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Abstract We study a Lotka—Volterra type weak competition model with a free boundary
in a one-dimensional habitat. The main objective is to understand the asymptotic behavior
of two competing species spreading via a free boundary. We also provide some sufficient
conditions for spreading success and spreading failure, respectively. Finally, when spreading
successfully, we provide an estimate to show that the spreading speed (if exists) cannot be
faster than the minimal speed of traveling wavefront solutions for the competition model on
the whole real line without a free boundary.
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1 Introduction

A variety of reaction-diffusion equations are used to describe some phenomena arising in
population ecology. A typical model is the following Lotka—Volterra type competition system
for two species in a one-dimensional habitat [34]:

u; = diuyy +riu(l —bju —ayv), x,teR, (1.1)
v = dyvyx +2v(1 — bov — apu), x,t € R, (1.2)

where u(x, t), v(x, t) denote the population densities of two competing species at the position
x andtimet; dy, d; are diffusion coefficients of species u, v; rq, rp are net birth rates of species
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u, v; 1/b1, 1/b, are the carrying capacities of species u, v and ay, a; are (inter-specific) com-
petition coefficients of species u, v, respectively. All parameters are assumed to be positive.
By setting

i:=bu, O:=byw, f:=rit, X:= r—lx,
d
d
D = —2, = a—l, = a—z, roi= r—z,
d; by by r
and dropping the hat sign, (1.1)—(1.2) becomes the following nondimensional system:
Uy = uyy +u(l —u —kv), x,t€eR, (1.3)
vy = Duyy +rv(l —v —hu), x,teR, (1.4)

The global dynamics for the related kinetic system (in the absence of diffusion) to (1.3)—
(1.4) is well-known. It has at least three constant equilibrium solutions (u, v) = (0, 0), (0, 1)
and (1, 0). Moreover, if either 4,k > 1 or 0 < h, k < 1, then there exists a unique positive
constant equilibrium solution (1%, {5). For0 < k < 1 < h,lim;—, 400, v)(1) = (1, 0);
forO0 < h <1 <k, lim/—1o0(u,v)(t) = (0,1). For 0 < h, k < 1, lim;— 1 5o (ut, v)(t) =
(%, %), this case is called the weak competition (co-existence) case. Forh, k > 1, (1, 0)
and (0, 1) are locally stable, almost every trajectory tends to (1,0) or (1,0) as t — 400,
and this case is called the case of strong competition.

To describe the invasion and spreading phenomenon for (1.3)—(1.4), there have been many
interesting studies on the existence of positive traveling waves solutions connecting two dif-
ferent equilibria; see, for example [8,15,19,20,22,23,34,37] the references cited therein.
Also, the study of asymptotic spreading speed plays an important role in invasion ecology
since it can be used to predict the mean spreading rate of species. The concept of asymptotic
spreading speed comes from Aronson and Weinberger [1-3] and then Lewis et al. [25,26,38]
extended the result of asymptotic spreading speed to (1.3)—(1.4) and more general models.
For related works, see [16,21,27,28] and the references cited therein. We also refer to [39]
in which the author gave a review on traveling waves and asymptotic spreading speed.

Our main objective is to understand the long time behavior of two-competing species
spreading via a free boundary. For this, we shall investigate the following problem (FBP):

Uy = uyy +u(l —u—kv), 0<x<s(), t>0, (1.5)
vy = Dvyy +rv(l —v—hu), 0<x<s(t), t>0, (1.6)
uy(0,1) =vy(0,1) =0, u(s(),t) =v(s(),t) =0, >0, (1.7)
s'(1) = —plux(s(0), 1) + pva(s(®), )], >0 (1.8)
u(x,0) =upx), vx,0) =vox), 0<x<sg, s(0)=s0, (1.9

with the parameters ., p > 0 and the initial data (uq, v, so) satisfying

50> 0, ug,vo € C2(0,s0]), wuo(x),vo(x) >0 forx €0, sg),
uo(s0) = vo(s0) = un(0) = v;(0) = 0.

From a biological point of view, this model describes how the two competing species
invade if they initially occupy the region [0, sp]. It is assumed that the left boundary is fixed
so that no flux across the left boundary x = 0, namely, we impose the zero Neumann bound-
ary condition in (1.7) for x = 0. Also, we assume that both species have a tendency to
emigrate from the right boundary to obtain their new habitat. Moreover, it is assumed that the
expanding speed of the free boundary is proportional to the normalized population gradient
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at the free boundary, i.e., (1.8) holds, which is the well-known Stefan type condition. We call
the free boundary x = s(¢) the spreading front. This setting for two competing species with a
free boundary is motivated by the work of Du and Lin [11] who proposed a new approach to
investigate how one species spreads and invades to a new environment (see also [9,12,14]).
For more biological discussion, we refer to [4].

For the study of free boundary problems for some biological models, we refer to, for
instance [4,6,7,9,10,12,14,17,18,29-32,35] and references cited therein.

In this paper, we only focus on the weak competition case:

A1) O<h, k<1

We now describe the main results of this paper as follows. Hereafter (A1) is always assumed.
First, we have the following existence and uniqueness result for the solution.

Theorem 1 (FBP) admits a unique global solution (u,v,s) € Cctl(Q) x C2H(Q) x
C([0, 00)), where 2 := {(x,t) : 0 < x < s(t), t > O}, such that 0 < s'(t) < pA
forall t > 0 with A > 0 depending only on D, r, p, ug, vo, So, and is independent of L.
More precisely, we have

A = 2My max{l, [lugllL=} + 2p M max{l, |voll L}, (1.10)

M, _max[ 74( 0IIAI0 uo(x))]
4
3

—4
3 (xé‘[‘dllo] vo(x))]

where

r

)

My := max —
2D

In the sequel it is often to use the following three quantities:

Sec := lim s(¢) (the limit exists since s'(¢) > 0 for all t > 0),
t—+400

Tow D
Sy = min ,/—
T |D 1 D
W = i <r;
2Vr ) J1—h

D [ — if D >r;

2@ |
Inln[2 — 5 —

]ifD:r.

Note that s, < s*.
In this paper, we say that the two species vanish eventually if soc < +00 and

li ot = 1 ot N =0,
t_grlloollu( Meqo,son t_}gloollv( Meqo.son

we say that the two species spread successfully if soo = +00 and the two species persist
in the sense that liminf;_, o u(x,#) > 0 and liminf;_, ;- v(x,?) > O uniformly in any
compact subset of [0, +-00). In fact, we have the following simple criteria for the vanishing
and spreading.
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Theorem 2 Let (u, v, s) be a solution of (FBP). Then the followings hold.

(1) If seo < Sy, then the two species vanish eventually.
(i) If s0o > s*, then the two species spread successfully.

Theorem 2 does not provide any information for spreading—vanishing when s, < soo < s™*.
But if we add some more restrictions on the parameters for (FBP), we can obtain a spreading—
vanishing dichotomy, which was proposed initially by Du and Lin [11] for a single species
case (see also [9,12,14]).

Before stating the following spreading—vanishing dichotomy result, we introduce the sets

D
A::’O<D<r,0<h§l——,0<k<l,u,p>0], (1.11)
r

B::{O<r<D,0<k§1—%,O<h<1,;L,p>0}. (1.12)

Theorem 3 Let (u, v, s) be a solution of (FBP) with (D, h, k, r, i, p) € AU B. Then either
Soo < Sy (and so the two species vanish eventually), or the two species spread successfully.

Roughly speaking, Theorem 3 says that if D, r, u and p are given and D # r, then a
spreading—vanishing dichotomy can be assured either % or k is small enough.

Based on the previous results, we can provide some sufficient conditions for the spreading
success and spreading failure via the initial data (ug, vo, So)-

Corollary 1 Let (u, v, s) be any solution of (FBP). Then the followings hold.

(1) If so > s*, then the species u and v spread successfully.
(i1) Assume that (D, h,k,r, i, p) € AU B. If so > sy, then the species u and v spread
successfully.
(i) Ifso < s« and

T ) sga3(2+5) (1.13)

2468 ) 2npu(1 4+ p)°

then the species u and v vanish eventually, where

1 [ sy
Si==|——1 0,
Z[So ]>

1 7\2 D 7\2 1
::fmin - — — | = — 1 >0.
) [(2) (1+8)2s? r(z) (148253 }

In the case of spreading success, we have the following more precise asymptotic behavior.

max{ ol [vollz } < cos (

Theorem 4 Suppose that the two species spread successfully. Then
l—k 1-—h

v, 1 = (m T hk

) ast — +oo, (1.14)

uniformly in any compact subset of [0, +00).

Our final result is to provide an upper bound for lim sup,_, , ., [s(¢)/¢], which shows that
the asymptotic spreading speed (if exists) for (FBP) with the weak competition cannot be
faster than the minimal speed of traveling wavefront solutions to (1.3)—(1.4). Recall from
Tang and Fife [37] that for ¢ > cpip := max{2, 2«/@} there exists a traveling wavefront
solution of (1.3)-(1.4) with u = U(x — ct) and v = V(x — ct), connecting (0, 0) with
(%, %), while no such positive wavefronts exist for ¢ < cpin. Thus cpip is called the
minimal speed of traveling wavefronts.
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Theorem 5 Let (u, v, s) be a solution of (FBP) with soc = +00. Then

t
lim sup s(t—) < Cmin = max{2,2+/rD}.

1—+00

The paper is organized as follows. In Sect. 2, we prove the solution of (FBP) exists glob-
ally (in time) and is unique (Theorem 1) using the contraction mapping theorem. Then, in
Sect. 3, we derive several lemmas which are used to prove the main results. The main tool is
the comparison principle. In Sect. 4, we study the long time behavior when the species spread
successfully. A natural strategy is to find a pair of super and subsolutions with the same long
time behavior, which is exactly what we desired, to squeeze the solution. However, it seems
not easy to find such super and subsolutions for (FBP) at once. To overcome this difficulty
we introduce a new idea. We first construct a non-trivial super/sub-solution to compare with
the solution of (FBP) and introduce an iteration scheme so that we are able to construct better
super and subsolutions step by step to derive the exact long time behavior of the solution. In
Sect. 5, we give the proofs of Theorems 2-5. Finally, we give some discussion of our main
results and some future directions in Sect. 6.

2 Existence and Uniqueness

In this section, we will prove Theorem 1. The proof can be done by modifying the arguments
of [6,11] (see also [29]). We provide the details of proof here for the reader’s convenience.

Lemma 2.1 The problem (FBP) has a unique local solution (u, v, s) € cel+s (Qr) x
C2+0"1+5(527) X CH'?([O, T]) for any o € (0, 1) for some T > 0 small enough, where

Qr :={(x,t): 0<x<s(t), t € (0, T]}.

Proof Let ¢ € C3([0, co)) such that

. S0 . S0 6
cy) =1if [y —=sol < -, ¢ =0 if [y —sol > =, ['(»)]=<— forally.
4 2 )
Following [6], we introduce a transformation to straighten the free boundary:

(x,0) = (.1, x=y+LY)(s() =50, 0=y<+oo.

Note that as long as |s(t) — so| < 50/8, (x,1) — (v, t) is a diffeomorphism from [0, c0) to
[0, 00). Moreover,

0<x<s(t) < 0<y<y,
x=s() < y=1s0.

It is easy to get that

& _ ! — /PO,

ox 1+ 0G0 —s0)

F?y  ="W@) —s)
T I 0@ —sof 20O
dy —s'(0¢(y)

W TG0 s OREO)
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We now define U (y, t) := u(x, t) and V(y, t) := v(x, t) and set
FWU,V)=Ul-U-kV), GWU,V):=rV( -V —hU),
then the problem (FBP) becomes

U= PUy+ (Q+s'ORU, + F(U,V), 0<y<sy, t>0, (2.1)
V, = PDVy, +(DQ +5s'®)R)Vy + G(U,V), 0<y<sy t>0, (2.2
Uy(0,1) = Vy(0,1) =0, Uf(so,t) = V(so,t) =0, >0, (2.3)
s'(1) = —pulUy(s0, 1) + pVy(s0, )], >0 24
s(0) =50, U(y,0)="0Uo(y), V(y,0)="Vo(y), yel0,s0l 2.5)

where Uy (y) = up(x) and Vo(y) = vo(x).
As in [11], we shall prove the local existence by using the contraction mapping theorem.
To do so, choose T such that
50
8(1+%5)’

0<T< 2.6)

where § := —u (U (s0) + pV{(s0)) = 0.
Introduce function spaces:
Xir ={U € C(D): U(y,0) =Uo(y), IIU = Uollcpy = 1},
Xor :={V e C(D): V(y,00 =Vo(y), IV—Vollcp =1}
Xar == {s € C'([0, T]) : 5(0) =0, s'(0) =5, Is' = 5lcqo.ry < 1},
where D := {(x,1) : 0 <y <509, 0 <t < T}. Then, X7 := X117 X Xor X X3r is a
complete metric space with the metric:
d((U1, Vi, 51), (Uz, Va, 52)) :== U1 — Uallcpy + I1IVi = Valleoy + lIs — s3llcqo, -
For each (U, V, s) € Xr, by (2.6),
T
’ ~ S0
Is () — sol < / Is"(r)ldr < T(1+5) < 3
0
so that the mapping (x, ) — (y, t) is diffeomorphism.
For each (U, V, s) € X7, we consider the initial-boundary problem (Py):
U = PUy +(Q+ 5 ORU, + F(U,V), 0<y<sy, t>0,
Uy(0,1) = U(sp, 1) =0, >0,
U(y.0)=Up(y), 0=y =<s.
By using the L? theory and the Sobolev embedding theorem, the system (Py ) has a unique

solution U with

U « <Ki, 2.7
Hlbwgqm_ 1 2.7

for any o € (0, 1), where K depends on so, o, [|Uoll 20,51y @0d I Vollc2(10,507)- Similarly,
for each (U, V, s) € Xr, there exists a unique solution V satisfying
V,=DPVy,+(DQ+5 )RV, +GU,V), 0<y<sg, t>0,
Vy(0,1) = V(sp, 1) =0, t>0,
V(y,0)=Vo(y), 0=y <s0.
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with
IV P < K>, (2.8)

for any a € (0, 1), where K3 depends on so, &, |Uollc2(j0,507) @0 Vol c2(10,501)-
Also, set

5(1) = 50— e / [0y (0. ) + oV (s0. D). 2.9)

Then, 5'(1) = —u[Uy (50, 1) + pVy(s0, 1)] € C2 ([0, T]) with
151l g

where K3 depends on w, p, so, &, |Uollc2(10,507) @nd | Voll c2 (10,501 -

Now, introduce the mapping W such that W(U, V, s) := (1.7, Vv, s). We shall prove that
W has a unique fixed point, which implies that (2.1)—(2.5) admits a unique solution. By
(2.7)—(2.10), and if

oy = K3 (2.10)

2 2
0<T§min[K1+°‘ K”“K“]
we have
- - Iia I4a
U= Uollcwy < ”U”(:HT“T T SKT?T <1,

- - 14 14
||V—V0||C(D)§||V|| b T2 < KoT72

IA

1,
15" = Sllcqo,rp < IS logT? < K372 < 1,

which imply that W maps X7 into itself.
Finally, we show that W is a contraction mappmg for sufficiently small 7'. Let U;, Vi, 5) €
X fori =1,2andsetld := U, — Uy, V := V| — Va, we see that I{ satisfies

= P(y, s2)Uyy + [Q(y, 52) + s5R(y, s2) Uy + F,
Uy(0,t) =0, U(so,t) =0, t >0,
Uly,0=0, 0=<y =<so.

where

F = [P(y7sl) - P(Y’SZ)]Ul,yy + [Q(}”sl) - Q()”SZ) +S1R(ya Sl) - SéR(y752)]Ul,y
+(U1 = U)[1 = (U1 + Uz) — kVal = kU (Vi — V2) € LP(D).

Again, using the L? theory and the Sobolev embedding theorem,
”u”c'*“#w) < K4 (IU1 = Uallcoy + Vi = Valley + lIst = s2llc1o.rp) -
(2.11)

for some K4 > O which depends only on P, Q, R and K;, i = 1, 2, 3. Similarly, we have
also

IIVIICIM,#(D) < Ks(1U1 = Ualicy + 1Vi = Valley + lIst = s2llcrqo.r) -
(2.12)

@ Springer



880 J Dyn Diff Equat (2012) 24:873-895

for some K5 > 0 which depends only on P, Q, R and K;,i = 1,2, 3. By (2.9),

57 — féllc%([oﬂ) < K¢ (1U1 — Uallcpy + 1V = Valley + lIst = s2llciqo.7)) -
(2.13)
for some K¢ > 0 which depends only on i, p and K;,i =4, 5.
On the other hand, we have
IUllcpy + IVIicmy + 1157 — $5llcqo,1) (2.14)

IHa Ita a ., —
< 2 o 2 o 2 — o
<T IIMIICHQ,%(D) +T IIVIICM,%(D) T T2151 = 521 % 0.7

Together with (2.11)—(2.14), and if T € (0, 1], then
IUllcy + Ve + 1157 — Sllcqo,))
< K7T2(|U; — Uzllepy + Vi = Vallepy + st — sallcqo,n )s
where K7 := max{K4, K5, K¢}. By choosing

1. 50 = pls p2 o
T:=_-minjl, —————, K;™, K,™, K;*, K;*
2 8(1+3%)

we can apply the contraction mapping theorem, then W has a unique fixed point in X 7. This
completes the proof of Lemma 2.1. O

To prove the existence of solution for all # > 0, we need the following lemma.

Lemma 2.2 Let (u, v, s) be a solution of (FBP) fort € [0, T] for some T > 0. Then

0 < u(x,t) <max{l, |ugllr~} forx €[0,s()), t €[0,T], (2.15)
0 < v(x,t) <max{l, ||vg| =} forx € [0,s()), t €[0,T], (2.16)
0<s'(t) <pA forte(0,T], (2.17)

where A > 0 depending only on D,r, p, |ugllree, [vollLee, minge[o,s] uf)(x) and
minyeqo,50] Vf(X).

Proof The strong maximal principle yields thatu > Oandv > Oforx € [0, s(¢)), t € [0, T].
Thus, we see from (1.7) that u,(s(¢), 1) < 0 and v,(s(¢),t) < 0 fort € (0, T]. By (1.8),
s'(t) > 0fort € (0, T].

Let 4 = i(t) be the solution of u’ = u(1 — u) with i#(0) = |lug||L~. The comparison
principle implies that u(x, ) < u(¢t) < max{l, |lug|lr~} for all x € [0,s(¢)], t € [0, T].
Similarly, we have v(x, t) < max{l, ||vg|l >} for x € [0, s(¢)], ¢t € [0, T].

To prove (2.17), we shall compare u and v with some auxiliary functions (cf. [11]).
Note that the solution (u,v) can be extended from (x,t) € [0,s(t)] x [0, T] into
(x,1) € [—s(),s@®)] x [0, T] by letting u(x,t) := u(—x,t) and v(x,t) = v(—x,1)
forx € [—s(¢),0] and ¢ € [0, T']. Define

w(x, 1) == R[2My(s(t) — x) — Mi(s(t) — x)*],

where

4 —4
My :=max{-, — | min uj(x) )i, R:=max{l, |lug|p>} (2.18)
37 3 \xel0,s0]
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Also, we set
1
n(r) :=max y—s(t), s@) — — ., n(0) := no.
M,
Hereafter we shall apply the comparison principle over

Quyy i={(x,1); n(t) <x <s@), 0<t<T}

Firstly, we derive that w(x, 0) > ug(x) for x € [, so]. Indeed, since w(-, 0) is concave,
we obtain that

3
we(x, 0) < wi(so = @M1, 0) = —RM1 < =T RM, (2.19)
for x € [so — @M})™L, s0]. By using (2.18) and the fact that R > 1,

—4
RMy > —= min u(x). (2.20)

x€[0,50]

Combing (2.19) and (2.20), if necessary we may define u()(x) = 0 for x € [so —
(M)~ —sp), then we obtain

wy(x,0) < min uy(x) < ug(x)
x€[0,s0]
for x € [so — @MY, s0l, Integrating over [x, so] and using w(sg, 0) = 0 = ug(sg), we
have
w(x,0) > ug(x) forx € [so— M), 50]. .21

Thus, we get that w(x, 0) > ug(x) for x € [, sol if no > so — M)~
It suffices to consider the case that n9 < s — QM DL Again, using the concavity of
w(-, 0) and wy (sg — Ml_l, 0) = 0, then for all x € [ng, so — (2M1)‘1],

_ 3
w(x,0) > w(so — M), 0) = 2 RML= Jluolls = uo(x).

Hence, together with (2.21) we have proved that w(x, 0) > ug(x) for x € [no, sol.
On the other hand, one can easily compute that

w,—wxx22M12R2u(1—u—kv)=u,—uxx

in Qp, due to M > l/ﬁ. Also, note that w(s(t),1) = 0 = u(s(t),t) forall t € [0, T].
Moreover, by (2.15), we have

w(st) — M ) =R >u(s(t) —M; ', 1) forallz e [0, T].

Together with the fact that u(—s(¢),t) = 0 for ¢t € [0, T], it follows that w(n(z),t) >
u(n(t),t) fort € [0, T']. Then the comparison principle yields that w > u in Q.
Since w(s(z),t) = 0 = u(s(z), t), we then obtain that

ux(s(r), 1) = wy(s(r), 1) = =2M;R. (2.22)
Similarly, we can prove that

x (s (), 1) = —=2Mp max{1, [lvoll Lo}, (2.23)
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M r 4 -4 . ()
:==max{./—, —, — | min .
2EMXNOD 30 3 Lo oV

Combing (2.22) and (2.23) and (1.8), we have proved that s’(f) < A, where

where

A = 2My max{1, [lugllL} + 2pM> max{l, [lvollL..}-

This completes the proof of Lemma 2.2. O
Combing Lemma 2.1 and Lemma 2.2, we can prove Theorem 1 as follows.

Proof of Theorem 1 By Lemma 2.1, we can define Trp,x > 0 as the maximal existence time
of the solution. We assume that Trp,x < oo for contradiction. By Lemma 2.2, there exists a
positive constant K which dose not depend on Tpnx such that 0 < u(x, 1), v(x, 1), s'(t) < K
forall x € [0, s(¢)] and ¢ € [0, Tiax)- In particular,

5o < s(t) <so+ Kt forallt € [0, Tryax).

Fix € € (0, Tnax) and A > Tpax, it follows from the standard regularity theory that there
exists K’ > 0 depending only on ¢, A, K such that

luC, Ollczgo.sens 1VC Dezqosop < K" Vi ele Tma).

Following the proof of Lemma 2.1, there exists a T > 0 which depends only on K and K’
such that the solution of (FBP) with any initial time ¢ € [€, Tinax) can be uniquely extended
to the interval [z, ¢ + 7). This contradicts with the definition of Tj,,x because the solution
with the initial time Thax — 7/2 can be uniquely extended to the time Tinax + 7/2. Thus,
Tmax = 00. This completes the proof of Theorem 1. ]

3 Preliminaries

The basic technique we use in this section is the comparison principle over some suitable
parabolic regions. The first lemma will be used later frequently. It can be thought as a special
case of Proposition3.3 in [5]. Consider the problem (Pp):

u; = Duyy +ru(l —bu), x e (0,0), t>0,
u(0,1) =0, u(l,t) =0, forr >0,

for given b, r, D > 0.

Lemma 3.1 Letl* .= %\/é Then we have: (i) all positive solutions of (Py) tend to zero in
C([0,1]) ast — oo, ifl < I*, (ii) there exists a unique positive stationary solution ¢ of (Py)
such that all positive solutions of (Py) approach ¢ in C([0,1]) ast — oo, if | > I*.

Furthermore, we need the following lemma which is a special case of the Corollary 1 of
Murray and Sperb [33].

Lemma 3.2 Given « € R. The the smallest eigenvalue A1 (k) of

w +kw +rw =0, x € [=],]] withw(£l) =0
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is given by

N T\2 K\2
1K) = (E) + (5) .
For the smallest eigenvalue 1| (), it is easy to find an eigenfunction

w(x) = e 5 cos(ﬂ) G.1)
N 20/ '
Note that w’(x) < O for all x € [0, []. The monotonicity of w on [0, /] plays an important
role later on.

Lemma 3.3 Let (u, v, s) be a solution of (FBP). If soo < +00, then

s'(t) > 0 ast — +oo
Proof By the standard transformation

y = i, u(y,tr) :=u(x,t) and 0(y, 1) :=v(x,1).
s(1)
The free boundary problem (FBP) can be transformed into a fixed boundary problem. Then
by the standard L? theory and the embedding theorem, we see that iz and ¥ have a uniform
Cclte(+a)/2 boundover{(y,#) : 0 <y <1, t € [t,t+1]}forany t > 1, wherea € (0, 1).
Note that this bound is independent of 7. Hence there exists a positive constant C such that
/
5"l ) = € (32)
by using the boundary condition (1.8).
Now, for contradiction, suppose that there exists a sequence {t,} such that f, — oo and
s'(ty) — o as n — oo for some o > 0. Due to (3.2) we can find ¢ > 0 small enough such
that s'(t) > o/2 forall 1 € [t, — ¢, t, + €] for all n. Then we obtain

[e%e) 00 th+e
o
Soo =so+/s’(t)dt Zso—i—z / Edt:oo,
0 ”=1t,17£
a contradiction. Hence Lemma 3.3 follows. ]

Lemma 3.4 Let (u, v, s) be a solution of (FBP). If soo > s*, then soo = +00.

Proof We divide our discussions into three cases: (i) D < r (i) D > r (ili)) D = r.

Case (i): In this case, we have
« T |D 1
S = — — .
2V r J1—-h

For contradiction, we assume that s, € (s*, +00). Then one can choose [ € (s*, so0) Which
is sufficiently close to s, and € > 0 small enough such that

l>z\/§ \/l—h—e—i(i)2 7l>s* (3.3)
2V r rD \2 ’ '

(S%O) s'(t) <€ Yit>s"'(). (DuetoLemma 3.3) (3.4)
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For such a fixed [, we define w as in (3.1) with ¥ := €/D and

(it v)( r)~—(1+ 5 (li))
i, v)(x,1) := €,8w s0) )

where § > 0 is to be determined.
We shall compare (u, v) with (u, v) over Qr, where

Qr :={(x,1): 0<x <s(t), t > T}forsome T > 1.
To do so, we first prove that there exists 7o > 0 such that
u(x,t) <l+e Vx, 1) €[0,s@)] x [Ty, +00). (3.5)

Let n(¢) be the solution of n, = n(1 — n) with n(0) = |luollco,s0]- By the comparison
principle, u(x,t) < n(t) for all x € [0,s(¢)] and ¢+ > 0. Letting t — +o00 yields that
lim sup,_, , o, u(x, ) < I uniformly for x € [0, s). Hence (3.5) follows.

We next prove that there exist & > 0 and 77 > Tj such that v(0, t) > 0 for all t > T. For
this, recall from (3.3) that

/ nw |D 1
> —\ ———.
2V r J/1—h—e¢
Using Lemma 3.1 one can find ¢ > 0 satisfying
D¢ +rpl(1 —h—€)—¢]=0,0<x <!, ¢'(0) =0and ¢(/) = 0.

By using (3.5) and choosing v > 0 sufficiently small, one can compare v¢ with v to obtain
v >v¢ forall x € [0,]] and ¢ € [T}, oo) for some 77 > Ty large enough. Hence we obtain
that v(0,7) > 0 :=v¢p(0) > O forall t > T7.

We now fix T > max{s’l(l), T1} and choose 0 < § <« 1 such that v(x, T) > Sv(x, T)
for all x € [0, s(T)] and v(0,t) > 6 > Sv(0, ) for all t > T. Also, note that v(s(t),t) =
0 =v(s(t),t) and ity > Uy, + u(l —u — kv). To compare (i, v) with (u, v) over Qr, it
suffices to show that

v, < Dv,, +rv(l —v— hu). 3.6)
Direct calculation yields that

v; — Dv,, —rv(l —v — hu)

__s(s’wx) /_aD(l)z "= srwl(l = h - €) — s
- 2 )" sin) T o

I \2
<5 (@) [e - (%’") ’(r)] W + 8w [réw + Dy () — r(1 —h — €)]
for all (x, 1) € Qr.

Using (3.4) and the fact that w’ < 0 for all x € [0, {], to derive (3.6) it suffices to show
that

réw + DAi(k) —r(1 —h —¢€) <0 in Q7.
Note that (3.3) is equivalent to

Di(k)—r(1—h—¢) <O,
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so (3.6) holds if necessary we choose a smaller . Then the comparison principe yields that
v(x, 1) <v(x,t) for (x,t) € Q7. Moreover, we see from v(s(¢), 1) =0 = v(s(¢), t) that

v (s(1), 1) = v (s(), 1) Vi>T. 3.7

By taking + — +-o0 it follows that
sl
0< —uw'(l) <0,
Soo

a contradiction. Thus we conclude that soo = 00 if 5 > s*.
Case (ii) can be proved by a similar argument as in Case (i), so we omit here. For Case
(iii), we may assume, without loss of generality,

b4 1 b4 1
- < = .
2J1-h 21—k

Then the proof can be done by using the same argument as in Case (i). O

5

Recall that s, = min l%, % - ]

Lemma 3.5 When D # 1, soo & (s*, max [% z ?] }
Proof We argue by contradiction. Since the proof of D < r and D > r are similar, so we
only consider the case for D < r. Hence we assume that s € (sx, 77/2]. Our goal is to show
that v(-, ) converges to some function in C 2([0, s00)) to reach a contradiction. Such idea is
from [9].

Let (u, v, 5) be the solution of (FBP) and u be the solution of

Uy =uyy +u(l—u), 0<x<mw/2, t>0,
iy (0,1) =0, u(w/2,t)=0, >0,

- _Jux,0), if x € [0, so],

(x, 0) = [o, if x € [s0, 7/2].

(3.8)

Then, by Lemma 3.1,
t_l)l:l_loo (-, t)”C([O,r[/Z]) — Qast — +o0. (39)
Comparing (u, 0) with (u, v) yields that
i(x,t) >u(x,t) forallx €[0,s(2)], t>0. (3.10)
On the other hand, let v be the solution of

Uy = Doy +rv(l —v), 0<x <ss, t>0,
vx(0,1) =0, ($00,2) =0, >0,
v(x, 0), if x € [0, so],

v(x,0) = 0, if x € [0, Sool-

Again, by Lemma 3.1, we have

lim [[0(-, 1) — Voo () llc((0,500)) = 0 as t — +00, 3.11)
t—+00
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where vy > 0 satisfies

" -
‘ I)Déi)?g)—i-:r;))zzgoo) vjé_ 0, 0<x <50, 3.12)
Comparing (0, v) with (u, v) implies that
v(x,t) > v(x,t) forallx €[0,s(z)], t>0. (3.13)
Combining (3.11) with (3.13), we obtain
limsupv(x, 1) < voo(x) forx € [0, 550). (3.14)

t—+00

Next, we shall estimate lim inf;_, { o v(x, t). Choose s, € (%\/? , Soo) With s, 1 500 as
n — 400 and fix s; such that s is close enough to s, then {s,} can have the following
property:

w |D 1
Sy > —y/ —————= >0 foralln e N.
2V r /1 — (500 — Sn)
Thus, thanks to Lemma 3.1, for each n there exists a unique v, (x) > 0 satistying

DU;{ +rop[l = (sooc —sn) —vn] =0, 0<x <sy,
0, (0) = vy (sn) = 0.

For each j € N, since v, is bounded in C Zte ([0, s j]) foralln > j, by the Arzela—Ascoli
Theorem and the diagonal process, we obtain that v,, — v in Clzo ([0, 500)) as n — oo (up
to a subsequence), where v satisfies (3.12).

For each n, combing (3.9), one can find 7;, > 0 such that

hu < soo —s, forallx €[0,s(¢)], te€l[T,, ). (3.15)
Let v, (x, t) be the solution of

V) = D@,)xx +rv,[1 = (S0 —8n) —v,], O0<x<s,, >0,
@)x(0,) =0, )(sn, ) =0, t>T,,
v(x, Tp), if x € [0, so],

v,(x,Ty) = 0, if x € [so, sn].

Also, we see from (3.15) that
@) — D@,)xx —rv, (1 — v, — hit)
< @)t — D@,)xx — ry, [l — (Soo — s0) — 0,1 =0,

for all x € [0, s,] and ¢t € [T,, 00). Hence, together with (3.8) and (3.10) we can compare
(u, v,)) with (u, v) over

{(x,0): (x,1) €0, 5,] x [Ty, 00)},

v, — v, in C([0, s,]) as t — +o0. Thus, we obtain that for each n,

which yields v > v, for all (x,1) € [0,s,] x [T,, 00). Again, using Lemma 3.1 yields

liminf v(x, ) > v,(x) for x € [0, s,].
1—> 400
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Taking n — +00 we have

liminf v(x, 1) > veo(x) for x € [0, 500), (3.16)
1——400

where v, satisfies (3.12).
From (3.14) and (3.16) we see that lim;_, 4o V(x, ) = voo(x) for x € [0, soo). Finally,
following the process of Lemma2.2 in [9] we can derive

t—1>i$oo lv(, 1) = v )l c2p0.5eyp) = 05

which implies that vy (s(¢), ) — v,,(Sec) < 0 as t — +o00. Hence we can find 8 > 0
such that s'(z) > B for all large ¢ by using (1.8). But this contradicts Lemma 3.3. Hence we
complete the proof of Lemma 3.5. O

4 Long Time Behavior of Solutions when s, = 0o

In this section, we shall derive (1.14) when so, = o0. Firstly, the persistence for the two
species can be established.

Lemma 4.1 Let (u, v, s) be a solution of (FBP) with soc = +00. Then

(i) limsup, , o u(x,t) < landlimsup, , ,, v(x,t) < luniformly in x € [0, +00),
(i) liminf; o u(x,t) > 1 — k and liminf,, ;oo v(x,t) > 1 — h uniformly in any
compact subset of [0, +00).

Proof Let u be the solution of i; = u(1 — u) with u(0) = |lugllc(o,s,))- Then it fol-

lows that u(x,t) < u(t) for all x € [0,s(¢)], t > 0. Taking t — 400, we obtain that

limsup,_, , , u(x,t) < 1. Similarly, we have lim sup,_, , ., v(x, ) < 1 and so part (i) holds.
We now prove (ii). For any ¢ € (0, 1) such that 1 — k(1 4 ¢) > 0, we fix [ so that

Hee=

[>1 | ——————).51{ -

2 1—k(l—¢)

Since 5o, = 00 and using (i), one can find 7; > O such that s(7;) =/ and v(x, t) < 1 + ¢ for
(x,1) € [0,1] x [T}, 00). Let u! be the solution of

gtzz;x+gl[l —k(1+8)—g’], O<x<I, t>T1,
W, =ul0,0)=0, t>T1,
W, ) =ux,T)), 0<x<I

Comparing ', 1+ &) with (u, v) yields that u > u' for (x,1) € [0,1] x [T}, o0). By
Lemma 3.1, gl (x,1) > ui(x) in C([0,1]) as t — +00, where ufk > 0 satisfies

Wh)r +ul[1 —k(1+&) —ul] =0, 0<x<I,
W), (0) =0, ul()=0.

Thus lim inf,_ o u(x, £) > u}(x) uniformly in [0, /].

On the other hand, ui(x) — 1 — k(1 + &) uniformly in any compact subset of [0, co)
as [ — 400 (cf. Lemma2.2 of Du and Ma [13]), which implies that lim inf,_, y oo u(x, t) >
1 — k(1 + &) uniformly in any compact subset of [0, co). Letting & — 07, it follows that
liminf,, y oo u(x, ) > 1 — k uniformly in any compact subset of [0, c0). By a similar argu-
ment, we can prove that liminf;_, { o v(x, ) > 1 — h uniformly in any compact subset of
[0, 00). This completes the proof of Lemma 4.1. O
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Lemma 4.2 Assume that 0 < h, k < 1.

(i) Consider two sequences {it,}nen and {v, }nen defined as follows:
(r,v) =0, 1=h), (p+1,0,49) = A —ky,, 1 —h(1 —kv,)).

Then ity > ty41 > 0and v, < 1 < 1foralln € N. Moreover,

Unt
_ 11—k 1—-h
(thn,v,) — T8 17k asn — +00.

(ii) Consider two sequences {u,}nen and {V,},en defined as follows:
(up, 00) =0 =k, 1), @ypy, Unt1) =1 = k(1 = hu,), 1 — hu,).

Thenu, <u,,, < 1and vy, > vy41 > 0 foralln € N. Moreover,

_ 1—-k 1—-h
(En,vn)ﬁ m, 1 — Ik asn — +00.

Proof The proof of (i) and (ii) are similar, we only show (i). By induction, it is easy to see that
Uy > ipy1 > 0andv, <v,,; < lforalln € N. Hence uso := limy— 400 4y and veo =
lim, 400 U, are well-defined and are finite. From (100, Voo) = (1 — Voo, 1 — h(1 — kv))
we can see that (1, Vo) = (1 T 1 hk) The proof of Lemma 4.2 is completed. ]

The symbols i, v

U, U,s Un, Uoo and veo defined in Lemma 4.2 will be always used in this
section.

Lemma 4.3 Let (u, v, s) be a solution of (FBP) with soc = +00. Then

Uy < hmmfu(x t) <limsupu(x,t) < iy,
—>+00 t— 400

v, < hmlnf v(x,t) <limsupv(x,t) < vy,
t——+00

uniformly in any compact subset of [0, +00).

Proof We first prove that limsup, , , ., u(x,t) < u uniformly in any compact subset of
[0, 400). For any given ¢ € (0, 13_7}’), by Lemma 4.1, there exists 7T >> 1 such that

v(x,t) > 1 —h—3he =v; —3he >0, (x,1)€[0,2S] x [T, 00)
ux,t) <l+e=u+e, (x,0)€[0,28] x [T, 00),

where S, := 2E,/ bem ,o = %(1 — ni) and b, > 0 is to be determined.

To compare with (u, v) we need to construct a suitable supersolution U(x, 1), V(x,1)).
To do so, let

ag 1= Uy +3hke =1 —k(v; —3he) > 0,
b =u1+e—a,=1+¢—a, > 0.

Then, we define (U(x,1), V(x,1) = (p@) + ¥ (x) + ¢, v, — 3he), where ¢ satisfies
¢ = p(ag; — @) with ¢(T;) = 1 + ¢, and

0, x¢€l0,5]

Vo= be |:x _ 5 — 2 in (m)} . x €[S..25.1.
b4 PAYS
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Note that ¢ | a. ast — 400 and it is easy to see U e C*1(Q7), where
Qr :={(x,1): x €[0,28], t > T¢}.
By direct computation, we have
V,-DV, —rV(1 -V —hU)=—-rhV(1+3e—-U) <0 ifU <1+3e. (41

For (x, 1) € [0, Se] X [T, 00), U(x, 1) = ¢(t) + €. Since ¢ (t) > a, forall r > Ty, it is easy
to see that

U —-U;y — U1 =U—=kV) > e(p@) —a,) >0 for (x,1) € [0, Se] x [Ty, 00).

4.2)
For (x,1) € [Se, 28] x [Te, 00), since Py (x) < fojjsfl for all x € [Sg, 2S¢], we have
Uy —U;x —UA = U —kV) > &® — Yy + (¥ +8)(¢ — ac) 4.3)
bem
2 2 &
> e =Yy 2 ¢ _40152 =0.

&

Because (4.1) holds only for those (x,t) satisfying U < 1+ 3¢, we need to adjust the
region for applying the comparison principle. Let x = L(#), t > T, be the curve so that
U(L(t),t) =1+ 3¢e.Set Qr :={(x,1): s €[0,L()], t > T,}. Then, it is not hard to see

{((x,0): x €[0,8:], 1 >T.} C Qr NQr. 4.4)
On the other hand, we also have the following:

UL®), 1) =1+3e>u(L@t),1), fort>T,,

UQRSe,t) =¢(t) + ¥ (2Se) +e>ag+ b, +6=1+2¢>uS,,1), fort>T,,
V(2Se,t) =v; —3he <v(2S;,t) fort > T,

Uc(0,1) =V, (0,t) =0 fort > T,

U(x, T) >ulx, Ty, Vix, T;) <v(x,Ty) forx €[0,2S,].

Together with (4.1), (4.2) and (4.3), the comparison principle yields that U>uinQrNQr.
In particular, ¢ (t) + & > u in (x, t) € [0, S¢] x [T:, 00) because of (4.4). Thus

limsupu(x,t) <as,+e&=uy+ 3hk+ 1)e, forx €[00, S,].

f—>+00
Taking ¢ — 0 (S — +00), we obtain that limsup, , , ., u(x,?) < up uniformly in any
compact subset of [0, +00).

Next, we can prove that liminf,_, { o u(x,t) > v, uniformly in any compact subset of
[0, 00) by using the argument similar to the proof of Lemma 4.1(ii). Indeed, we replace 1 4-¢
by us + ¢ in the proof of Lemma 4.1(ii), then the result follows.

Using an argument similar to the above we can prove that lim sup,_, , ., v(x, ) < v2 and
liminf,, y oo u(x, t) > u, uniformly in any compact subset of [0, +00). We omit the details
here. Thus, we complete the proof of Lemma 4.3. O

Indeed, we can continue the strategy as in the proof of Lemma 4.3 to obtain the following
Corollary.
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Corollary 2 Let (u, v, s) be a solution of (FBP) with soc = +00. Then for eachn € N,

u, <liminf u(x, t) < limsupu(x,t) < iy,
1—>+00 t—+00

v, <liminfv(x,?) < limsupv(x, ) < v,,
——+00 t——+o00

uniformly in any compact subset of [0, +00).

5 Proofs of the Main Theorems

This section is devoted to the proofs of the main theorems stated in Sect. 1.

At the beginning, we state a comparison principle for the free boundary problem (FBP).
Indeed, we will find some suitable functions wi, wy and o such that we can compare
(w1, wa, o) with (u, v, s), the solution of (FBP). The proof can be modified by the compar-
ison principle for the free boundary problem in a scalar equation (see Lemma3.5 of [11]).
For reader’s convenience, we also give a proof here.

Lemma 5.1 Let (u, v, s) be a solution of (FBP). Also assume that (w1, wa, o) € Ccx(D) x
C>1(D)x C([0, 00)), where D := {(x,1) : 0 < x <o (t), t > 0}, satisfying the following:

wir > wi e +wi(l —wyp)in D, (5.1
wa > Dwy xx +rwa(l —wy) in D, 5.2)
w;x(0,1) <0, wi(o(t),t)=0, t>0, i=1,2, (5.3)
o'(t) > —u(l + pwi (o), 1), t>0, i=12. 5.4

If wi(x,0) > ug(x), wa(x, 0) > vo(x) forall x € [0, so] and o(0) > sq, then o (t) > s(t)
forallt > 0,wy(x,t) > u(x,t) and wy(x,t) > v(x,t) forall x € [0,s(t)], t > 0.

Proof We first consider that o(0) > sg. Then o () > s(¢) for small . We can derive that
o(t) > s(t) for all + > 0. If this is not true, there exists 77 > 0 such that o (T) = s(T),
o(t) > s(t) forallr € (0, T). Thus,

s'(T) > o/(T). (5.5)

SetQr :={(x,1): 0 <x <s5(),t€ 0, T]}Muy(s(T), T) <vye(s(T), T),by(5.1),(5.3)
and wi(x, 0) > ug(x) for x € [0, so], the strong maximal principle implies that w; > u in
Qr.Duetowi(s(T), T) = u(s(T), T), we obtain wy x(s(T), T) < ux(s(T), T). However,
it follows from (5.4) that

=+ p)wi(s(T), T) > —p(l + p)ux(s(T), T)
—1(ux (s(T), T) + pux(s(T), T)) = s'(T),

a contradiction to (5.5). If ux (s(T), T) > vy (s(T), T), similarly, using (5.2), (5.3), (5.4) and
wa(x,0) > vo(x) for x € [0, so], we can reach a contradiction again. Thus we obtain that
o(t) > s(t) forallr > 0.

From this, by comparing (i, v) := (w1, 0) with (&, v), and (u, i) := (0, wy) with (u, v)
over Q7 forany 7' > 0, respectively, we obtain that w (x, ) > u(x, t) and wa(x, t) > v(x,t)
forall x € [0, s(t)],t > O.

For the general case that o (0) > 59, we can construct some suitable function (u¢, ve, S¢)
solving (1.5)~(1.7) and s.(t) = —pu(l — &)(ux(se(t), 1) + pvx(se(r), 1)) for r > 0, with

a'(T)

IV v
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suitable initial data (1,0, ve,0, S¢,0) such that 0 (0) > s, o for each ¢ > 0 and (ug, ve, 52) —
(u, v, s) as ¢ = +0. Then the lemma follows by taking ¢ — +0. O

We are ready to prove our main results.

5.1 Proof of Theorem 2

Choose | € [sco, sx]. Let u be the unique solution for u; = uyy + u(l — u), (x,t) €
(0, 1) x (0, +00) with the boundary condition u (0, ) = u(l, t) = 0 fort > 0 and the initial
data

_ Juo(x) if x € [0, sol,
u(x,0) = ‘0 if x € [so.1].

Also, let v be the unique solution for v, = Dy, +rv(l —v), (x, ) € (0,1) x (0, +00) with
the boundary condition v, (0, #) = v(l, ) = 0 for > 0 and the initial data

_ Jwo(x) if x € [0, so],
v 0) = (0 if x € [s0, /1.
Due to Lemma 3.1,
tllgloo lle (-, Do = ,LHJPOO lv(-, Hllcqo,n = 0. (5.6)

Comparing (#, 0) with (u, v) and (0, v) with (u, v) respectively, over
Qi={(x,1) eR*: 0 <x <s(1), t >0},

we obtain 0 < 4 < u and 0 < v < v in Q. Together with (5.6) we complete the proof of
Theorem 2 (i). Part (ii) follows from Lemmas 3.4 and 4.1. ]

5.2 Proof of Theorem 3

To prove this, it suffices to show that soo = +00if 5o > s4. Indeed, when (D, r, h, k, 1, p) €

A U B, we have
" T w |D
sT el sy, max | =, =/ — .
2 2V r

By Lemma 3.5, we see that soo > s*,if 500 > 4. Thus Theorem 3 follows from Theorem 2
(i1). ]
5.3 Proof of Corollary 1
(i) Since s'(t) > Oforall r > 0,50 > s* if 59 > s*. Then Corollary 1 (i) follows from
Theorem 2.

(ii) Again, using that s'(¢) > 0 for all > 0, we have 5o > 54 if 59 > 5. So Corollary 1
(i1) follows from Theorem 3.
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(iii) To do so, we shall use the argument from Ricci and Tarzia [36] and adopt the following
functions constructed by Du and Lin [11]:

,_ -
o(t):=s0(1+6 26‘ , t>0,
X
o ()
T
V(y) := cos (Ey), 0<y<l,

w(x, ) = Me_"”V( ) 0<x<o(t),

where
1
§ = — |:S—* - 1] >0 (since so < Sx),

2 | so

and o, M > 0 are to be determined. To apply Lemma 5.1, we need to confirm (5.1)—(5.4).
Since so(1 4+ §) < s4, we have

1 . T2 D T2 1
a.:zmm[(z) m—r,(z) (1+8)2s3_11>0. 5.7

It follows from direct computation and (5.7) that

T\2 1
w— wey —w(l —w) >MVe ™ [ (=) ——— —1—a| >0,
= wn—wl—w) = {(2) G }_
T\2 D
wy — Dwyy —rw(l —w) > MVe™@ | (=) ————= —r—a|>0.
(= Dy —rw(l = w) = [(2) o }_

By choosing M := max{|jug|| >, ||v0||Loo}/cos(2”ﬂ),wehave w(x, 0)>max{ug(x), vo(x)}
for all x € [0, so].
When (1.13) holds, we have

8
o'(t) + (1 + pwy (o (1), 1) = Esootefm -a +/0)MM€7°”<771(0%

Ssoore ¥ 50(2 +8) . _ 8
— (1 — 720(0 ) (usmg a(0) =59 (l + E))

_ Ssoae™! (1 B 0(0)) >0,
2 o(t)

the last equality holds because o’ () > 0 for all ¢. Thus we obtain (5.4). By Lemma 5.1,
o(t) > s(t) for all r > 0. Taking t — +o0 and using that so(1 + 8) < sy,

Soo < 0(400) = s50(1 +6) < 4.

Then Corollary 1 (iii) follows from Theorem 2 (i). m]

5.4 Proof of Theorem 4

Letting n — +o00 in Corollary 2 and applying Lemma 4.2, Theorem 4 is proved.
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5.5 Proof of Theorem 5

We shall apply Lemma 5.1 to prove
s(t) <o(t) : =004 cmin -t forallt > 0, (5.9)

where op > 1 is to be determined.
LetU(¢)and V (&), & := x — cmin - t, with U (0) = V(0) = 1/2 be the solution of
minU' +U"+U(Q -U)=0inR, cpinV '+ DV +rV(1 —V)=0inR,
(U, V)(—o0) = (1,1) (U, V)(c0) = (0,0), U <0, V' <0inR.
Such U exists because cimin > 2, V exists because cmin > 2+/r D (c.f. [24]).

We now choose « > 1 such that kU (§) > |lugllr>~ and k V(§) > ||vg|lL> for all & €
[0, so]. Next, fix o9 > sg depending on «, D, r, i, p such that

U(oy) < min |:U(x) - ”0(")], V(6p) < min [V(x) - ”O(x)}, (5.9)
x€[0,s0] K x€[0,s0] K

UGy, Ve =1- -, (5.10)

—k(1 4+ p)pmin{U’(00), V'(60)} < Cmin- (5.11)

Now, set
wi(x, 1) = kU(x = cmint) — kU (00),
wo(x, 1) =k V(X — cmint) — €V (00).

Then, using (5.9) and the monotonicity of U and V, we can see that (5.3) holds, w(x, 0) >
uo(x) and wa(x, 0) > vo(x) for x € [0, so]. Also, direct calculation gives

KU(U()))Z k=1-kU©0 | _,
Kk—1 Kk — 1) -

wi —wi g —wi(l —wy) =« [(K -1 (U -

the last inequality follows from (5.10), which implies (5.1) holds. Similarly, (5.2) also holds.
Note that (5.4) follows from (5.11). Recall also o (0) = o9 > so. Therefore, we can apply
Lemma 5.1 to reach (5.8), and so

. 5() .o()
limsup — < lim —— = cpin.
t—+o0 I t—>+o0
This completes the proof Theorem 5. O

6 Discussion

In this paper, we study a Lotka—Volterra type model with weak competition,i.e.,0 < h, k < 1,
and with a free boundary. The model describes that two species # and v competing with each
other in a one-dimensional habitat. We envision that the species initially occupy the region
[0, s0] and have a tendency to expand their territory together. Then we extend some results
of [11] for one species case to two-species weak competition system.

We obtain several results for this setting. Theorem 2 provides a sufficient condition for
spreading success and spreading failure via soo = lim;_, ;oo 5(¢). When the parameters
(D,h,k,r, u, p) € AU B, we can make sure that soc & (54, s*], where sets A and B are
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defined in (1.11) and (1.12), respectively. Then a spreading—vanishing dichotomy can be
established by using Theorem 2 and the critical length for the habitat can be characterize by
s, in the sense that the two species will spread successfully if the spreading front x = s(t)
can across the threshold s,, while the two species will die out eventually if the spreading
front stays within s, (Theorem 3). However, if (D, h, k,r, 1, p) € AU B, so may fall in
(54, s*], we do not know much about the dynamics of u and v.

In Corollary 1, we provide some conditions on the initial data to distinguish the spreading
and vanishing. If the size of initial habitat is small, and initial populations are small enough,
it causes no population can survive eventually, while they can coexist if the size of habitat is
large enough, regardless of initial population size. This phenomenon suggests that the size
of the initial habitat is important to the survival for the two species. It is well-known that
the effect of habitat size to the survival for species with Dirichlet boundary problem is quite
important (see, for example, [5]).

Finally, Theorem 5 reveals that the asymptotic spreading speed (if exists) cannot be faster
than the minimal speed for the traveling wave solutions corresponding to the model (1.3)-
(1.4). It would be very interesting if one can realize how the asymptotic spreading speed
depends on these parameters. We leave this issue for the future study.
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