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We prove a generic theorem for the Ishikawa iterates of a pair of multi-valued maps,
and then cite some resuits that are special cases of this theorem.
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There are a number of theorems in the literature of the following type. T is a selfmap
of a Banach space satisfying a contractive condition that may or may not be strong
enough to guarantee convergence of the ordinary iterates of 7 to a fixed point. It is
then assumed that the Mann iterates of T converge to some point p, and then it is
proved that p is a fixed point of T.

One of the first theorems in this direction was Theorem 4 of Kannan!. In a
recent paper the third author (Rhoades?) showed that there is a generic theorem of
this type, which includes most of the other theorems on this topic in the literature.
More recently, the author (Rhoades®) extended this generic theorem to the Ishikawa
iteration process. In that paper he indicated that the theorem could be extended to
pairs of maps.

It is the purpose of this paper to establish a generic theorem for the Ishikawa
iterates of a pair of multi-valued mappings on a Banach space, and then show that
the result has a number of corollaries.

Let (X, d) be a metric. space, CB(X) the collection of closed, nonempty, bounded
subsets of X, and H(A, B) the Hausdorff metric on X. We shall need the following
result.

Lemma 1 (Nadler*) — If A,Be CB(X) and a€ A, then, for each £ > 0 there
exists a b € B such that d(a, b) SH(A, B) +&.

Let K be a nonempty subset of X. The Ishikawa iteration scheme associated with
two multi-valued mappings S, T : K — CB(K) is defined as follows :
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x0€ K, y,=(1-B)xn+ St ay€ Tx,,
X1 =(1 "an)‘n+anbn’ b,,E Sym - (D

where (i) 0<a,, B,< 1 for all n. Additional conditions will be placed on {a,} and
{5} as needed.

As a consequence of Lemma 1, we can select the a, and b, to satisfy the
inequality

Il a, - b, | S H(Tx,, Sy,) + £, with lim &, = 0. )

Theorem 1 — Let X be a Banach space, K a closed convex subset of X, S, T
multi-valued mappings from K into CB(X). Suppose that the Ishikawa scheme (1),
with {a,} satisfying (i) and (i) lim inf a,=d > 0, and {a,}, {b,] satisfying (2),
converges to a point p. If there exist nonnegative numbers o, f, ¥, 8 with f < 1 such
that, for all n sufficiently large, S and T satisfy

H(Tx,, Sy,)salix,-b, I+ Bl x, —a,l - (3
and
H(Sp, Tx,) S all x, - p | + pi(x,, Tx,) + &d(p, Tx,)
+ g max {d(p, Sp), d(x,, Sp)}, - (4)

then p is a fixed point of S.
If also,

H(Sp, Tp) < Ald(p, Tp) + d(p, Sp)), - (5)
then p is a common fixed point of S and T.

PROOF : Use (1) and note that lix,, ,-x,li=a,ll x,—b, Il. Since lim x,=p, lim
kx,,;—x,ll = 0. Condition (ii) then forces lim I X,~b,ll = 0; ie., lim b,=p.

Using (2) and (3),

Wa,— b, | S H(Tx,, Sy,) + &, S allxy - b, I+ Sl x, - a, Il + &,
Taking the lim sup as n— o yields

lim sup la,-pll<Blimsuplip-a,ll ,

which implies that lim g, =p.
Using (4),

d(p, Sp) S Il x, ~ p I + d(x,, Tx,) + H(Sp, Tx,)
SUxy=ph+lix,—a, I+ @l x, - p Il + 4i(x,, Tx,) + 8d(p, Tx,)
+ f max {d(p, Sp), d(x,, Sp)}
SA+)Ux,~pli+(1+Plx,—a, 1+ 5l p-a,l | |
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+ £ max {d(p,Sp), i x,-pll+d(p, Sp)}.

Taking the limit as n— o yields d(p, Sp) S Ad(p, Sp), which implies that
p € Sp.
Using (5),

d(p, Tp) < H(Sp, Tp) < Ald(p, Sp) + d(p, Tp)] = fd(p, Tp),
and p e Tp.

Corollary 1 — Let X be a normed space, K a closed convex subset of X. Let
S, T be two multi-valued mappings from K into CB(K) satisfying

H(Tx, Sy) £ g max {k l x — y Il, d(x, Tx) + d(y, Sy),
d(x, Sy) + d(y, Tx)} ... (6)
for all x, y in K, where k2 0 and 0 < ¢ < 1.

If there exists a point xo€ K such that {x,}, satisfying (1), (2), (i), (ii), and (iv)
lim B, = 0, converges to a point p, then p is a common fixed point of S and T.

PROOF : It is sufficient to show that S and T satisfy conditions (3) - (5).
From (6),

H(Tx,, Sy,) € g max {k !l x, — y, Il, d(x,, Tx,) + d(Yp, Syn),
d(x,, SYs) + A Tx)}. o (1)

From (1), Wx, -y, W= x,~ b, !, dyp Tx) Shy,—a,l = (1 -BHNx,~a, i ,
and d(y,, Sy Sy, —b, 1S xy—y, W+ x,~ b, I <1+ B) N x,— b, ll. Also, d(x,, Tx,)
Sllx,-a,ll and d(x,, Sy,) <!l x, — b, !l. Substituing into (7) gives

H(Tx,, Sy,) S qgmax {kB, 1 x,— b, Il, Nx,=a,l+(1+8) lx, byl ,
Nx, by 4 (L=B) N x,—a il }
<max {gkB, q(1 +B)} Nx,— Bl +qlix,—a,ll ,

and (3) is satisfied.
Again from (6),

H(Tx,, Sp) < qmax {kllx,~pll, d(x,, Tx,) + d(p, Sp), d(x,, Sp) + d(p, Tx,)}
< gk Il x, — p | + qd(x,, Tx,) + qd(p, Tx,)
+ ¢ max {d(p, Sp), d(x,, Sp)},

and (4) is satisfied.
Using (6),

H(Tp, Sp) < q max {0, d(p, Tp) + d(p, Sp), d(p, Sp) + d(p, Tp)},
and (5) is satisfied.
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Theorem 1 of Beg and Azam® is a special case of Corollary 1, since their
contractive definition is a special case of (6).

Corollary 2 — Let K be a nonempty closed convex subset of a Banach space
E and T,S: K— CB(K) satisfy

H(Tx, Sy) Smax (llx-yll, [d(x, Tx) + d(y, Sy)1/2, [d(x, Sy) + d(y, Tx)}/2}

.. (8)

for all x, y in K. If there exists a point xoe K such that {x,}, satisfying (1), (2),

(i), (i) and (iii) lim supf, =8 < 1 converges to a point p, then p is a common
fixed point of S and T.
PROOF : From (8),

H(Tx,, Sy,) Smax {llx,~y, !, [d(x,, Tx,) +d(y,. Sy,)}/2
+ d(xy, Sys) + A0 Tx)172). ... (9
But, from (1), Nx,~y, =8, 0x,~a,ll , d(y, Sy SHy,—b, I} <lx,—y, Il +
Hx,=b, il = B lix,~ayll + Nx,~b, ll, dix,,Sy,) <hx,~b,ll , and d(y,, Tx,)< Hy,
-a,l = (1 - g)ilx,—a,ll. Substituting into (9) yields
H(Tx,, Sy,) Smax {f ix,—a,ll, fix,—a,ll + B llx,—a,ll
+ Ux,—-b, )2, Mix,—=b, 1l + (I - )l x,~a,ll}2}
Smax {f,, (1+8)/2} Ux,—a,ll+lix,~b,1/2,

and condition (3) is satisfied for all n sufficiently large.
From (8),

H(Tx,, Sp) Smax {Ilx,~p 1, [d(x,, Tx,) +d(p, Sp)}/2,
(d(x,, Sp) +d(p, Tx,)]/2}
Sy —p I+ d(x,, Tx,)/2 +d(p, Tx,)/2
+ (1/2) max {d(p, Sp), d(x,, Sp)},

and condition (4) is satisfied.
Finally, from (8),

H(Tp, Sp) < max {0, [d(p, Tp) +d(p, Sp)1/2, (d(p, Sp) + d(p, Tp)}/2}

= [d(p, Sp) +d(p, Tp)}/2,

and condition (5) is satisfied.
We now prove a result involving a rational contractive condition.
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Corollary 3 — Let X, K be as in Corollary 1, S, T : K — CB(K) satisfying
H(Tx, Sy) < g max

Ix—yll 905V [1+d(x, Tx)] d(x, Sy) [1 +d(x, Tx) + d(y, Tx)]
Y T T lix—yn A+ Hhx—yl

.. (10)
for all x,ye K, where 0 < g < 1. If there exists an x, € K such that a sequence
{x,} satisfying (1), (2), (i), (ii) and (iii) lim £, = O converges to a point p, then p
is a common fixed point of S and T.

PROOF : We need to show that S and T satisy (3) — (5). Using (10) and the
inequalities from the proof of Corollary 1,

H(Tx,, Sy,) < g max

{ux,,—y,.". 1+4,Ix,—a, i’ 2[1 + £, Il x, - ay ]

Hy,~b, [l +Hx,—a,ll] llx,,—b,,ll[l+llx,,-—a,,|l+lly,,—a,,ll]}
From (1),

Hyy—bHS(1=-B8)Ux,—b i+ B, Na,~-b, I
SA-B)lx,~b N+ B, [Nx,— bl + U x,~a, 1]
= lx,-b, I+, hx,~a,ll

Again from (1), ix,,~x,ll=a,llx,-b,1l. From (ii) it follows that, since {x,}
converges, lim llx,,;~x,ll = O and thus lim llx,-b, Il = 0. Therefore, for all n
sufficiently large, lix, - b, + B, x,—a, i S1+4,Ix,-aq,ll.

Thus, for all n sufficiently large,

0y, = by I [1+ 1l x, — a, H] I yo~ byl xy —a, I
T+ A 0m—at  SIn-bl+ 144, 1%,—a,

Slhy,~b, i+l x,—a,li

SA+B)lix,—a i +lix,-b, 1l
Since Hy,-ag,li=(1-B)Ix,—-a,ll,

Hxy=b [l +Ux,—a h+ly,—a, )] Hx,-b i [1+(2-5)lx—a,l)
201+ 4, W x,—a, i) - 21+f. Uix,~a, i)

s%mx,-b,n(z-p.)ux,'.-a.u].
Then, for all » sufficiently large,
H(Tx,, Sy)Sgmax {f,0x,—a, N, 1+8)Ux,—a,} + Nx,-b, I
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%[u X, —byl+ 2= B) I x,—a, 1)

<smax {gfB, g1 +8,),q2-5)72} Wx,—a,t + q lx,~b,1l,
and (3) is satisfied, since, by (iii), lim £, = 0.
Again from (10),
H(Tx,, Sy) £ g max

d(p, Sp) (1 +11x =, 1] sy, Sp) [1+11x, =y 1 +11p— y ]
tx,-pl, 1+llx,—pli ! 21 +lix,—plj

<qlix, - pli+qt, max {d(p, Sp), d(x,, Sp)},

where

1+llx,~a,l 1+lix,—a,l+lp-a,ll
"'”‘“{ 1+lix,-pl’  2[(1+lx,~pl }
Since (3) is satisfied,
I x, ~a, WSl x,— b, N+ b, —a, NS W x, — b, I+ H(Tx,, Sy,) + &,
Shx,-b,lt+alix,-b, I + Bl x, ~a, I +&,

Since lim lix,~b, It = 0, we obtain lim sup lix,—a, I <F lim sup Il x,—a,l,
which implies, since 0<f<1, that Ilim Hx,-gq, = 0. Since
ip-a,islip-x, i+l x,—a,ll, it follows that lim t, = max {1, 1/2} = 1. Therefore,
for all n sufficiently large, (4) is satisfied.

Since (3) and (4) are satisfied, by Theorem 1, p is a fixed point of S. From
(10),

H(Sp, Tp) < g max

{ 0, d(p, Sp) [1 +d(p, Tp)), L& SPL L1 + d@; Tp) + d(p, Sp)] }

=0,

and (6) is satisfied trivially.

As yet the only direct application of Theorem 1 has been to the paper of Beg
and Azam®’. The presence of Theorem 1 should serve to eliminate future theorems
of this type.

We now state the single-valued version of Theorem 1. For single-valued maps,
(1) takes the form xp € X, y,=(1 ~=Bin + Txpy X4y =(1 - @5, + @, Ty,

Theorem 2 — Let X be a Banach space, K a closed convex subset of X, S and
T selfmaps of K. Let (x,] be an Ishikawa method satisfying (1), (i): and (ii). Suppose
there exist nonnegative numbers @,f, 7,8, # < 1, such that, for all n sufficiently
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large, it is possible to write
I Tx, — Sy, NS allx, — Sy, 1 + Bl x, - Tx, |l - (1D
and
HTx,~Splisalix,—-ph+ylix,—Tx, i+l p-Tx, Il
+ fmax {llp-Spll, llx,~Spl}. .. (12)

Then p is a fixed point of S.
If also

HTp-SplspBilip-Tph+lip-Spiy, .. (13)

then p is a common fixed point of S and T.

Since (3) — (5) become (11) — (13) for single-valued maps, there is nothing
to prove.

Corollary 4 (Guay and Singh®, Theorem 1.1) — Let X be a normed linear space,
K a closed convex subset of X, § and T selfmaps of K satisfying

i Sx — Ty il £k max
{Hx—yl Nx=Sxll , By-Tyl , hx-Tyll+Hy~Sxli}

. (14)
for all x, y in K, 0Sk<]1. If {a,} satisfies (i) and (ii), {f,} satisfies (iv), and
{x,} converges to a point p, then p is a common fixed point of S and T.

PROOF : From (14),

Sy, —Tx,Iskmax {Hy,—x,ll, Iy, —Sy, I, llx,-~Tx, Il ,
Wxy— Sy, H+0y, ~Tx, i}
Sk{flx,—Tx, ll llyy—x, I+ Hx, =Sy, U, Ul x, - Tx, Il ,
Fxy~Sy, 1+ (1 -8) Il x, — Tx, I}
smax {kB, k k(1-5)} lx,-Tx, i +kllx,—Sy,ll ,

and (11) is satisfied.
From (14),

HSp-Tx,i<kmax {lp-x, W, Up-Spi lix,—Tx, 1,
Wx,—SpU+Up-Tx, 11}
Skiip-x,N+kllx,-Tx, l+ kil p-Tx, ll
+ k max {lip-Spll, lix,~Spl},
and (12) is satisfied.
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Finally, from (14),
WSp-Tpli<kmax {0, N p—Sp Il , il p-Tpl,
Hp-Spli+llp-Tpl

and (13) is satisfied.

Theorem 2.2 of Rashwan and Saddeek’ is a special case of Corollary 4.

We take this opportunity to point out that Theorem 1 of Tiwary and Debnath®
is a special case of the theorem of Rhoades?.

Mann iteration can be obtained from Ishikawa iteration by setting £,= 0.
Therefore, each of the results of this paper has an obvious analogous statement for
Mann iteration.
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