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In the present note we establish that there is a monotonically increasing function between the integral power
mean and the stolarsky mean.
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INTRODUCTION

The inequalities

b
f(a;b)sbia f f(t)dzsﬁa_)gi@

a

which holds for all convex functions f:[a,b] > R are known in the literature as Hadamard
inequalities.

Recently, C. E. M. Pearce, J. Pecaric and V. Simic’ generalize this inequality to r-convex
positive function f which on an interval [a, b] if, for all x,y€ [a,b] and A€ [0, 1],

Af® +A=HFONY", if r=0,

A 1-A)y<
f( x+( )y)<{ f(x)lf(y)(l—ll), if r=0.

The definition of r-convexity naturally complements the concept of r-concavity, in which the
inequality is reversed (cf. Uhrins) and which plays an important role in statistics.
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We have that O-convex functions are simply log-convex functions and 1-convex functions
are ordinary convex functions.

In what follows, we define :
(I) The integral power mean Mp of a positive function f on [a, b] is a functional given by
( 1/p

b
1
P Jf(t)”dt ,p#0,
M, (f) =1 a

b
1
exp| 71— [ meewyd | p=o.
a

L

(II) The extended logarithmic mean Lp of two positive number a, b is given for a# b,

. 1/p
bp+1_ap+1
e D) -2 =10,
_b-a -1
by L,(ab)={ Inb-Ina p==5
1
(b-a)
b
11 b
;(E) S

and Lp(a, a) = a.

(IIT) The alternative extended logarithmic mean F,(x,y) of two positive numbers x, y is
given for x#y by

r rr+l_ r+1
. J , r#0,-1,
r+1 X =y
F (x,y)=1 _LZX_’ r=0,
Inx-Iny
Inx-Iny re |
xX=y

and F (x,x)=x.

(IV) The Stolarsky mean E(x, y, r, s) (see [4]) of two positive numbers x, y is given for
x#y by
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(s r
Exy,r, S)‘[— X——-— ,r#s and rs#0,

4 r r
E(x,y,r,0)= ﬂxLOr)[l X=X} ,z0,

Ex,y;r,N=er | — ,r#0,

E (x,y,0,0)=xy

and E@xyr,s)=xifx=y >0

The following are extensions of Hadamard’s inequality:

Theorem A% — If f:[a, bl > R is positive, continuous and convex, theny

while if f is concave, the inequality is reversed.

Theorem B' — Suppose f is a positive function on [a, b]. If [ is r-convex, then

[e—y

[ rodi<F,(@.r o),

while if f is r-concave, the inequality is reversed.

Theorem C° — Let f be defined as in theorem B. Then
M, () SE(f (), f(B); 1, p +7),

while if f is r-concave, the inequality is reversed.
Theorem C reduces to Theorem A and Theorem B when r = 1 and p = 1, respectively.

The main purpose of this note is to establish that there is a monotonically increasing function
between

Mp (H and E (f(a),f(b);r,p+7).
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Theorem — Suppose f is a positive r-convex function [a, b] and G :[0,1] = R is defined by

( b p/r l/p
bia J [Z 2 fb+(1-0x)" +—"f(ta+(l—t)x] dx
p 1/7p
b
bia j ‘:f(tb+(1—t)x)(b aJ/(ta+(1—t)x)( ” dx ,r=0,p#0,
G@) = “
b _ 1/r
exp bia | lan:Zf(tbwh(l—t)x)r+—Z:—Zf(ta+(l—t)x)r}
1 b i xX-a b-x
eXPY 3 j In f(tb+(1-—t)x)(b a)f(ta+(1—t)x)[ de , r=0,p=0.
Then

and
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MAIN RESULT

(i) G(t) is monotonically increasing on [0, 1] and
(ii) G (0) = Mp(f) and g (1)=E (f(a),f(b);r,p+71).
PROOF : Let x€ [a,b] and 0<s<r<1. Then

[as — at + tx — sx]

tb-a)

[bt — as + sx — tx]
b —a)

sa+(1-s)x= [ta+(1-2)x] +

[bt — bs + sx — tx] [t +(1 - ) x] [bs —at + tx — sx]

sb+(1-s)x= tb-a) tb-a)

For r#0 and p;tO, it follows from (1), (2) and the r-convexity of f that

G(s)= [ flsb+(1-5)x) +

b

SQ
[ Y S— )

b
1 x—a [ (bt—bs+sx—1tx) r
el [b-la[ o-a) Jcar(-00

a

(bs — at + tx — sx)
t(b-a)

fab+(1-0x)

b+ (1 -1) x}...

[th+(1-1)x]. ..

/r 1
zf(sa+(1—s)x)rjr dx

,rz0,p#0,

,r20,p=0,

)]

2
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+

b—x((bt as+sx tx)f(ta+1—t)x)

b-a t(b-
/r 1/p
(as — at + tx — 5x)
+ T b-a) fb+1-x) }I dx}

b 1/p
{bia | [Z:Zf(tb+(1-t)x)’+2%zf(m+(1—‘t)x)’ :idx}

G(1).

If r =0 and p#0, then f is log-convex, it follows from (1) and (2) that

b . p 1/p
[ Flrra-onE2) reara-od )] dx]

a
a

b
)(bt—bs+sx-tx) X-a
{b a I[f(ta+(l Hb-a) b-a

(bs—at+ix-sx) (x-a 3
fb+(1-0x) +t@p-a) b—aJ

(bt-as+sx-1x) {b-x
flta+{(1-1)x) Kb - a) b-a |

1/
(as—at+tx—sx)( b-x P
fb+(1-1)x) tb-a) b-a :rdx

b . p I/p
'bia J- [f(tb+(1—t)x)[b-a]-f(ta+(1—t)x)(b_a]] dx]

G(n).

If r#0 and p = 0, using (1) and (2), we have

1575

b ) _‘1/r
1 x—-a r b-x r
G(s)=exp|b_a ln[b_af(sb+(1—s)x) +—b_af(sa+(1—s)x) J dx}

a

b
1 bt — bs + sx — tx) r
Sexp[b Iln[z (( b—a) fta+(1-0)x) +
a
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(bs — at + tx — sx)

Hb-a)

fab+1-0x)

b—x( (bt— - ,
+ b_Z(( ! t“&:sa") ) f(ta+(1-1) %)

t(t-a)

+ﬁas—az‘+tJt——.s‘Jc)f(dH_(1 —t)x)r)]dx}

b 1/r
= exp Jbl I ln[%f(tb+(1—t)x)r+'i—:-§f‘(ta+(l—t)x)r:| dx}

[ —-a
= G(1).

Finally, if r = O and p = 0O, using (1) and (2) again, we have

b
G(s) = exp {bi f ln[f(sb+(1—s)x)(fv——-a—)'f(sa*'(l—S)x)[b—aﬂd’f

a
a

| b (bt—bs+sx—tx'(x—a}
<exp| 7 j ln[f(ta+1—t)x) b - a) b-a
a

(bs — at + tx — 5x) (x—a]
f@b+(1-nx) -9 b-a

(bt—as+sx—tx) (b-x (as—att+tx—sx) (b-x
flta+(1-Hx) t{b-a) b-a |- ftb+(1-0)x) Ub-a) b-a | |dx

b x— b-
= exp [bla Iln[f(tb+(1—t)x)[b-a)-f(taﬂ} —t)x)(b—a]}dx}

N
=

= G(1).

This completes the proof of (i).
To prove (ii) we observe first that

G (0)=M, (.

To prove G (1)=E (f(a),f (b); r, p+ ), suppose first that f (a) = f (b). Then it is obviously
G(1) = f (@), f (b); r, p + 1), so that we may assume f(a) #f (D).
Case 1 — If r#0 and p#0, then
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b 1/p
G(l)z{bla-l.[ L7y +2 f()}” dx}

J

1
ol r p
Y R —

sy O @

+ +r |17
_|_r_ f@ptr-ray ]
P*r  fbY -f(a

= E(f(a),f(b);r,p+71)

if r+ p =0, and

b . \/p
- aI Z Ly + 2= f(a)jr dx}

G(1)=

a

{
l
|

-1/r
Inf(b) - lnf(a)]
F®Y —f@

1
"

1/r
F®Y —f @) }
Inf (b) In f(a)

= E(f(a).f(b);1,0)

ifr+p=0.
Case 2 — If r = 0 and p#0, then

G(l)z{bia ? {f(b)[ﬁ)-f{a)[”:z)] &
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1/
) {1, F@P-f®F } ’
P mf@-Inf®

= E(f(a).f(b); 0, p).
Case 3 — If r#0 and p = 0, then

b
1 r b= ,
G =expizi=t [ m [b IO+ f @ de

_ l 1 x—a
- exp[ . f(b),_f(a),[( 5L £ )+ f (@ ]

-ln[; af(b)+ f(a)’)( f(b)+ f()]

1

| ff® YO @

fay@
E(f(a),fb);r,r).
Case 4 — If r = 0 and p = O, then

b
G(1) =exp ﬁ j (b lnf(b)+

a

lnf (a) ]

b
exp{ L[ 6¥2-a0nf®)+x-2/2)nf(@ | }

(b-a) a

f (@), f (b)
= E(f(a),f(b),0,0).

This completes the proof of (ii).

Remark 1 : The Theorem is refinements of Theorem C and then Theorem A and Theorem
B.

Remark 2 : If f is a positive r-concave function, then G(¢) is monotonically decreasing on
- [0, 11.
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