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ABSTRACT. In this paper, we study the traveling front solutions of the Lotka-
Volterra competition-diffusion system with bistable nonlinearity. It is well-
known that the wave speed of traveling front is unique. Although little is
known for the sign of the wave speed. In this paper, we first study the standing
wave which gives some criteria when the speed is zero. Then, by the monotone
dependence on parameters, we obtain some criteria about the sign of the wave
speed under some parameter restrictions.

1. Inmtroduction. In this paper, we study the following Lotka-Volterra competition-
diffusion system

{ Up = Ugy + u(l —u — kv), (1.1)

vy = dvge + av(l — v — hu),

where u = u(z,t) and v = v(x,t) represent population densities of two competing
species, and a, h, k,d are positive constants with certain ecological meanings. In-
deed, a is the intrinsic growth rate and d is the diffusion coefficient of the species v, h
is the inter-specific competition coefficient of the species u and k is the inter-specific
competition coefficient of the species v.

The relations of parameters h and k influence the asymptotic behaviors of (u,v).
In fact, for (1.1) with initial data (u,v)(x,0) > 0, the asymptotic behaviors of (u,v)
can be divided into the following four cases:

(1) If k <1 < h, then lim;, oo (u, v)(z, t) = (1,0).
(2) If h < 1 <k, then lim; o0 (u, v)(z,t) = (0,1).
(3) If min{h,k} > 1, then (1,0) and (0,1) are locally stable and almost every
solution converges to one of them as ¢t — oco.
(4) If max{h,k} <1, then
1-k 1-h

Jim (u,0)(@,8) = (1= 7=

2000 Mathematics Subject Classification. Primary: 35K55, 35K57; Secondary: 92D25, 92D40.
Key words and phrases. Wave speed, bistable, competition-diffusion system, traveling front.
Corresponding Author: J.-S. Guo. Tel. #: 886-2-26238628, Fax #: 886-2-26209916.

2083


http://dx.doi.org/10.3934/cpaa.2013.12.2083

2084 JONG-SHENQ GUO AND YING-CHIH LIN

The system (1.1) has been studied very extensively with monostable or bistable
nonlinearity. For instance see [1, 2, 3, 4, 5, 6, 8, 9, 11, 12] and references therein.
Throughout this paper, we only focus on the bistable nonlinearity. In other words,
the parameters h and k satisfy the bistability condition min{h,k} > 1.

We say that (u,v)(x,t) is a traveling front solution of (1.1) with speed s if
(u,v)(z,t) = (U, V)(§), where & = x — st for some functions U,V (called wave
profiles), such that (U,V)(+o0) € {(1,0),(0,1)} and (U,V)(c0) # (U,V)(—00).
Therefore, the traveling front problem (P) can be written as the system:

U'+sU' +UQ-U-kV)=0<U’, (1.2)
dV" + sV +aV(1 -V —hU)=0> V', (1.3)

with the boundary condition
(U, V)(=o0) =(0,1), (U,V)(+0) = (1,0), (1.4)

where (a,h,k,d) € P := {(a,h,k,d) | a >0, h > 1, k>1, d >0} and s =
s(a, h,k,d). For the study of traveling front solution of (1.1), we refer to, e.g.,
1, 2, 5, 6, 10].

By the change of the variables (U, V) = (U,aV), problem (P) is reduced to the
following problem (P):

U'+s5U0 +UQ-U—-cV) = 0<U, (1.5)
dV"+5V +V(a—-bU-V) = 0>V, (1.6)

with
(U,V)(—o0) = (0,a), (U,V)(400) = (1,0), (1.7)

where (a,b,c,d) € P = {(a,b,e,d) |0 < 1/c <a<b, d>0}, §=35(a,b,cd) =s.
Here, for given a and d, we have the following relations between parameters (h, k)
and (b, ¢):

(h,k) = (b/a,ac), (b,c) = (ah,k/a). (1.8)

We now recall some known results as follows. In [1] or [2], they proved the
existence of traveling front solutions. In [10] (or [6]), they studied the existence of
traveling front solutions with s = 0 (i.e. the standing wave). In [5], Kan-on derived
the monotone dependence of the wave speed on the parameters a, b, c. In [11], some
exact solutions of (1.5)-(1.7) are given and the wave speed can also be represented
explicitly under some parameter restrictions. But, little is known about the sign of
the wave speed. In fact, the speed sign is an important matter because it decides
which species becomes dominant and eventually occupies the whole domain. From
the biological point of view, when the speed s is positive, the species v is dominant
and the species u goes extinct eventually for those initial distributions which are
close to traveling waves in an appropriate function space (cf. [2, 7]). On the other
hand, the species u wins the competition in the above sense when the speed s is
negative.

Now, we list the main theorems of this paper as follows.

Theorem 1.1. Suppose that a = d. Then we have
>0, o k>h>1;
s(a,h k,d) =< =0, if h=k>1,;
<0, if h>k>1
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Theorem 1.2. (i). Suppose that a > d. Then s(a,h,k,d) > 0, if h > 1 and
k> (a/d)?h.
(ii). Suppose that a < d. Then s(a,h,k,d) <0, if k > 1 and h > (d/a)?k.

Theorem 1.3. For any > 0, s(a, h,k,d) and s(la, h, k,ld) have the same sign.

Theorem 1.4. Suppose that a > d. If1 < h < 1+ d/a and k > 2, then
s(a, h,k,d) > 0.

Note that the condition in Theorem 1.4 is not totally included in the condition
in Theorem 1.2 for a > d, since (1 + d/a)(a/d)? > 2. More precisely, we have

(k)| 1<h<1+dfak>23\{(hk)|h>1k> (a/d)?h} #0.

Theorem 1.5. Suppose that a > d. If h > 1, k > 5a/d and (3ah—d)h < (4da—d)k,
then s(a, h,k,d) > 0.

Rewriting the set {(h,k) | h > 1,k > 5a/d, (3ah — d)h < (4a — d)k} by

5a 3a d\? d?
hk)l)h>1, k> — k> ——|h—— | ————
{(’ )‘ R EE 4a—d( Ga) 12a(4a—d)}’

we also see that the condition in Theorem 1.5 is not totally included in the condition
in Theorem 1.2, if a > d and (4a — d)a® > 14d>.

Theorem 1.6. If a = d/4, then we have

>0, ifl<h<4/3 andk >5/4, except (h,k) = (4/3,5/4);
s(a,h,k,d)y=< =0, if h=4/3, k=5/4;
<0, ifh>4/3 and 1l <k <5/4, except (h,k) = (4/3,5/4).

Theorem 1.6 shows that, when a = d/4, we have s(a, h, k,d) < 0 in the region
{(h, k) | he[4/3,16],k € (1,5/4]}0{(h, k) | 16 < h <16k, k € (1,5/4]}\{(4/3,5/4)}

which is not contained in the set obtained in Theorem 1.2 for a < d.

We organize this paper as follows. In Section 2, we give some preliminaries and
some results about the standing wave in terms of parameters. Next, in Section 3,
we offer the proofs of the main Theorems. Our strategy is to derive some useful
information about the standing waves in terms of parameters. Then, by the mono-
tone dependence on parameters, we can determine the sign of the speed in those
special situations. There are still many cases left open.

2. Preliminaries. In this section, we recall some known results about the prob-
lem (P). We say (U,V)(£) is a monotone pair if U(£) is increasing and V(€) is
decreasing. In [5], Kan-on derived the following fact that for any (a,b,c,d) € P,
there exists a monotone pair (U, V)(¢;a,b,¢,d) and 5 = 5(a,b, ¢, d) satisfy (1.5)-
(1.7). Moreover, § = §(a, b, ¢,d) is unique and (ﬁ, f/)(f, a, b, c,d) is also unique up
to translation. On the other hand, for any d > 0 and for any positive numbers b, ¢
with be > 1, there exists a unique positive number a = a(b, ¢,d) € (1/c,b) such that
5(a,b,c,d) =0.
As for the monotone dependence on parameters about §(a, b, ¢,d), we have

0 . 0 . 0 .
%s(a, b,c,d) >0, %s(a,b, ¢,d) <0, &s(a, b,c,d) >0, (2.1)
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if (a,b,c,d) € P. From this, we also have the following property about s =
s(a, h,k,d):
gs(ahkd)>0>gs(ahkd) (2.2)
8k b ) b ah ) b b ) M
if (a, h, k,d) € P. But, we do not know the monotone dependence on the parameter
a for s(a, h,k,d).
Now, we focus on the case when s(a, h,k,d) = 0. The following lemma can be
proved by the uniqueness of wave speed and a suitable change of variables.

Lemma 2.1. (1) There holds s(1,h,h,1) = 0 for all h > 1. (2) Moreover, if
s(a, h,k,d) =0 for some (a, h,k,d) € P, then s(d,k,h,a) =0 and s(la, h,k,ld) =0
for alll > 0. In particular, s(d,h,h,d) =0 for alld > 0,h > 1.

Proof. (1) Let (s,U(£),V(£)) be a solution of (P) with a = d =1 and k = h for
some h > 1. Then, by setting (Uy,V1)(§) := (V,U)(=£), the functions U; and V;
satisfy the following system

0=U{+ (—s)Uj + Uy (1 = Uy — hVy),
0= ‘/1// + (—S)Vll + ‘/1(1 -V = hUl),

with
(U1, V1)(—=00) = (0,1), (U1, V1)(+o0) = (1,0).

By the uniqueness of wave speed, we have s(1,h,h,1) =0 for all h > 1.
(2) Suppose s(a, h,k,d) = 0 for some (a, h, k,d) € P. That is to say, there exist
functions Us and V5 satisfy the following system

0=UY + Us(1 — Uy — kVa),
0 =dVy' +aVa(l — Vo — hUs),

with
(Uz, Va)(—00) = (0,1), (Uz, V2)(+00) = (1,0).

By defining (Us, V3)(€) := (Va,Us)(—+/d/a &), the functions Us and V3 satisfy the
following system

0=Uy +Us(1 Uz —hV3),
0= aV?’N =+ dVg(l — V3= kUg),
with
(U3>V3)(_oo) = (07 1)7 (USa VB)(+OO) = (170)

Again, by the uniqueness of wave speed, we have s(d, k, h,a) = 0.
At the same time, the functions Us and V5, also satisfy the following system

0=UY +Ux(1—Us — kVa),
0= (Id)Vf' + (la)Va(1 — Vs — hU3)

for any positive number /. By the uniqueness, we also have s(la, h, k,ld) = 0 for all
[>0.

Finally, it follows from (1) and (2) that s(d,h,h,d) = 0 for all d > 0,h > 1.
Therefore, the lemma follows. O
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Next, we study the following problem (Pg) when s = 0:

U'+U1-U-kV)=0<U, (2.3)
V"+rV(1 =V —hU)=0> V',

with
where r # 1, h > 1, k > 1. Note that r = a/d.

Lemma 2.2. If (U,V) is a solution of (Pg), then

> 1 [ 1
P2 VA 1772 -
/_OOUV— 3k,/_OOUV 5 (2.5)
<3 —7’)/ U'v:+(1 —rh)/ uu'v? —/ Uv'v' = o T(2.6)
[T s Lo /Oo UU'v? — /oo UV = (2.7)
3 — 00 —0oQ — 00 B 3h’ .

Proof. First, multiplying (2.3) by U’ and integrating it over (—oo, +00), we get

oo oo (oo}
/ U’U”+/ U(l—U)U’:k/ Uu'v.

—00 —0o0 —0Q0

Then, by the boundary condition and the integration by parts, we can easily obtain

o 1
2y,
/_OOUV— 5

The case for the value of [0 U’V? is similar. This proves (2.5).
Next, multiplying (2.3) by V'V’ and integrating this equation over (—oo, o), we

have
/ U”VV’+/ UVV’—/ U2VV’—k/ Uv2v’ =o.

— 00 — 00 — 00

By (2.4) and the integration by parts, we get

7/ U’V’V’+r/ U'Vi1 -V —hU)

70000 ;OOO k o0
+/ uvv’ +/ Uu'v? + 7/ U'v:=0o.
—0o0 — 00 3 — 00

Hence (2.6) follows from (2.5) and a direct computation.

Finally, multiplying (2.4) by UV’ and integrating this equation over (—oo, ),
it follows from (2.5) and the integration by parts that (2.7) holds. This completes
the proof. O

3. Proofs of main theorems. In this section, we give the proofs of the main
theorems stated in Section 1. The main idea is to apply the information of standing
wave with the help of the monotone dependence on parameters.

3.1. Proof of Theorem 1.1. The theorem follows from Lemma 2.1 and (2.2). O
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3.2. Proof of Theorem 1.2. First, recall from Lemma 2.1(2) that s(d, h, h,d) =0
for all h > 1, d > 0. It follows from (1.8) that s(d,dh,h/d,d) = 0 for all h > 1,
d > 0. Now, using (2.1) in P, we have

(a,dh,h/d,d) > 0,
ifa>d>0andh > a/d. This is equivalent to
s(a,h,k,d) >0, h=dh/a, k=ah/d,

if a>d>0and h > a/d, due to (1.8).

Next, for a > d > 0 and h > 1, we choose h = ah/d so that h > a/d. Then
s(a, h,k,d) > 0 when k = afl/d = (a/d)?h. Tt follows from (2.2) that s(a, h,k,d) >
0,ifa>d>0and

h>1, k> (a/d)?h.

Similarly, we can prove that s(a, h, k,d) < 0,if0 < a < d, k > 1 and h > (d/a)?k.
This proves Theorem 1.2. O

3.3. Proof of Theorem 1.3. When a = d, the conclusion follows from Theo-
rem 1.1. Without loss of generality, we may assume a > d > 0. Suppose the
conclusion is false. By Lemma 2.1(2), there exist a; > dy > 0, hy > 1, k1 >
1, {3 > 0 such that s(a1,h1,k1,d1) > 0 > s(lyaq, h1,k1,lid1). By (2.2), we have
s(ar, hyk,dy) >0if h=hy, k >k or 1 <h < hy, k= kp. Similarly, we also have
s(llal,h,k‘,lldl) <0ifh=hy, 1<k<kiorh?>hy, k=k. Combining these
facts with Lemma 2.1(2) and the continuous dependence on h and k, we have

8(al,h,k,d1) >O>s(l1a1,h,k,lld1), (31)

if (h,k) € {h=h1,k > 1}U{h > 1,k = k1 }. Indeed, this can be proved by a contra-
diction argument. Otherwise, there exists k € (1, k1) such that s(ay, b1, k,di) = 0.
Then, by Lemma 2.1(2), we have s(lya1, h1, k,l1d1) = 0, a contradiction. The other
cases are similar. Hence (3.1) follows.

Next, we choose two positive numbers h and ko with h > hi and ko > ki such
that d2ks > a2h. By Theorem 1.2, we have s(l;a1, 7~L, ka,l1dy) > 0. But, by (3.1), we
have s(lyaq, hy, ke, l1dy) < 0. Since s(a, h, k, d) is continuous on h, there exists hy €
(hl,iz) such that s(lyaq, ha, ka,l1d1) = 0. This implies that s(a1, ha, ke,d1) = 0, by
Lemma 2.1(2). On the other hand, (3.1) implies that s(aj, ha, k1,d1) > 0. It follows
from (2.2) that s(aq, he, ko,d;) > 0, a contradiction. So the theorem follows. O

3.4. Proof of Theorem 1.4. First, we define m := (a/d) — 1 > 0. Then, multi-
plying (1.2) by U™V’ and (1.3) by (1/d)U™U’, respectively, and integrating it over
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(—00,00), we obtain

o0 1 o0 o0 o0
0:/ (U’V’)’Um+<1+d> s/ UmU’V’+(/ Um+1v’+g/ UmU’V>
> m—+2y 7/ ah > m—+1rr/ > m—+1 ! a > mrrlys2
— U V—|—7 U Uv)—(k U Vv —|-& umu'v
oOm—l/// 1 OOm// ah OOm+1/
=—m U vuv+ l-l-g S umuvi+ m—|—2—g U v
(m+1)k a /°° 12
—_ == umnu'v
+( 2 ).
:—m/ Um—lU’U’V’+(1+d)s/ UmU'V'+<“+d“>/ Umtiyy
alk—2) [
—_— Umnu've.
5/
Using the fact U’ > 0 > V', the theorem follows. O

— 00

3.5. Proof of Theorem 1.5. Suppose that (U, V) is a solution of (Pg) and that
r =a/d > 1. Then, by (2.6) and (2.7), we have

& 4r —1 k —5r >

1772 73

P . -2
/ UuU'v 6h(3rh_1)+3(3m_1)/ U'v (3.2)

Using 0 < V < 1 and the integration by parts, it follows from (2.5) that

/ UU’V2</ UU’V:—i/ U2V’:6—k. (3.3)

—00 —00 —00

— 00 — 00

If we assume that k > 5r, then, by (3.2) and (3.3), we obtain
(3rh — 1)h > (4r — 1)k.
Hence we see that
s(a,h,k,d) #0if a>d>0, h>1, k>ba/d, (3ah—d)h < (4da —d)k. (3.4)
Suppose that s(a1, hi,k1,d1) < 0 for some (a1, h1, k1,d1) such that
a1 >dy >0, hy > 1, k1 > 5ai/dy, (3arhy —dq1)hy < (4day — dq)ks.

Then, by Theorem 1.4, we can choose a positive number ho with 1 < hy <
min{hy,1 + dy/a1} such that s(ay, he, ki,d1) > 0. Since s(a, h, k,d) is continuous
on h, there exists a positive number h € (ha, h1) such that s(aq, h, ki, d1) = 0. This
contradicts (3.4), since (3a1i~z—d1)i~L < (4a; —dq)k1. Hence the theorem follows. [

3.6. Proof of Theorem 1.6. When h = 1/(3r) and k = 5r, it follows from (2.6)
and (2.7) that r = 1/4. Let d > 0 be given. Since r = a/d, we have

s(a, 3%’ %“,d) £0 i ae(d/5,d/3)\ {d/4}.

By the relation (1.8), we obtain
d
S0 5.0 d) £ 0 i a € (4/5,d/3)\ {d/4),

However, for any positive numbers b, ¢ with bc > 1, there exists a unique positive
number @ = a(b, ¢, d) € (1/¢,b) such that $(a,b,c,d) = 0. So §(d/4,d/3,5/d,d) =0
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for all d > 0. In other words, s(d/4,4/3,5/4,d) = 0 for all d > 0. Hence the
theorem follows from the monotone dependence on parameters (2.2). O

Acknowledgments. This work was partially supported by the National Science
Council of the Republic of China under the grant NSC 99-2115-M-032-006-MY 3.
We also thank the anonymous referee for some valuable comments.

REFERENCES

[1] C. Conley and R. Gardner, An application of the generalized Morse index to travelling wave
solutions of a competitve reaction-diffusion model, Indiana Univ. Math. J., 33 (1984), 319-
343.

[2] R. A. Gardner, Ezistence and stability of traveling wave solutions of competition models: A
degree theoretic approach, J. Differential Equations, 44 (1982), 343-364.

[3] J.-S. Guo and X. Liang, The minimal speed of traveling fronts for the Lotka-Volterra compe-
tition system, J. Dyn. Diff. Equat., 23 (2011), 353-363.

[4] Y. Hosono, The minimal speed of traveling fronts for a diffusive Lotka-Volterra competition
model, Bulletin of Math. Biology, 60 (1998), 435-448.

[5] Y. Kan-on, Parameter dependence of propagation speed of travelling waves for competition-
diffusion equations, IAM J. Math. Anal., 26 (1995), 340-363.

[6] Y. Kan-on, Ezistence of standing waves for competition-diffusion equations, Japan J. Indust.
Appl. Math., 13 (1996), 117-133.

[7] Y. Kan-on, Stability of monotone travelling waves for competition-diffusion equations, Japan
J. Indust. Appl. Math., 13 (1996), 343-349.

[8] Y. Kan-on, Fisher wave fronts for the Lotka- Volterra competition model with diffusion, Non-
linear Analysis, TMA, 28 (1997), 145-164.

9] Y. Kan-on and E. Yanagida, Existence of nonconstant stable equilibria in competition-
diffusion equations, Hiroshima Math. J., 23 (1993), 193-221.

[10] M. Mimura and P. C. Fife, A 3-component system of competition and diffusion, Hiroshima
Math. J., 16 (1986), 189-207.

[11] M. Rodrigo and M. Mimura, Ezact solutions of a competition-diffusion system, Hiroshima
Math. J., 30 (2000), 257-270.

[12] M. M. Tang and P. C. Fife, Propagating fronts for competing species equations with diffusion,
Arch. Rational Mech. Anal., 73 (1980), 69-77.

Received March 2012; revised September 2012.

E-mail address: jsguo@mail.tku.edu.tw
E-mail address: ying.chih.1in09160@gmail.com


http://www.ams.org/mathscinet-getitem?mr=MR0740953&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0661157&return=pdf
http://dx.doi.org/10.1016/0022-0396(82)90001-8
http://dx.doi.org/10.1016/0022-0396(82)90001-8
http://www.ams.org/mathscinet-getitem?mr=MR2802891&return=pdf
http://dx.doi.org/10.1007/s10884-011-9214-5
http://dx.doi.org/10.1007/s10884-011-9214-5
http://dx.doi.org/10.1006/bulm.1997.0008
http://dx.doi.org/10.1006/bulm.1997.0008
http://www.ams.org/mathscinet-getitem?mr=MR1320224&return=pdf
http://dx.doi.org/10.1137/S0036141093244556
http://dx.doi.org/10.1137/S0036141093244556
http://www.ams.org/mathscinet-getitem?mr=MR1377463&return=pdf
http://dx.doi.org/10.1007/BF03167302
http://www.ams.org/mathscinet-getitem?mr=MR1394632&return=pdf
http://dx.doi.org/10.1007/BF03167252
http://www.ams.org/mathscinet-getitem?mr=MR1416038&return=pdf
http://dx.doi.org/10.1016/0362-546X(95)00142-I
http://www.ams.org/mathscinet-getitem?mr=MR1211774&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0837321&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1777515&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0555584&return=pdf
http://dx.doi.org/10.1007/BF00283257
mailto:jsguo@mail.tku.edu.tw
mailto:ying.chih.lin0916@gmail.com

	1. Introduction
	2. Preliminaries
	3. Proofs of main theorems
	3.1. Proof of Theorem 1.1
	3.2. Proof of Theorem 1.2
	3.3. Proof of Theorem 1.3
	3.4. Proof of Theorem 1.4.
	3.5. Proof of Theorem 1.5.
	3.6. Proof of Theorem 1.6.

	Acknowledgments
	REFERENCES

