution with vy = k(ng — 1) d.f.,i =1, ..., k (Chen and Wen, 2006). By the
property of Student’s #, it is also a conditional normal with a mean of 0 and a variance of
a?/ Sg conditioning on Sg. We are going to show that the correlation coefficient between
T; and T; is the same as the population one, p,i # j,i =1,..,k, j =1, .., k. Let o;; be
the covariance of X;; and Xj; forany I =1,2,...,n,i=1,..,k,j =1, ..., k. Then the
covariance between 7; and 7 in (13) is given by

Cou(T;, T)) = E (T;T;) — E(T))E(T;) = EE (T;T;|S0) — EE (T;|So0) EE (T;|S0)
= EE (T;T;|S)

no

= EE aZ(Xzz — ui)fe+b Z (Xi — pi)/c

I=np+1



Means from a Multivariate Normal Distribution 961

no

x |a) (Xj—ppjc+b Z (X0 — /e | 150

=1 I=nyp+1

=FE (noat2 +(n— no)bz) a,-j/c2

_ 2
=F <n0a2 + %) O’ij/Cz, (16)

the second equality holds as EE(T;|Sy) = 0,i = 1, ..., k. Itis also clear that the conditional
variance of T; is 0?/S3 given S3, where 0> = o;; is the variance of X;;, [ =1,...,n
Replacing T; by T; in the covariance structure (16), we obtain the variance of T; as
Var(T)) = E(npa® + 4=’ Yo2/c?,i =1, ..., k. Furthermore, the correlation coefficient

“(i=ng)
between 7; and T can be calculated by Cov(T;, T;)/Var(T;) = Gij/o'z = p which is the
original population correlation coefficient as assumed in the beginning of Section 2. It is
also clear that the conditional distribution of 77, ..., T; has a conditional k-variate normal
distribution with means of zero, variance of 62/ Sg and a correlation coefficient of p,
which is a k-variate Student ¢ distribution by definition. Therefore, we can claim that the
rv’s Ty = (X; — pi)/c, i =1, ..., k, have a k-variate central Student ¢ distribution with
vo = k(np — 1) d.f. and a common correlation coefficient of p, denoted by 7;(0, vy, p).
The condition (i) is to ensure the unbiasedness of X; for j;, the condition (ii) guarantees
that the sample mean X;( and pooled sample variance S7 in (13) based on the first stage
no observations are independent, and the condition (iii) is the variance estimate of X;
controlled at a fixed width-related value ¢ which makes the choices of a;; possible and
guarantees that the r.v.’s {71, ..., T} have a k-variate central ¢ distribution as 73 (0, vy, p).
Let X denote the largest value of the sample means X;’s and ju the largest unknown
population mean among 4;’s. It is intuitive that the Xx1 (X117) is a natural estimator of 1
(uq17) and furthermore, X4 (X)) is strongly consistent and asymptotically unbiased for sk
(me117) by a argument due to Chen (1975). Since X [k] overestimates (i) ( X (1] underestimates
p1) for finite samples as argued by Dudewicz (1972), an asymmetric interval for the largest
mean /i) (smallest ¢17) by allocating more of the interval to the left of X (to the right of
X r11) should be a better allocation. For a prespecified number P*(1/ k* < P* < 1), consider
the confidence region for the largest mean p) and the smallest mean (1) simultaneously
by

= {up € Ifandup) € 17}, amn

where I = (X[k] - dlc X[k] + dzC) and I* (X[l] — dgc X[l] + dlc) each with a fixed
width W W= (dl +d>)c, where d, and d, are constants such thatd; > d, and d; +d» > 0,
and I} (I}) represents the first (second) interval for i) (ie[17). The reason we use the same
d; and d, in both individual intervals is that the individual intervals in (17) are symmetric.

From Section 2, it can be observed that the random vector {Z;/7Y, ..., Z;/Y} has a
k-variate multivariate ¢ distribution as T;(0, v, p), where Z; = (X; — u;)/o and Y = S/o,
i =1, ..., k. Therefore, the optimal critical values of d, and d, are equal to those of d; and
d, by replacing the df, v by vy which are determined by the algorithm as given in Section
2.

For example, letk = 8,n9g = 9, vy = k(ng—1) = 64, p=0.5, P* = 0.90, and the width
is specified to be W = 2, using Table 2, the critical values can be found as d, =2.45
and d, = 1.76. Then the design constant ¢ = W/(d; + d») = 2/(2.45 + 1.76) = 0.4751.
Substituting the values of ng, ¢, and Sg into (14), one can determine the required total
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sample size n to be drawn from the k-variate normal population. For independent normal
populations (with p = 0), one can find the critical values from Table 1.

4. Comparisons to Other Confidence Regions

In this section we first propose a class of confidence regions for the largest and the smallest
means under the setting of a k-variate normal distribution as stated in Section 2. Then,
Bonferroni inequality is employed to generate the lower bound of the coverage probability
for the confidence region in the class. After a best confidence region is determined, it
is compared to the optimal one derived in Section 2. It has been found by numerical
comparison that the optimal one proposed in Section 2 is superior to the class of confidence
regions formulated by intercepting a lower and an upper confidence interval similar to that
of Chen and Dudewicz (1976). Let’s consider a class of confidence regions J for px and
1) as given by

J = (X[k] — C]S/\/E < g < X[k] +CZS/\/E, X[l] — S/
Vo< ppy < X+ eilS/V/n), (18)

where c; + ¢, = L and L is fixed such that the confidence probability for (18) satisfies a
prespecified value. Using the Bonferroni inequality and a similar argument as in (3)-(4) we
have

P(J) > 2P(Xyy — c18/v/n < p < Xy + e28/3/m) = 1. (19)
The probability statement of the interval for fip
P(X[k] — C]S/«/ﬁ < Uk < X[k] +62S/«/;)

is obtained by intercepting a lower interval L1 = (Xx;—c1S/+/n, 00) and an upper interval
Ul = (—00, Xji) + ¢25/4/n) for the largest mean g. Set the right hand side of (19) to
P* to obtain

P(Xpg — ca1S//n < g < Xpg + ¢2S/4/n) = (P* + 1)/2. (20)

By applying Bonferroni inequality on the left side of Equation (20) we have the lower
bound for the probability coverage of the lower interval LI for p,

Foalers v o) = /0 / O ((c1y + Vow) /T = ppwg(dwdy,  (21)

and the lower bound for the probability coverage of the upper interval U I for p,

Fules) = /O B(c27)g. (y)dy. 22)

(It should be noted that the lower bound of the probability coverage for the lower interval
L1 for pup) is a multivariate ¢ c.d.f. while the upper interval is a univariate Student’s ¢ c.d.f..)
There are many possible choices of ¢; and c¢; that can satisfy the requirement of Equation
(20). Set Equation (21) to y and Equation (22) to (3 + P*)/2 — y, the best choice can be
made by choosing the critical values as ¢y = Fk_v' (y1)andc, = F,” "((3+ P*)/2 —y;) such
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that the y; minimizes the interval width function, ¢; + ¢;, or equivalently, minimizing the
function

h(y) = F,(¥)+ F, (B + P)/2—y) (23)

fory e (P*+1)/2, 1), where F, k_vl (y) is the inverse of the c.d.f. of a k-variate ¢ distribution
Fi.»(-) with v df and a nonnegative correlation coefficient of p, and F,~ 1(:) is the inverse of
the c.d.f. of a Student ¢ distribution F,(-) withv = k(n — 1) d.f.. For given L = ¢; +c¢; > 0,
the function in (23) is decreasing first and then increasing after it reaches a minimum
point at certain value of ¢;, so a unique solution exists. Define the interval width reduction
(I WR) by the proposed optimal confidence region (2) over the intercepting intervals (18)
similar to that of Chen and Chen (2004) as IWR = ((¢; + ¢2) — (di + d»))/(c1 + ¢2).
The improvement of / W R is calculated for p = 0.5 which is reported in Table 3 for joint
confidence P* = 0.80, 0.90, 0.95, 0.975 and 0.99; k = 3, 4, 8, 12, 15; and various degrees
of freedom, v.

A large and positive ratio indicates that the amount of improvement in /W R in each
component of the confidence region is significant. We can see from Table 3 that the
IWR of the optimal confidence region (2) over the confidence region J in (18) is be-
tween 49% at k =3, v =210, P* =0.99 and 15.5% at k =3, v =3, P* = 0.80. For
given k and v, the IWR decreases as P* increases; for example, when k=3 and v = 3,
the /W R ranges from 15.5% at P* = 0.80 to 12.7% at P* = 0.99. Secondly, the IWR
increases as k increases for given P* and v; for example, when P* = 0.8 and v = 60,
the /W R ranges from 10.7% at k = 3 increased to 14.2% at k = 15. Finally, the IWR
decreases as v increases for given k and P*; for example, for k = 3 and P* = 0.95, the
IW R ranges from 13.4% at v = 3 reduced to 6.9% at v = 210. A general pattern of the
IWR is similar to Table 3 for any nonnegative correlation coefficient and any combina-
tions of k, P* and v. Therefore, the proposed optimal confidence region (2) is uniformly
better than the intercepting one (18) for all values of p(> 0), k, P*, and v calculated in
Table 3.

5. An Example

To illustrate the confidence region in (2) for independent normal distributions (where p
is zero), we employed the experimental results of four independent groups of physical
therapy patients by different treatments, each produced six independent scores by six
patients (Daniel, 1974, p. 195.). The scores measuring treatment effectiveness are given
in Table 4 and a summary of statistics based on six observations for each treatment is
reported in Table 5. The assumption of normality of the data for each of four independent
groups was checked by Shapiro-Wilk test using SAS program and they all yielded a high
p-value which supported this assumption. In addition, the modified Levene test (BF option
in SAS) yielded an F value of 1.43 with a p-value of 0.2645 which leads to acceptance of
the hypothesis of homogeneity of population variances.

Moreover, the traditional ANOVA test with an F value of 6.03 and a p-value of 0.0043
indicated a significant difference among four mean treatment effectiveness. We now can
apply the confidence region in (2) for the largest and the smallest treatment effectiveness out
of four kK = 4 independent treatments simultaneously with df = 20 and P* = 0.90. The
largest sample mean X4 = 87.5, the smallest sample mean X[;; = 69.16667, the pooled
sample standard deviation S, = 7.6043 and the critical value of d;=2.42 and d,=1.88
were obtained (where d1 and d2 are selected from Table 1), and then, a 90% confidence
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Table 3
Interval width reduction (I W R) by the optimal confidence region over the region (18) for
p = 0.5 and various P*

k v P* =0.80 P*=0.90 P* =0.95 P*=10.975 P* =0.99
3 3 0.155 0.142 0.134 0.130 0.127
3 6 0.129 0.110 0.099 0.092 0.086
3 9 0.120 0.101 0.089 0.080 0.073
3 15 0.113 0.093 0.080 0.072 0.062
3 30 0.110 0.088 0.075 0.065 0.055
3 60 0.107 0.086 0.072 0.061 0.053
3 210 0.106 0.084 0.069 0.060 0.049
4 4 0.162 0.144 0.133 0.126 0.121
4 8 0.139 0.116 0.103 0.094 0.086
4 12 0.132 0.110 0.093 0.084 0.074
4 20 0.126 0.103 0.087 0.076 0.066
4 36 0.121 0.099 0.082 0.072 0.060
4 60 0.120 0.097 0.079 0.069 0.058
4 200 0.118 0.093 0.078 0.066 0.053
8 8 0.160 0.137 0.130 0.108 0.098
8 16 0.148 0.121 0.102 0.090 0.078
8 24 0.144 0.115 0.096 0.085 0.072
8 32 0.142 0.112 0.094 0.080 0.068
8 40 0.140 0.109 0.092 0.079 0.067
8 64 0.137 0.109 0.089 0.076 0.064
8 240 0.135 0.105 0.086 0.074 0.062

12 12 0.157 0.130 0.111 0.098 0.088

12 24 0.147 0.119 0.100 0.086 0.074

12 36 0.143 0.114 0.096 0.081 0.070

12 48 0.140 0.112 0.094 0.079 0.068

12 60 0.140 0.110 0.092 0.078 0.066

12 120 0.138 0.108 0.090 0.077 0.064

12 240 0.138 0.106 0.086 0.075 0.061

15 15 0.155 0.125 0.108 0.099 0.082

15 30 0.147 0.117 0.098 0.084 0.072

15 45 0.144 0.114 0.095 0.080 0.069

15 60 0.142 0.112 0.094 0.078 0.066

15 75 0.140 0.111 0.091 0.077 0.064

15 150 0.139 0.109 0.090 0.076 0.063

15 300 0.138 0.108 0.088 0.074 0.062

region for the largest mean treatment effectiveness (1 4;) and the smallest mean treatment
effectiveness (j4(17) is calculated as:

I = (87.5000 — 2.42 x 7.6043/~/6, 87.5000 + 1.88 x 7.6043/+/6)
= (87.5000 — 7.5128, 87.5000 + 5.8364) = (79.9872, 93.3364)
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Table 4
Scores for physical therapy patients with four treatments
Treatments

Obs 1 2 3 4
1 64 76 58 95
2 88 70 74 90
3 72 90 66 80
4 80 80 60 87
5 79 75 82 88
6 71 82 75 85
and

L = (69.16667 — 1.88 x 7.6043/+/6, 69.16667 + 2.42 x 7.6043/+/6)
= (69.16667 — 5.8364, 69.16667 + 7.5128) = (63.3303, 76.6795).

The interpretation of the confidence region is explained as follows: By ranking these
sample means, the fourth treatment is identified to be the most effective physical therapy
and the third treatment is the least effective physical therapy. To be more informative and
accurate, with a 90% confidence, the largest mean treatment effectiveness score falls in
the individual interval ranging from 79.9872 to 93.3364 in the confidence region and the
smallest mean treatment effectiveness score falls in the individual interval ranging from

Table 5
Summary of statistics
Treatments

1 2 3 4
Sample size 6 6 6 6
Sample mean 75.6667 78.8333 69.1667 87.5000
Standard dev 8.4063 6.8823 9.3897 5.0100
p-value by
Shapiro-Wilk 0.9332 0.9097 0.653 0.9843

normality test

Error mean square = 57.825 , §, =7.6043
Modified Levene’s test for equal variances

F = 1.43 with p-value = 0.2645

Smallest, largest sample mean = 69.1667, 87.5
k=4,df =v =20, P*=0.90

Critical values: dy =2.42, d, = 1.88
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63.3303 to 76.6795. It is clear that the two individual intervals do not have any overlap,
which indicates that the best and the worst treatments are significantly separated apart.

6. Summary and Conclusion

In ranking and selection procedures (see e.g. Bechhofer, 1954), the goal is often to select
the best population among several ones, where the best population is defined to be the one
having the largest mean. Sometimes, the experimenters want to select the best population
and the worst population at the same time and to tell how good the best one and how
bad the worse one are. That is the reason why we propose the confidence region in (2)
for the largest and the smallest normal means by maximizing the coverage probability of
the confidence region, or equivalently by minimizing the expected width of the individual
interval associated with an optimal allocation of the critical values at a given confidence
probability.

It is common to use the largest sample mean as a point estimate of the largest pop-
ulation mean since the largest sample mean is both asymptotically unbiased and strongly
consistent (see e.g. Chen, 1975). Similarly, the smallest sample mean is used as the point
estimate of the smallest population mean and it is also asymptotically unbiased and strongly
consistent. However, the largest sample mean overestimates the largest population mean
as the number of populations increases (Dudewicz, 1972). Likewise, the smallest sample
mean underestimates the smallest population mean as the number of populations increases.
Hence, it is necessary to make an adjustment for the allocation of each individual intervals
in the confidence region centered about the largest sample mean and the smallest sample
mean at the same time. It has been found that when there are only two populations, the
individual interval is symmetric about the largest (smallest) sample mean, and when there
are three or more populations, the optimal individual interval in the confidence region
becomes asymmetric by shifting more of its interval to the left of the largest sample mean
and shifting more of its interval to the right of the smallest sample mean. Such a confidence
region so constructed is thought to be optimal in the sense of a smallest interval width in
each component among a class of confidence regions obtained by Bonferroni inequality.

Our numerical calculations have shown that the proposed optimal confidence region
for the correlated normal populations is superior to currently existing one-sample procedure
for any sample size, which yields a confidence region for the largest normal mean and the
smallest normal mean simultaneously.

We also proposed a two-stage optimal confidence region in (17) for correlated normal
populations to control the width of each individual interval in the confidence region. If a
fixed confidence width is required or preassigned, a design-oriented two-stage confidence
region should be employed.

Selected tables of critical values at various confidence probabilities P*, nonnegative
correlation coefficient, the number of populations and degrees of freedom can be found in
Chen et al. (2008) at the level of (P* + 1)/2. Extended tables of the critical values for a
large number of populations are only available through the authors using a Fortran code. It
should be noted that the optimal confidence region in (2) is based on equal sample size for
all samples. In situations where the sample sizes are not all equal, it is suggested that the
number 1/n in the region (2) be replaced by the average of 1/n;, or equivalently, by the
harmonic mean of individual sample sizes. At last, we give one example to illustrate the
confidence region for independent normal populations.

In conclusion, if practitioners wish to find a single-sample confidence region for the
largest and smallest normal means simultaneously, the optimal confidence region (2) is
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recommended to use. Further, if an interval width is desired to be controlled, a design-
oriented two-stage confidence region (17) should be considered.
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