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Continuous Phase Modulation (CPM) Revisited: Using
Time-Limited Phase Shaping Pulses
Richard Hsin-Hsyong YANG†a) , Member, Chia-Kun LEE† , Nonmember, and Shiunn-Jang CHERN†† , Member

SUMMARY
Conventional CPM signals employ information sequence
with time-unlimited phase shaping pulse (PSP) to achieve power and bandwidth eﬃcient transmission. On the contrary, information sequence using
time-limited PSP was believed to produce power-wasting data-independent
discrete spectral lines in CPM spectra, and was suggested to be avoided.
In this paper, we revisit this problem and adopt the time-limited PSP to
replace the one with time-unlimited, it turns out to have an alternative solution to the CPM scheme. We first modify the spectral computing formula
for the CPM with time-limited PSP (or CPM-TL) from conventional CPM
formula and show that the discrete spectral lines appeared in the power density spectrum of CPM-TL signals can be diminished or become negligible
by appropriately choosing PSP. We also show that this class of CPM can
use any real number modulation index (h) and the resultant trellis structure
of CPM guarantees the maximum constraint length allowed by the number
of states in the MLSD receiver. Finally, the energy-bandwidth performance
of CPM using time-limited PSP is investigated and compared with conventional CPM with time-unlimited PSP. From numerical results we show that,
under the same number of states in the MLSD receiver and bandwidth occupancy, this subclass of CPM could outperform the conventional CPM up
to 6 dB coding gain, for h < 1, in many cases.
key words: continuous phase modulation, time-limited phase shaping
pulse, power spectrum, euclidean distance, constraint length, continuous
phase encoder

1.

Introduction

Continuous-phase modulation (CPM) is a very large class
of constant-envelope modulation schemes which are both
bandwidth and energy eﬃcient. It has been intensively
used in land/mobile communication systems, where multipath fading and/or nonlinear distortions make constant signal envelope a necessity. The conventional CPM signals
are implemented by transmitting pulse amplitude modulation (PAM) information sequences via an frequency modulation (FM) modulator, where the resultant CPM has a timeunlimited (TU) phase shaping pulse (PSP) [1]–[8]. Since
the CPM signal has memory that is introduced through the
phase continuity, the selection of PSP will aﬀect the power
consumption and spectral occupancy properties, and the
complexity of receiver, significantly. Basically, the transmitted symbols can be detected using maximum likelihood
sequence detector (MLSD). To facilitate discussion, we represent CPM with time-unlimited (TU) PSP as CPM-TU. As
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a matter of fact the PSP for CPM-TU schemes brings memory structure with two disadvantages: First, the modulation
index (h) denoted as h = K/P (where K and P are relatively prime integers), has to be a rational number, and the
number of states in MLSD receiver is proportional to P (the
denominator of h). This results in an MLSD receiver with
high complexity when P is a large number. Although real
modulation index was employed in the early development of
CPM-TU [9], CPM with real modulation index was found to
be not realizable using the MLSD receiver [10]. Next, the
memory structure of most classes of CPM-TU schemes may
not have well-defined algebraic structure [11], thus the trellis of CPM-TU cannot achieve the largest constraint length
allowed by the number of states of the trellis [12]. Here,
constraint length is defined as length of the shortest merging event measured in signaling intervals. Since, normally,
larger constraint length is more likely to achieve larger Euclidean distance for a fixed number of states in the trellis, techniques to increase the constraint length of CPMTU phase trellis have been developed in the literatures [3],
[10], [12]. However, it will be of interest to find new CPM
schemes to achieve the maximum constraint length allowed
by the number of states for any modulation level and modulation index.
Based on the above discussion for CPM-TU signaling, in this paper we revisit a subclass of CPM modulation
schemes with time-limited (TL) PSP (or CPM-TL). We shall
show that it can be constructed to compensate the disadvantages of CPM-TU mentioned earlier. This turns out to have
an alternative solution to CPM modulation scheme. Since
the information about the power spectral density (PSD) of
CPM-TL signals helps us to determine the required transmission bandwidth of modulation schemes and their bandwidth eﬃciency. It will be very helpful to investigate the
spectral characteristics of CPM-TL signals. As addressed
in [1], [13]–[15], they showed that data-independent spectral lines appeared in the power density spectrum of CPMTL signals and would waste of power. It was believed that
CPM-TL scheme is a weak system [1]–[4], and was suggested to be avoided. Due to the fact that the spectral computing formula proposed in [1], [13], [14] for the CPM-TU
signals cannot be directly applied to CPM-TL signals. In
this paper we first modify the spectral computing formula
from conventional formula for the CPM-TU signals, and
show that given proper selection of modulation level and
shaping pulse, the discrete-spectral lines can be diminished
or become negligible. Also, the memory structure of pro-
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posed CPM-TL schemes can adopt any real modulation index (h) to achieve the maximum constraint length allowed
by the number of states. As a consequence, for a given number of states in the trellis, the proposed CPM-TL scheme
has a possibility to constitute good modulation codes with
large coding gains, when it is compared with the conventional CPM-TU.
This paper is organized as follows. In Sect. 2, we first
denote the CPM signals with time-limited phase shaping
pulse (or CPM-TL). Three sets of novel phase shaping pulse
are considered to examine the Euclidean distance and bandwidth. Next, we represent the memory part of CPM-TL in
terms of a continuous phase encoder (CPE), it has the structure of feedback-free systematic convolutional encoder defined over a ring or Galois field. This specific CPE structure enables CPM-TL scheme to achieve the maximum constraint length allowed by the number of states in the MLSD
receiver. In Sect. 3, we derive a modified spectrum computing formula for CPM-TL signals using the autocorrelation
approach. This formula reveals that discrete (or line) spectral components can be avoided by appropriately choosing
time-limited phase shaping pulse. In some specific cases
the values of discrete spectral components could be as low
as −80 dB of the total power of CPM-TL signal with the
PSP considered in Sect. 2. In Sect. 4, under the same bandwidth eﬃciency, the minimum Euclidean distance of CPMTL scheme is evaluated, and the energy-bandwidth plots of
CPM-TL are provided to explore good modulation codes
with large coding gains. Finally, we give a conclusion in
Sect. 5.
2.

CPM-TL Modulation Signal Description

We consider the CPM-TL modulation signal of the form
√
(1)
s(t, α) = 2P cos(2π fc t + φ(t, α) + φ0 )
where P ≡ E/T denotes the constant transmitted power, E is
the symbol energy, T is the symbol time duration, and fc is
the carrier frequency. Without loss of generality, the initial
phase φ0 of carrier is set to null, and φ(t, α) represents the
information-carrying phase of carrier, which is defined as
φ(t, α) = 2πh

∞


αi f (t − iT ).

(2)

i=−∞

It has the first continuous derivative. The data sequence
α = . . . , α−1 , α0 , α1 , . . . of M-ary information symbols
is selected from the alphabet ±1, ±3, . . . , ±(M − 1), i =
0, ±1, ±2, . . . with prior probabilities Pk = P{αi = k}, k =
±1, ±3, . . . , ±(M − 1). Unlike the CPM-TU scheme, the
modulation index h of CPM-TL scheme defined in (2) can
be any real number. Also, the continuous phase shaping
pulse f (t) is time-limited, i.e. the first derivative of f (t) exists, and it is zero for t < 0 and t > LT where L is a positive
integer. As conventional CPM-TU signal, CPM-TL signal
has memory that is introduced through the phase continuity
and the maximum value of f (t) is normalized to 1/2. In this

paper, we consider f (t) with the following described properties:
⎧ t
⎪
⎪
⎪
⎨ 0 g1 (δ)dδ , 0 ≤ t ≤ (L/2)T
(CPM-TL)
f (t) = ⎪

⎪
⎪
⎩ LT −t g2 (δ)dδ, (L/2)T ≤ t ≤ LT
0

(3)
where both g1 (t) and g2 (t) are the frequency shaping pulses
(FSP). They are causal with duration (L/2)T , and their area
is normalized to 1/2. In (3) phase shaping pulse f (t) is
symmetric when g1 (t) = g2 (t), otherwise, f (t) it is nonsymmetric. With above definition f (t) should satisfy the
following conditions:

0,
t < 0 and t > LT
f (t) =
(CPM-TL).
(4)
1/2, t = LT/2
It is diﬀerent from the CPM-TU signals where g(t) and f (t)
are related as follows:
 t
g(δ)dδ, 0 ≤ t ≤ LT
0
(CPM-TU).
(5)
f (t) =
1/2
, LT ≤ t
It is significant to select the g(t)/ f (t) pulses (or FSP/PSP) to
optimize the bandwidth, power and receiver complexity of
CPM modulation. In [1]–[4], many alternatives of FSP/PSP
were provided to find good schemes for CPM-TU modulation signals, yet the best FSP/PSP was not discussed. In [5]–
[7], for given Euclidean distance, the FSP/PSP which minimized the spectral occupancy were derived, without considering the receiver complexity. In [8], PSP with separable
phase property were investigated to simplify the receiver
complexity. Although the best FSP/PSP has not yet been
found in the CPM history, three most popular pulse shapes
of CPM-TU are referred by researchers in [17]–[23], and
the references therein, namely, CPM-TU with rectangular
(REC) FSP, raised cosine (RC) FSP, and truncated Gaussian (GAU) FSP. Since GAU has bandwidth-energy performance similar or worse than RC for our later simulation,
only REC and RC pulses are considered. The FSP of CPMTU scheme and its related time-unlimited PSP for REC and
RC are shown in Table 1, where LREC and LRC denoted
that REC and RC are with pulse width L. In this paper, we
do not intend to find the optimal shaping pulse for CPMTL scheme. Instead, we use REC and RC FSP to generate
time-limited PSP with Eq. (3). Three important classes of
time-limited PSP are employed to define two symmetric and
one non-symmetric phase shaping pulses f (t) for numerical
simulation, which are given in Table 2. To make the differentiation, LREC-TL is used to denote CPM-TL scheme
with g1 (t) = g2 (t) that are REC pulses, and L is the overall
pulse length of both g1 (t) and g2 (t). In the same manner,
LRC-TL is defined for g1 (t) = g2 (t) using RC pulse. On the
other hand, we denote LREC/RC-TL for g1 (t) to be REC
and g2 (t) being RC pulse, and, again, L is the overall pulse
length of both g1 (t) and g2 (t). In Fig. 1, we illustrate the
LRC-TL pulses with pulse width L from 1 to 5.
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Table 1 Definition of g(t) and f (t) for CPM with time-unlimited PSP
(CPM-TU).
 1
, 0 ≤ t ≤ LT
2LT
LREC
g(t) =
0
, otherwise
 t
, 0 ≤ t ≤ LT
2LT
f (t) =
1/2 , LT ≤ t
 1
2πt
, 0 ≤ t ≤ LT
2LT 1 − cos( LT )
LRC
g(t) =
0
, otherwise
 1
LT
2πt
, 0 ≤ t ≤ LT
2LT t − 2π sin( LT )
f (t) =
1/2
, LT ≤ t

Table 2 Definition of g(t) and f (t) for CPM with time-limited PSP
(CPM-TL).
 1
, 0 ≤ t ≤ L2 T
LT
LREC-TL
g1 (t) = g2 (t) =
0
, otherwise
 t
, 0 ≤ t ≤ L2 T
LT
f (t) =
1 − LTt
, L2 T ≤ t ≤ LT
 1
4πt
, 0 ≤ t ≤ L2 T
LT 1 − cos( LT )
LRC-TL
g1 (t) = g2 (t) =
0
, otherwise
⎧
1
LT
4πt
⎪
⎪
sin(
)
,
0
≤ t ≤ L2 T
t
−
⎨ LT
4π
LT
f (t) = ⎪
⎪
1
LT
4πt
L
⎩ 1−
, 2 T ≤ t ≤ LT
LT t − 4π sin( LT )
 1
, 0 ≤ t ≤ L2 T
LT
LREC/RC-TL g1 (t) =
0
, otherwise
 1
, 0 ≤ t ≤ L2 T
1
−
cos( 4πt
LT
LT )
g2 (t) =
0
, otherwise
⎧ t
⎪
, 0 ≤ t ≤ L2 T
⎨ LT
f (t) = ⎪
⎩ 1 − 1 t − LT sin( 4πt )
, L2 T ≤ t ≤ LT
LT
4π
LT

Fig. 2

Decomposition model for CPM-TL.

ary CPM-TL modulation scheme with h = 1/M. However,
most of the phases shaping pulses considered in [15] do not
satisfy the property of (3), and the resultant spectrum occupancy becomes too wide as compared to CPM-TU modulation scheme.
2.1 Memory Structure of CPM-TL Scheme
In what follows, we first show that the transmitter of CPMTL can be implemented as a continuous phase encoder
(CPE) cascaded with a memoryless modulator (MM) as depicted in Fig. 2. From Eqs. (2) and (4), the phase function at
nth symbol period is rewritten as
φ(t, α) = 2πh

n


αi f (t − iT ), nT ≤ t ≤ (n + 1)T (6)

i=n−L+1

The state of the phase trellis depends on a correlative statevector σn ≡ (αn−1 , αn−2 , . . . , αn−L+1 ), which is irrelevant
to the modulation index, and the number of states (S V ) of
CPM-TL is
S V = M L−1 (CPM-TL).

(7)

For comparison, the number of states of CPM-TU is given
as [1]
S V = PM L−1 (CPM-TU),

(8)

where P is the denominator of modulation index. Rewrite
(1) for the nth symbol interval in quadrature form, it gives
√
(9)
s(t, α) = 2P[I(t) cos(2π fc t) − Q(t) sin(2π fc t)]
Fig. 1

Phase shaping pulse f (t) for 1RC-TL∼5RC-TL.

where I(t) and Q(t) are defined, respectively, as
I(t) = cos[φ(t, α)] and Q(t) = sin[φ(t, α)].

From Tables 1 and 2, it is noted that the phase response f (t) of CPM-TL with LREC-TL has the same number of continuous derivative as the phase response of CPMTU with LREC, and it is also true for LRC-TL and LRC.
This is an important characteristics of CPM-TL modulation
scheme, because the baseband spectrum rolls oﬀ asymptotically as ∼ | f |−(2n+4) , where n is the number of continuous
derivatives in the phase function φ(t, α) [1]. In fact, the
spectrum of phase shift keying (PSK) with overlapped baseband pulses has been previously studied by Greenstein in
1977 [15], which can be considered as a special case of M-

(10)

Since both I(t) and Q(t) are uniquely determined by α,
which depends on the correlative state-vector σn and current input datum αn at nth symbol period (see (6)). As
the convention, we may adopt the decomposition model
implemented as a CPE cascaded with an MM [11]. The
CPE is simply a shift register with L − 1 delay cells,
which stores the entries of correlative state vector σn , i.e.
(αn−1 , αn−2 , . . . , αn−L+1 ). If we define the unipolar symbol,
Ui ≡ (αi +M−1)/2, which is an M-ary information sequence
Ui ∈ {0, 1, . . . , (M − 1)}, to replace αi in (6), the code structure of CPE becomes a rate-1/L systematic feedback-free
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limited PSP (see page 154 in [1]).
Since the discrete (or line) spectral components may
appear in CPM signals, the autocorrelation function can be
divided into two related parts. In this paper, with similar
approach as in [13], [14], we apply the time-limited property
of f (t) to the autocorrelation function of CPM-TL signals
to derive a modified spectrum computing formulation for
evaluating the discrete and continuous components of PSD,
respectively. To proceed the derivation, we start with the
fact that s(t, α) is cyclostationary, the time average complex
baseband autocorrelation function with time diﬀerence τ is
given by [13]–[15]

Fig. 3

Phase trellis for binary CPM-TL with 3RC-TL for h=0.59.

convolutional encoder, that is defined over the Galois field
GF(M) or the ring of integers modulo-M (or Z M ), as illustrated in Fig. 2. Because the CPE is a linear convolutional
encoder defined over GF(M) or Z M , it achieves the maximum constraint length L allowed by the number of states
of CPM-TL for any modulation level and modulation index.
On the contrary, this property does not hold for most of the
CPE’s of M-ary CPM-TU [11]. The above-described property of achieving the largest constraint length using CPMTL scheme increases the possibility of constituting better
modulation codes than the one with CPM-TU scheme.
The output of CPE is the input of the MM to generate
the transmitted signal using Eqs. (9) and (10). The number
of signals in the MM is M L , and the phase trellis for binary
3RC-TL with h = 0.59 is shown in Fig. 3, with S V = 4.
Since the CPE cascaded with MM can be viewed as a coded
modulation scheme [11], the optimum receiver for CPMTL modulation scheme in AWGN channels is simply the
MLSD receiver. The receiver structure is very similar to
the MLSD receiver for CPM-TU modulation scheme with
minor modification (see Fig. 19 in [3]). The number of states
in the MLSD is exactly the number of states in the CPE, as
shown in (7).
3.

A Modified Spectral Computing Formula For CPMTL

In [15] Greenstein developed an autocorrelation approach
for computing spectra of PSK signals with overlapping
baseband pulses [15], which can be viewed as a special case
of M-ary CPM-TL scheme with h = 1/M. Later, in [13],
[14], it was extended to derive an eﬀective and simple computing algorithm to evaluate the spectra of CPM signals.
Also, these results are applied to conclude CPM-TL signals, in which the data-independent spectral lines appeared
in the power spectral density (PSD) that was suggested to be
avoided. On the other hand, the spectral computing formula
of conventional CPM, derived by Aulin [1], [14], employed
the time-unlimited property of PSP (see page 151 in [1]).
This formula cannot be extended to imply CPM with time-

∞

M−1


i=−∞

k=−(M−1)
k odd

T

1
R(τ) =
T

0

Pk exp( j2πhk


[ f (t + τ − iT ) − f (t − iT )]) dt.

(11)

The PSD function defined in (12) is simply the Fourier
transform of R(τ), since the real part of R(τ) is an even function and the imaginary part is odd, it is represented as [14]
 ∞

S ( f ) = 2Re
R(τ)e− j2π f τ dτ .
(12)
0

The operator Re{y} gives the real part of y. We then apply
the time-limited property of f (t) to make the exponent in
(11) cancel to zero for all but a finite of factors. In what
follows, following the similar procedure as our previous
work [16], a simple spectrum computing formula of S ( f )
for CPM-TL signal is derived, in which the discrete PSD,
S dis ( f ), and continuous S con ( f ), are included.
(a) Let us consider the discrete power spectrum S dis ( f ) to
be represented as
S dis ( f ) =


n
,
Cn δ f −
T
n=−∞
∞


(13)

where Cn is the amplitude of discrete (or line) power spectral
at f = n/T , for n = 0, ±1, ±2, . . ., and is denoted as

 T

1
n 
ψ(τ ) exp − j2π τ dτ .
(14)
Cn = Re
T
T
0
In (14), ψ(τ ) is the periodic autocorrelation function of one
period for 0 ≤ τ < T , which is defined as
ψ(τ ) =

1
T

T
0

1

0

ζi
i=1−L

ξi dt.

(15)

i=1−L

In (15) parameters ζi and ξi are defined, respectively, as
ζi =

M−1

k=−(M−1)
kodd

and

Pk exp ( j2πhk f (t − iT ))

(16)
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M−1


ξi =



Pk exp j2πhk f (t + τ − iT )

(17)

k=−(M−1)
kodd

(b) The continuous power spectrum S con ( f ) is defined as
 LT

S con ( f ) = 2Re
Rcon (τ)e− j2π f τ dτ .
(18)
0

Equation (18) can be viewed as the Fourier transform of the
time-average autocorrelation function, Rcon (τ), 0 ≤ τ ≤ LT .
From Appendix A, we have
Rcon (τ) = R(τ + mT ) − ψ(τ )
=

M−1


T m+1

1
T

0

i=1−L

Fig. 4 Continuous spectrum for binary CPM-TL with 2RC-TL to
10RC-TL for h=0.5.

Pk exp( j2πhk

k=−(M−1)
k odd


[ f (t + τ − (i − m)T ) − f (t − iT )]) dt − ψ(τ ).

(19)

where m = 0, 1, 2, . . . , L − 1. If we consider the case that
Pk = 1/M, k = ±1, ±3, . . . , ±(M − 1), then ψ(τ ) becomes
real and (16) can be simplified as
 n 
1 T
ψ(τ ) cos 2π τ dτ .
(20)
Cn =
T 0
T
As a consequence, parameters ζi and ξi defined in (16) and
(17) can be rewritten, respectively, as
ζi =

M−1
2 
cos(2πhk f (t − iT ))
M k=1
kodd

1 sin M · 2πh · f (t − iT )
=
M sin 2πh · f (t − iT )

(21)

and
ξi =

M−1
2 
cos(2πhk f (t + τ − iT ))
M k=1
kodd

1 sin M · 2πh · f (t + τ − iT )
=
.
M sin 2πh · f (t + τ − iT )

(22)

Because the time-average autocorrelation function Rcon (τ)
of (19) is real, the continuous component of PSD defined in
(18) becomes
LT

S con ( f ) = 2

Rcon (τ) cos(2π f τ)dτ.

(23)

0

Accordingly, the autocorrelation function of (19) can be
simplified as
Rcon (τ) =

1
T

T m+1
0

i=1−L


1 sin(M2πh[ f (t + τ − (i − m)T ) − f (t − iT )])
dt
M sin(2πh[ f (t + τ − (i − m)T ) − f (t − iT )])
− ψ(τ ).
(24)



The following discussion is very helpful for further exploring the key contribution of this paper. In Fig. 4 some simulation results for binary 2RC-TL to 10RC-TL with h = 0.5
are showed, for continuous components of PSD, only. From
Fig. 4, we observed that the bandwidth can be reduced, effectively, by increasing the constraint length of the shaping
pulse. Also, it could be reduced by choosing smaller modulation index and increasing the modulation level, simultaneously. In Fig. 4, PSD of binary 1REC CPM-TU with
h = 0.5, called minimum shift keying (MSK), is also given
for reference. As indicated in [13]–[15] that the power spectra of CPM signal with any time-limited phase shaping function, f (t) (or CPM-TL named in this paper), might contain
the discrete (line) spectral components. Fortunately, from
(14)–(17) and (20)–(22) we observed that the discrete component of PSD can be eliminated if any of ζi = 0 or ξi = 0,
i.e. ψ(τ ) = 0. For instance, in the quaternary CPM-TL case
if the trapezoidal pulse f (t) = 1/2 for T ≤ t < 2T with
h = 1/2, L = 3 is adopted, we have the function ζ−1 = 0 for
t ∈ [0, T ]. That is, there has no discrete line spectral contained in the power spectrum. In general, for pulses considered in Table 2, it is also possible to have the discrete components with amplitude to be negligible (or close to zero).
To be more specific, in Figs. 5 and 6 we show the results of PSD with discrete component for quaternary LRECTL and LRC-TL, respectively, with L = 2 to 6 and h ∈
[0, 2.5]. For example, in the case of 2REC-TL (L = 2) for
most h we considered, the powers of discrete components
are around −10 dB ∼ −20 dB (1%) of the total power. However, it is negligible for the cases with L = 3 and 4, in which
the powers of discrete components are less than −20 dB and
−30 dB, respectively, for half of the h being considered. Particularly, for 0.25 < h < 2.2 with L = 5 and 6, the powers of
the discrete components are less than −40 dB and −50 dB,
respectively, indeed, they are much closed to zero. Similarly, in the case of 2RC-TL (L = 2) for all h we considered, the power of discrete component is slightly greater
than −20 dB (1%) of the total power. Again, it is negligible
for the cases with L = 3 and 4; the values of discrete components are less than −30 dB and −40 dB, respectively, for half
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4.

Fig. 5 Discrete component power of quaternary CPM-TL with
2REC-TL to 6REC-TL for h = 0 to 2.5.

Energy-Bandwidth Performance

To verify the merits of the CPM-TL modulation scheme,
in this section, the overall performance is investigated by
plotting the energy-bandwidth plane [1]. Coding gain
of CPM-TL over QPSK or MSK in dB is evaluated by
2
2
/2), and dmin
is the minimum normalized
10 log10 (dmin
squared Euclidean distance (MNSED) used to characterize
the bit error performance in the AWGN channels. Coding
gain can be viewed as energy consumption of the adopted
modulation signals. We recalled that the power spectral of
CPM-TL was developed in last section. The bandwidth is
measured in terms of normalized bandwidth 2BT b for CPMTL signals, where two specific cases, viz., the 99% and
99.9% power-in-bandwidth [1], denoted as B99 and B999 , respectively, are considered associated with coding gain, for
comparison. As described in [1], [4], the B99 bandwidth
more or less measures the main lobe width, while the B999
bandwidth measures the width of the significant sidelobes.
2
/2) vs. 2BT b for
Figures are plotted in terms of 10 log10 (dmin
a variety of CPM-TL modulation schemes, and make a comparison with conventional CPM-TU modulation schemes.
2
(MNSED) for further exTo do so, we need to search dmin
ploring good codes of CPM-TL modulation schemes.
4.1 Euclidean Distance of CPM-TL Modulation Scheme
Waveforms

Fig. 6 Discrete component power of quaternary CPM-TL with 2RC-TL
to 6RC-TL for h = 0 to 2.5.

of the h being considered. For L = 5 the powers of discrete
components are less than −40 dB for 0.25 < h < 0.8, but between −30 dB and −40 dB for most of h being considered.
Specifically, for L = 6 the powers of discrete components
are less than −50 dB for most of the h being considered, and
the lowest discrete power is down to −80 dB for h = 0.5.
Based on the above discussion, the proposed modified
approach for evaluating the PSD of CPM-TL signals is simple and eﬀective compared with the one addressed in [15].
Using our approach, for diﬀerent modulation levels and a
wide range of modulation indexes, we can compute the PSD
of CPM-TL signals for diﬀerent FSP/PSP with desktop PC.
Especially, as illustrated in Figs. 5 and 6, we are able to
search the LREC-TL schemes, in which the discrete power
is reduced up to −75 dB of the total power, and it is down
to −80 dB when the LRC-TL schemes are adopted. However, with the approach proposed in [15], the CPM-TL with
h = 1/M for selected PSP, the discrete power is around
−30 dB of the total power (see Table 1 of [15] by adding all
the discrete components together for a specific pulse considered).

Similar to [2], [3], we first define the diﬀerence between any
two data sequences, α and α , of CPM-TL signals as γN =
(. . . , γ−2 , γ0 , γ1 , . . . , γN−1 ) where γi ≡ αi − αi . Thus, we
2
as a measure between α and α , within
may represent dmin
observation time NT (interval):


2
dmin

1
= log2 M · min N −
γN
T

NT


cos[φ(t, γN )]dt

0

(25)
with restriction that γi = 0 for i < 0, γi = 0, 2, 4, . . . , 2(M −
1) for i = 0 and γi = 0, ±2, ±4, . . . , ±2(M − 1), for i =
1, 2, . . . , N − 1 [3]. In consequence, the numerical results of
2
defined in (25) are obtained using a sequential searchdmin
ing algorithm [3] that capable of eﬀectively reducing the
searching time. Also, the algorithm requires a distance upper bound d2B to accelerate the tree searching process, which
is simply the normalized squared Euclidean distance for a
split-merge sequence for CPM-TL. That is, for any of distances defined in (25), if the values are larger than the upper
bound, for specific modulation index (h), the entire subtree
having the corresponding γN will be never used again. In
this paper, we consider all the split-merge pairs that split
apart at time t = 0 and remerge at time t = LT , (L + 1)T ,
and (L + 2)T respectively, and among those distances we
choose the minimum as the bound. In fact, the structure of
CPE for CPM-TL schemes guarantees the existence of these
split-merge events.
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Fig. 7

MNSED of binary CPM-TL with 2REC-TL for h = 0.01 to 2.50.

2
dmin

The range of L and h for searching
are given as
follows: for M = 2, L is from 2 to 10; for M = 4, L is from
2 to 8; for M = 8, L is from 2 to 4, and for M = 16, L is
from 2 to 3. The case with L = 1 is not considered because it
is not attractive due to ineﬃcient power and bandwidth [1].
The largest observation intervals, N, to be considered for
simulation for diﬀerent modulation levels, is highly dependent on the memory of the Viterbi decoder, here four cases
are considered, N = 30 for M = 2, N = 12 for M = 4,
N = 7 for M = 8, and N = 5 for M = 16. In consequence,
the considered modulation indexes are sampled within specified interval with increment 0.01. Accordingly, the interval
for M = 2 is [0, 2.5], M = 4 is [0, 1.5], and [0, 1] for M = 8
and 16.
2
with the CPM-TL
For further discussion of dmin
schemes, two examples are given in what follows. First,
2
for binary 2REC-TL
in Fig. 7 we show the results of dmin
2
is
CPM-TL signals, in which the maximum value of dmin
2.43 for h = 0.71 with N = 2 and S V = 2. We then compare
it with the binary 1REC scheme, i.e. continuous phase frequency shift keying (CPFSK), with h = 0.7 (count to the first
decimal) N = 3 and S V = 10 [1]. It can be seen that both
schemes have approximately the same distance, yet S V of
the considered 1REC-TL scheme is much simpler than the
1REC scheme. Except for MSK, both decision depth and
the number of states of binary 1REC are larger than 2RECTL modulation scheme. It should be noted that for certain
weak modulation indices [3], namely h equal to integers,
2
is below the bound; it could not reach d2B by increasdmin
ing the observation time N. Next we consider the case of
the CPM-TL scheme with quaternary 3RC-TL. From Fig. 8,
2
= d2B for N ≤ 12, that is, there is no
we found that dmin
weak modulation index. This is quite diﬀerent from CPMTU modulation scheme, where weak modulation index happen for all the examples appears in CPM-TU [1]–[4].
4.2 Numerical Results
For fair comparison of CPM-TL and CPM-TU schemes,
energy-bandwidth plots are shown associated with the number of states used for implementing the MLSD receiver. As
defined in Eqs. (7) and (8), the number of states of CPM-

Fig. 8
1.50.

MNSED of quaternary CPM-TL with 3RC-TL for h = 0.01 to

TU (S V = PM L−1 ) depended on the denominator of modulation index, P, while the number of states of CPM-TL
did not (S V = M L−1 ). In general, the number of states S V
of CPM-TU with correlative length L is larger than CPMTL with the same correlative length, except for the integer
modulation index. As indicated in [1], usually, useful CPMTU schemes have modulation index to be less than unity,
h < 1, thus except for special case, we only consider the
modulation indexes in the range of h < 1 for CPM-TU modulation scheme. Under such consideration, the number of
states of most CPM-TU schemes will equal to or larger than
S V ≥ 4 · M L−1 , with the exception of h = 1/2, 1/3 and 2/3
(when h < 1), in which the denominator is 2 or 3. In what
follows, we denote the number of states of CPM-TU to be
S V ≥ 4 · M L−1 , and do the comparison with CPM-TL modulation scheme. Here schemes with no improvement are not
shown in the figures.
Case (I): Binary CPM-TL with LREC-TL (or LREC/RCTL) vs. CPM-TU with LREC
In this case, we consider the binary CPM-TL with
LREC-TL or LREC/RC-TL and CPM-TU with LREC for
comparison. Energy and bandwidth plots for bandwidths
measured in terms of B99 and B999 , are given in Fig. 9 and
Fig. 10, respectively. Several points of interest are labeled
with corresponding modulation indexes. From Fig. 8, we
found that good (or better) modulation codes lie toward the
upper left. Also, we learn that the energy-bandwidth performance of binary CPM-TU schemes with LREC could
achieve better performance when L is increased from 1 to 3,
with the cost of increasing the complexity of receiver. Nevertheless, the energy-bandwidth performance improvement
becomes negligible for L larger than 3 and are not shown in
the figures.
Now, let us compare the CPM-TL using 3REC-TL
(S V = 4) with CPM-TU using 1REC (S V ≥ 4), both have
very similar receiver complexity. Similarly, we will compare the CPM-TL using 4REC-TL or 4REC/RC-TL (S V =
8) with CPM-TU using 2REC (S V ≥ 8), and CPM-TL using 5REC-TL (S V = 16) with the CPM-TU using 3REC
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Fig. 9
B99 .

Energy-Bandwidth plot for binary CPM-TL with LREC-TL using

Fig. 11
B99 .

Energy-Bandwidth plot for binary CPM-TL with LRC-TL using

with 2REC and has 1.84 dB coding gain at B999 = 1.8. The
CPM-TL with 4REC/RC-TL is even better than the CPMTU with 3REC for B999 ∈ [1.48, 1.95], and achieves 0.8 dB
coding gain at B999 = 1.7.

Fig. 10 Energy-Bandwidth plot for binary CPM-TL with LREC-TL
using B999 .

(S V ≥ 16), respectively. For B99 family, the 3REC-TL
CPM-TL scheme outperforms the one with 1REC CPMTU scheme for most considered B99 bandwidth, except for
B99 ∈ [1.16, 1.31]. Indeed, the 3REC-TL CPM-TL scheme
has 0.8 dB gain over the one with 1REC at B99 = 1. We
observed that 1REC has no performance improvement after
B99 > 1.31, but this is not the case when 3REC-TL CPMTL scheme is considered. It still has performance improvement after B99 > 1.31, specifically, the 3REC-TL CPM-TL
scheme has 0.7 dB and 1.46 dB coding gains over the 1REC
CPM-TU scheme at B99 = 1.5 and 2, respectively. In general, the CPM-TL scheme with 4REC/RC-TL is not considered to be a good modulation code compared to the CPMTU scheme with 2REC (which are not shown in the figure).
It is worse than CPM-TU with 2REC for most bandwidth,
except that it has 0.3 dB gain for B99 around 1.5. Similarly,
the binary 3REC CPM-TU scheme has much better performance than the 5REC-TL CPM-TL scheme. However, from
Fig. 10, we observed that the 3REC-TL CPM-TL scheme
has 1 dB coding gain over the 1REC CPM-TU scheme for
B999 ≥ 2, and 1.3 dB gain at B999 = 2.6. Similarly, the CPMTL scheme with 4REC/RC-TL outperforms the CPM-TU

Case (II): Binary CPM-TL with LRC-TL (or LREC/RCTL) vs. CPM-TU with LRC
Similar to case (I), we consider the binary CPM-TL
with LRC-TL and LREC/RC-TL schemes, and make a comparison with LRC CPM-TU scheme. As observed from
Fig. 11, basically, binary CPM-TU schemes with LRC for
B99 family could achieve better performance when L is increased from 1 to 3, but becomes worse when L is greater
than 3. In what follows, we consider three cases under similar receiver complexity for further discussion.
We first compare the CPM-TL scheme using 3RC-TL
(S V = 4) with the CPM-TU scheme using 1RC (S V ≥ 4).
Also, the CPM-TL with 4RC-TL or 4REC/RC-TL (S V =
8) and 5RC-TL (S V = 16) are compared with CPM-TU
scheme using 2RC (S V ≥ 8) and 3RC (S V ≥ 16), respectively. For B99 family, the CPM-TL scheme with 3RC-TL
has coding gain up to 2.3 dB over the CPM-TU scheme with
1RC. In general, the CPM-TL scheme with 4RC-TL pulse
is not considered to be a good modulation code for both B99
and B999 . In fact, the CPM-TL scheme with 4REC/RC-TL
has similar performance as the CPM-TU with 2RC when
B99 is small, and performs worse for B99 ∈ [0.93, 1.26].
But, the CPM-TL scheme with 4 REC/RC-TL has coding
gain when B99 > 1.26, while CPM-TU scheme with 2RC
does not have coding gain for B99 > 1.26. Also, for the
case of binary 5RC-TL CPM-TL scheme better performance
compared with the 3RC CPM-TU scheme is observed for
B99 > 1.32, in which we have extended the simulation interval of 3RC-TL CPM-TU to h < 1.5. Similarly, from
Fig. 12, we found that for B999 family the 3RC-TL CPMTL scheme has coding gain more than 6 dB over the one
with 1RC CPM-TU scheme. Again, the CPM-TL scheme
with 4 REC/RC-TL has better performance compared with
2RC CPM-TU scheme for B999 > 1.56, specifically, it has
0.74 dB gain at B999 = 1.8. Unfortunately, CPM-TL scheme
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Fig. 12
B999 .

Energy-Bandwidth plot for binary CPM-TL with LRC-TL using

Fig. 13 Energy-Bandwidth plot for quaternary CPM-TL with LREC-TL
using B99 .

with 4REC/RC-TL performs worse than the 2RC CPM-TU
scheme with 1.5 dB gain at B999 = 1.4. Similarly, the 5RCTL CPM-TL scheme has worse performance than the 3RC
CPM-TU scheme for B999 < 1.68, but it has coding gain
over 3RC CPM-TU scheme after that bandwidth.
Case (III): Quaternary CPM-TL with LREC-TL (or
LREC/RC-TL) vs. CPM-TU with LREC
Next, we consider the quaternary cases, the performance curves for B99 and B999 families are illustrated in
Fig. 13 and Fig. 14, respectively. It is known that the best
performance of quaternary LREC CPM-TU schemes occurs
when L = 1 and becomes worse for L > 1. Hence, it is of
interest to consider the CPM-TU scheme with 1REC (S V ≥
4), the results are given in the figures. Hence, we would like
to compare the CPM-TL with 2REC-TL (S V = 4), 3RECTL (S V = 16), 4REC/RC-TL (S V = 64) and 5REC-TL
(S V = 256) with the 1REC CPM-TU scheme. We find that
2REC-TL CPM-TL has worse performance than the 1REC
CPM-TU scheme for both B99 and B999 families, and it is
not shown in the figure.
For B99 family, as shown in Fig. 13, the CPM-TL
scheme with 3REC-TL outperforms CPM-TU with 1REC
with coding gain up to 1.72 dB. We observed that quaternary
1REC has no performance enhancement after B99 > 1.2,
but this is not the case when the CPM-TL scheme with
3REC-TL and 4REC/RC-TL are considered. They still have
coding gain improvement when the bandwidth is increasing. Specifically, the coding gain with 4REC/RC-TL CPMTL scheme is up to 1.15 dB for B99 when it is compared
with 1REC CPM-TU scheme. It is noted that CPM-TL
scheme with 5REC-TL is useless for smaller bandwidth occupancy. Next, for B999 family, as shown in Fig. 14, the
3REC-TL CPM-TL scheme outperforms the 1REC with the
coding gain more than 1.97 dB for B999 > 2.1. Similarly,
the 4REC/RC-TL CPM-TL scheme has 3.4 dB coding gain
compared with the 1REC CPM-TU scheme for B999 = 1.8,
and it is even better for B999 = 1.5, and the coding gain is
about 3.8 dB. Again, CPM-TL scheme with 5REC-TL could
perform better than CPM-TU with 1REC only for large B999 .

Fig. 14 Energy-Bandwidth plot for quaternary CPM-TL with LREC-TL
using B999 .

Case (IV): Quaternary CPM-TL with LRC-TL or LREC/
RC-TL vs. CPM-TU with LRC
Finally, we would like to compare the quaternary CPMTL scheme with LRC-TL or LREC/RC-TL and CPM-TU
with LRC. As indicated in [1], the energy-bandwidth performance of quaternary CPM-TU scheme with LRC is better
for L to be increasing from 1 to 3, and starts to degrade for
L being greater than 3. Numerical results show that CPMTL scheme with 1RC-TL and 4RC-TL are not useful. As in
the previous three cases, we compare CPM-TL scheme with
3RC-TL (S V = 16), 4REC/RC-TL (S V = 64) and 5RC-TL
(S V = 256) with CPM-TU scheme with 1RC (S V ≥ 4), 2RC
(S V ≥ 16), and 3RC (S V ≥ 64).
First, for B99 family, as shown in Fig. 15, the CPM-TL
scheme with 3RC-TL scheme has 3.5 dB coding gain compared with the CPM-TU with 1RC for B99 = 1, and is worse
than the CPM-TU with 2RC about −1.83 dB coding gain for
the same bandwidth. The advantage of CPM-TL with 3RCTL is that the number of states is fixed, while the number
of states for CPM-TU scheme with 1RC and 2RC is highly
depended on modulation index. Moreover, the performance
of CPM-TL scheme with 4REC/RC-TL is worse than the
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Fig. 15 Energy-Bandwidth plot for quaternary CPM-TL with LRC-TL
using B99 .

the data-independent discrete power spectral lines could be
negligible. We further showed that the memory structure
of CPM-TL scheme might be represented in terms of CPE,
with a well-defined algebraic structure. Such that the trellis
of CPM-TL could achieve the maximum constraint length
allowed by the number of states in the MLSD receiver. Since
the CPE is irrelevant to the modulation index such that any
real modulation index could be applied. Although, numerical results showed that the CPM-TL schemes could not
achieve better performance than CPM-TU schemes, consistently. They did provide an alternative solution to the selection of CPM schemes. As evident from the simulation
results demonstrated in last section, the new proposed CPMTL schemes did perform better than the CPM-TU with large
coding gains, under the situation that the receivers were with
the same number of states. Future works for the new proposed CPM-TL schemes are to explore other useful factors of the receiver complexity, namely, the synchronization
problem [1] and the minimum number of matched filters
[24], [25] required to implement the receiver of the CPMTL modulation schemes.
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Fig. 16 Energy-Bandwidth plot for quaternary CPM-TL with LRC-TL
using B999 .
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Appendix:

The Derivation for the PSD of CPM-TL
Signals

We first prove that the autocorrelation function is repeatedly occurred with period T , for |τ| ≥ LT . By extending
this function to cover |τ| < LT , a periodic autocorrelation
function Rdis (τ) is obtained. Then, we find the autocorrelation function for |τ| < LT and subtract the extending autocorrelation function to obtain the autocorrelation Rcon (τ)
for continuous component. The PSD can be calculated from
Fourier transformation of Rdis (τ) and Rcon (τ) to obtain the
discrete and continuous component respectively.
(a) Derivation for the discrete power spectrum.
From Eq. (11), for simplicity we let the time diﬀerence τ
be denoted as τ = τ + mT with 0 ≤ τ < T and m =
0, 1, 2, . . ., and define u(t) ≡ f (t + τ) − f (t). We note that
for τ ≥ LT it implied that m ≥ L. Since f (t) is time-limited
within time interval, 0 ≤ t ≤ LT , we can prove that function
u(t) has nonzero values within the time durations −mT −
τ to −(m − L)T − τ , and 0 to LT . Also, we shall prove
that the conditions for u(iT ) to be zero in the integration
interval [0, T ] are i ≤ −L, i ≥ m + 2 and 0 < i ≤ m − L.
Applying these results to Eq. (11), we have the exponent to
be not zero for 1 − L ≤ i ≤ 0 and m − L + 1 ≤ i ≤ m + 1. In
consequence, the average autocorrelation equation for m ≥
L can be simplified as

R(τ) = R(τ + mT )
T

1
T

=

0

0

M−1


i=1−L

k=−(M−1)
k odd

Pk exp( j2πhk


[ f (t + τ − (i − m)T ) − f (t − iT )]) ×
m+1

M−1


i=m−L+1

k=−(M−1)
k odd

Pk exp( j2πhk


[ f (t + τ − (i − m)T ) − f (t − iT )]) dt.

(A· 1)

In obtaining (A.1), we have used the fact that f (t + τ −
(i − m)T ) = 0 for 1 − L ≤ i ≤ 0 within interval [0, T ],
and f (t − iT ) = 0 for m − L + 1 ≤ i ≤ m + 1. Again, let
u = i − m and changes the index for the second product of
(A.1), it becomes a function of τ only, which is independent
of m. Consequently, the periodic autocorrelation function of
one period, ψ(τ ), of (19) which was defined in (15) can be
redefined as
ψ(τ ) =
1
T

T
0

0

M−1


i=1−L

k=−(M−1)
k odd

1

M−1


i=1−L

k=−(M−1)
k odd


Pk exp(− j2πhk f (t − iT )) ×


Pk exp( j2πhk f (t + τ − iT )) dt.

(A· 2)

Observed from (A· 2), we learn that R(τ) of (A· 1) is irrelevant to m, and it is the same for m ≥ L. The discrete part of
autocorrelation, Rdis (τ), can be obtained by periodically extending the function ψ(τ ) to cover the interval [−LT, LT ].
We recalled that the discrete power spectrum S dis ( f ) with
the amplitude of discrete (or line) power spectral, Cn , at
f = n/T was defined in (14). The discrete part of autocorrelation, Rdis (τ) is simply the inverse Fourier transform
of Cn , that is
Rdis (τ) =

∞


Cn exp( j2πnt/T ).

(A· 3)

n=−∞

(b) Derivation for the continuous power spectrum.
Next, the continuous component Rcon (τ) of R(τ) is derived
by evaluating R(τ) for |τ| ≤ LT , and subtracting the periodic
extension of ψ(τ ). To show this, let us consider the case for
m < L, in which we denote function u(t) ≡ f (t + τ) − f (t),
τ = τ + mT with 0 ≤ τ < T and m = 0, 1, 2, . . . , L − 1.
In fact, function u(t) has nonzero values within time interval
[−mT − τ , LT ]. As a consequence, the conditions for u(t −
iT ) = 0 in the integration interval [0, T ] are (1)i ≤ −L and
(2)i ≥ m + 2. Applying these results to Eq. (11), we have the
exponent to be not zero for the time duration, 1 − L ≤ i ≤
m + 1, and R(τ) is simplified as

YANG et al.: CONTINUOUS PHASE MODULATION (CPM) REVISITED: USING TIME-LIMITED PHASE SHAPING PULSES

2839

R(τ + mT ) =

1
T

T m+1
0

i=1−L

M−1


Pk exp( j2πhk

k=−(M−1)
k odd


[ f (t + τ − (i − m)T ) − f (t − iT )]) dt.

(A· 4)

(A· 4) is the continuous part of average autocorrelation function, for m < L and τ = τ + mT . Similarly, the corresponding continuous component of the power spectrum can
be obtained by taking the Fourier transformation of Rcon (τ),
which is limited to interval |τ| ≤ LT , and is evaluated using
Eq. (A· 4) for |τ| ≤ LT , and subtracting the periodic extension of ψ(τ ) from R(τ + mT ) over the same time interval
Rcon (τ) = R(τ + mT ) − ψ(τ ).

(A· 5)

That is, the corresponding continuous power spectrum
can be evaluated as in (19). This completes the proof.
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