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Abstract—This work extends the current results of
centralized H-infinity control in finite frequency do-
main to the subject of decentralized control. Solva-
bility conditions of the problems of decentralized
dynamic and static output feedback for continu-
ous-time linear systems are derived in terms of linear
matrix inequalities (LMIs) in a unified manner. A
numerical example is given that establishes the effi-
cacy of the proposed controller sysnthesis.
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. INTRODUCTION

Over the last three decades we have witnessed the tremen-
dous progress of H-infinity control theory, see e.g., [1,2]
and references therein. Widespread applications have
been found in various engineering disciplines. Neverthe-
less, a naive application of the H-infinity control method
does not necessarily yield to satisfactory performance. In
some cases, frequency-dependent weighting functions are
often introduced into the design procedure for perfor-
mance improvement, for instance the problem of
band-limit noises attenuation. The technique is known as
H-infinity loop shaping. Indeed, the weighting functions
play important role in this sort of designs; however, two
common criticisms associated with the loop shaping
method are that it is difficult (e.g., no general guidelines
exist) to search for an appropriate weighting function, and
the introduced weights increase the controller order. This
motivates the birth of the new control method via the
generalized Kalman-Yakubovich-Popov (GKYP) lemma
[3,4,5], in which no weights are used.

At the early stage of its development [4], the use of the
new method is restricted due to the lack of methods to
solve the general control synthesis problem. It was until
2007, the problem was partially solved by the multiplier
expansion method [5]. The improved method produces
full-order centralized H-infinity controllers. For the sake
of theoretical interest and the potentially profound ap-
plications of decentralized control, it’s the purpose of this
work to extend the results of GKYP control to the subject
of decentralized control. To the knowledge of the authors,
no such results have appeared in the open literature. The
rest of the work is organized as follows: Section 1l covers
the problem statement and preliminaries. Section IlI
presents the main results. A comprehensive numerical
example is given in Section IV. Some of the proofs of the
new results are in Section V. Section V1 is Conclusions.
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I1. PROBLEM STATEMENT AND PRELIMINARIES

Notation: Let R be the set of real numbers, and
R™™ denotes the set of all real pxm matrices. For a matrix
G, G'and G”, denote its transpose and complex conjugate,
respectively. The Hermitian part of a square matrix G is
denoted by He{G}:=G+G". RH.. is the set of real-rational
proper transfer functions with poles in the open left half
complex plane. Let Q be a closed interval in R and X be
a complex-valued function of a single complex variable,
X7(s)=X"(=s); |X],=sup&(X(jw)), Where &(.) de-
notes the largest singular value of the argument. A
transfer function X is called inner if XeRH-and X X =1 ;
X" is called a complementary inner factor (CIF) of X if
[X X*] issquare and is inner. A square function XeRH--
is called strictly positive real (SPR) if He{X(jw)}>0 for
all we R Uoco. Symbol * in a matrix inequality is readily
inferred by symmetry.

Consider an L-channel linear time-invariant system P
described by

L
X=AX+Bw+XB,u,
i=l

L
z=Cxx+Dyw+xD,u,

1)
L
y, =C, X+ D, w+ j§1D22ijuj,|, j=12,...,L
where x(t) e R" is the state, w(t) e R™ is the exogenous
input, z(t)eR™ is the observed output, and u,(t) e R™
and y,(t) e R™ represent the control input and meas-

urement output of channel i,(i=1,2,...,L), respectively.
The matrices A B, B,, C, C,, D,, D,,;,,D,,; , and D

are constant and of appropriate dimensions. To expedite
calculations involving transfer functions, we shall use the
following notation:

22ij

A
P(S) — |:P11(S) P12 (S):| = Cl (2)
Pa(s) Py(s)
C, 22
where
B, =B, "B, ,C2= C2T1"'C2TL TrD12: Dy D |,
(B.,16, (€L ] 0, (0B,

u ..
D, = [D;u"'DleL} 1Dy, = |:D22ij:|l|’ i=12..L
Let m,=31m, and p,=Yr,p, . Throughout this paper
we assume plant P satisfies the following assumptions:
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(i) There is no unstable fixed mode with respect to the

triplet (C,,A B,) (see e.g., [6]).
(i) P;R,(jo)>0 VweRuUwx.

... |A-jol B
(iii) { Cjw DZ} has full column rank for all weR .

1 12

The objective of this work is to determine decentral-
ized control strategies that ensure the resulting
closed-loop system T,, stable and satisfies a given
H-infinity gain level within prescribed restricted fre-
quency range Q=[0,,]. Both dynamic and static con-

trollers are discussed. Specifically, the problems are
stated as follows.

Problem 1: Let y and @, be given positive values.

Consider plant (1), find a decentralized dynamic output
feedback controller K=diag(Ky,...,K.) with

% =A% +By,
{ui =C%+Dy, i=12--L
where %(t) e R, A eR™ B eR"™ C, e R™™, D, e R™*"
with n,'s being specified positive integers satisfying
Y., =n, that stabilizes the plant and ensures [T, [, <7 .

K :

(4)

Problem 2: Let y and @, be given positive values.

Consider plant (1), find a decentralized static output
feedback control law of the form (5)

u =Dy, i=12--L (5)
where D, e R™** | that stabilizes the plant and ensures
Tl <7

With a slight abuse of notation, the transfer function of
the closed-loop system (1) and (4) (or (5)), denoted by Ty,
can be calculated by the following formula:

Tw=P.+ Plz(l - K|322)71K|:)21'
For ease of exposition we also define the notations:

: {dlag(AlAZAL)A eR“‘x“'},
=

5 = {(diag(ému 9
g

By <RV, 8, <R
s DML),diag(IﬁNl, D, |jNL)):}.

D, € RH™™ D, € RH ="

(6)

)
i

T éML)'diag(éNl'éN

5, = {diag ((fl,éz,---,(fL) :C e R"‘Z'X”‘},

. {(diag(lﬁm,lﬁm

DMi e RMai*Mai , DNi e Rmzwxpm

AU )

) (8,5,

5,(RH, )= {(diag('jw’ u

(7)

The following lemmas are given, which are useful for
the later developments.
Lemma 1: Given a positive value y , let H be a transfer
function which has a real-valued state-space realization
(A,B,C,D) and has no poles on the jw axis. Then under the
assumption D'D-»’1 <0, the following statements are
equivalent.
() o(H(jo) <y Voe[0,a ]

(if) There exist real symmetry matrices P and Q satis-
fying Q>0 and
—~AQA+PA+AP+3/Q —-A'QB+PB C’
* —B'QB—,I D' |<0 (8)
* B —1

(iif) There exist real symmetry matrices P, Q and real
matrices G, W satisfying Q>0 and

-Q+G'+G -P-W'+GA -GB 0
* @’Q—He{WAl wB C' 0
* * -yl -D'
* * * _7|

Lemma 2: Let H be a transfer function which has a re-
al-valued state-space realization (A,B,C,D) and has no
poles on the jw axis. Then under the assumption
He{D}>0, the following statements are equivalent.
0] He{H(ja))} >0 Vwel0,a].
(i) There exist real symmetry matrices P and Q satis-
fying Q>0 and
|:—ATQA+ PA+ AP + @’Q —ATTQB + PBT—CT } -0 (10)
* -B'"QB-D" -D
(iii) There exist real symmetry matrices P, Q and real
matrices G, W satisfying Q>0 and

—Q+G"+G -P-W'+GA  -GB
x @?Q—He{wa} C"+ws|<0 (11)
* * —He{D}

Lemma 3: Let H be a transfer function with all poles in
the open left half complex plane and has a real-valued,
stabilizable and detectable state-space realization
(A,B,C,D). Then the following statements are equivalent.
(i) HisSPR.
(if) There exist real symmetric matrix P satisfying P>0
and
{ATPJrPA PB—CTT}O (12)
* -D-D
(iii) There exist real symmetric matrix P and real ma-
trices G, W satisfying P>0 and

G'+G -P-W'+GA -GB
* ~Hejwal cT+ws|<o  (13)
. . “He{D}

Notice that, while the equivalence between conditions (i)
and (ii) of Lemma J (J=1,2,3) is known [1,3,4], the
equivalence with condition (iii) in each lemma is new.

1. MAIN RESULTS

In this section, we present solvability conditions of the
finite frequency decentralized output feedback control
problems as stated in Section II.

A. Frequency Domain Solvability Conditions
The following two lemmas are useful for deriving the
conditions of Theorem 1 and Corollary 1.

Lemma 4 Suppose there exist a positive value « and a
square matrix W satisfying He{w —«1}>0 . Then w™

existsand (W ™) <a™.
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Lemma 5 Under Assumptions (i)-(iii), there exists a right
coprime factorization [R] P,I' =[N; N,]'M, for
[Pl PIT with N,, being inner.

Notice that implicit in Lemma 5 is the requirement that
p,>m,. For the case p, >m,, since N,, is inner, there
existsa CIF of N, suchthat U :=[N,, N3] issquare and
is inner [1]. In this case, we define the notation
[RI Rj]T=UPR,, where R and R, are m,xm, and
(p, —m,)xm, real-rational proper transfer functions, re-
spectively. On the other hand, let R :=N_P,, for the case

p1:m2.

Theorem 1: Assume p,>m, With notations of
N,,, M,,, R, and R, defined above for the case, let  be

given positive value and Q be a closed interval inR .
Suppose that there exist a positive value « and function
M, N,]eS5,(RH,) (resp. constant  matrix

[M, N.]es,), and real-rational proper transfer func-
tion V , satisfying the following conditions:

0 GHSC'RI\/*RZNKPH}(]@)}W VoeQ. (14)
(ii) He{S,(jo)-al}>0 VweQ. (15)
(iiif) He{V(jw)-al}>0 VoeQ. (16)
(iv) s, isSPR. a7

where S,=M,M,, -N,N,,.Then the decentralized dynamic
(resp. static) controller is determined by K=M/N, |,
which stabilizes plant (1) and ensures [T,[, <7

Corollaryl: With notations of
N,,, M,,,and R, defined above for the case, let y be

given positive value and Q be a closed interval inR .
Suppose that there exist a positive value & and function

Assume p,=m, .

M, N,]eS5,(RH,) (resp. constant  matrix
[M, N,]es,), satisfying the following conditions:

() &((SsR+NPy)(j0))<ar VoeQ. (18)
(i) He{S (jo)-al}>0 VeoeQ. (19)
(iii) s, isSPR. (20)

where S,=M,M,, - N.N,,.Then the decentralized dynamic
(resp. static) controller is determined by K=M/!N, ,
which stabilizes plant (1) and ensures |T,||, <7 -

Remark 1. For single band case, the variable a in The-
orem 1 and Corollary 1 can without loss of generality be
assumed to be one because it can be absorbed into
N, M, and V . However, it makes difference for mul-
ti-band problems, in which the solvability conditions can
be relaxed by employing different o’s.

B. State-Space Solutions

To convert the frequency-domain conditions of
Theorem 1 into a state-space form, we proceed by writing
the relevant transfer functions in terms of linear fractional
transformation [1] as follows:

NP,
I, :_{S“Rﬁ K 21}_FI(PH,KH) where

VR,
0 1 0
0 0 I A | By i O
P,=| M,R |0 0|<| 0| 0 iDy,|
P21_N22R1 00 CHZ DHle 0
R, 00
M N ‘0 AKH ‘BKH
K = K K _ 21
H {o 0 V}_)I:CKH D, (1)
AMN O JBM BN 0
T,b 0] 0 A0 0 BT, 0
0 IJ{Cw 0iD, D, 0 0 If
0 C,i0 0 D,
I, =S ,—al =F(R,,K,,) where
—al i A | By 0
P=| M, i0|e —al D, |,
_szio Csz DSZli 0

7 J Tsil 0 AMN
KMN :[MK NK]H|: 0 |:||:CMN 3

1, =V —al =F(R,,K,) where

[T,* A BT, 0
Kv_V<—>_O I}{Cv | V:I[O I}'
Iy, =S,=F (PSA’ KMN) where
0 il
Pa=| My, 0 < I B Rt A
_sz 0 _CsAz SA21 (24)

- 1 ‘B, B, [[T. 0
KMN:[MK NK]“’ T ?A'N”‘ibw”mﬁ'i -
0 I MN; M N 0 I

where Ty, Ts, Ty and Tsa are nonsingular matrices which
play the role of coordinate transformation. With these, the
conditions (iii) of Lemmas 1, 2, and 3 are invoked to
convert the frequency-domain conditions of Theorem 1
into LMI conditions (when the parameter A is specified).

Theorem 2: Assume p,>m,. Let y and @, be given

positive values. Suppose that there exist sca-
lars 2eR,a>0 , real matrices Z,e5,27Z,e5,,

Z3 62"24 65D722 e‘g.ﬁ’zil’zi272i3’zi4’zi2 (I = H'V)7
R,,R;,Z,,Z,(i=H.sv,sa) , real symmetric matrices
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Pll P12 s . . .
P{J : :|,(j—H,S,V), and positive definite matrices

: PJTH P.zz
Q, Q P P .
QJ =|: iu i12 ,(j _ H,S,V) , and PSA _ 3:11 SA12 , Wlth
Q.lz Q.zz PSA12 PSA22

z,,=diag(Z,,2,,),2,,, =diag(Z,,2,,),Z,,, = diag(Z;, Z,,),
z,,=diag(z,,2,,),2,, =diag(z,,%,,), satisfying the fol-
lowing matrix inequalities:

Oun Op, Onis Oy —Z,By, 0
* 0., I, T, Iy 0
ok Oy Ty I,By, Iy o (@9
* * * Ly Ly CI:ZZLADLIZ
* * * * _‘7‘7' _DL21Z:|4DL12
* * * * * —ayl
Oy O5, Oy, O —Z5,Bg,
* ®szz Dy, Dy _Rs Bs1 - ZzDsz1 (26)
* Oy Dy Dy <0
* * * D, D,
* % % % —He{-al +Dy,Z,Dy,}
O Oy By Oyy _Zv13/1
0, Y, Y, _Rvau_zszvn
* RN CYP R ¥ h <0 (27)
* * * ¥, P
# % % % —Hel-al+D,Z,D,,|
where
0,,=-Qu+He{Z,} ©,=-Q,,+R] +I],+3 ,
0,,=—P, X, +Z,A,0,,=-P,-R - 2Z],+Z, A,
0., =-Q,;, +He[R]},0,,, =5Q,, —He{T A},
j=H,SV.
Fp= _Pgu _ELK" RyA +Z,.Coip+ 2y
Fpy=-Rin- ﬁ; +Ry A +Z,.Ch
Ty, =@ Qup, ~ S Ay — AR, = ACL,Z5, —AZ4,,
T, =@/Q,,—He{R,A, +42,,C,,},
Iy =-RyBy1=Z,,Dy,
I, =R,B,, +4Z,,Dy 0,
r,,=C.,Z.,D\,+2Z.D}ps
®,,=-P, -E, +RA +Z,C,, +Z,,
T P ﬁg +RA+Z,Cs,,
@y, =a/Q, ~ T A - AR - 2CG,Z;] —AZ],
@, =@/Qy,, — He{RA + 4Z,Cy, },
Dy = CstZI D5T12 + Z3T D5T1z + i51Bs1v
@, =ClZ/D], + ﬁs B, + 4Z,Dq,,,
Wy = _P\/Tu _251 +RA +2,,C,+ 2,
Wy =Rz - ﬁ\} +RA +2,,C,
WYy =@7Qu, — 2, A — AR] —ACJ,Z7, - AZ),
You=a/Qp— He{ﬁvA/ +’lzzcvz}v
Wy = C\IZZJADJIZ + Z\IaDle +iv1Bv1l
W = CJZZJADJ12 + I3\/ B,y +4Z,,D, -
and
He{zsm} R;\ + 2; + Esm A13 A14 _ZSAlBSAl
* He{RsTA} Ay Ay Azs
* * Ay Ay Ay <0 (28)
* * Ay Ay
* * * * A

where
Ay =Py - igm +Z oA
Agy = _PSTA12 _igm +RuAW+Z,Con, + 2,
Agy = 7He{iSA1ASA}'
1= P — ﬁsTA - /122 + oA
%= _PSAZZ - ﬁsTA + RSAASA + ZZCSAZ'
U= _ESAlASA - AsTAﬁsTA - ;"C;AZZ; - ﬂvle )
Aw =—He{Ryu Ay +4Z,Cqp},
Ags =—ReuBgw — Z, Doy
Ay = CSTAZZZ DSTAlz + ZaT DSTA12 +Z3Bens
Ays =CiuyZy Diy, + ReuBoay + 12, D,
Ags =—He{Dgy,Z, Dy }.
Then there exists a solution to Problem 1. The decen-
tralized dynamic controller is determined by the formula

> > >

K=C(sl-A) B+D (29)
where
'?‘: AMN - BM ADI\_AICMN’ B= BN - BM Dr\_nlDw (30)
C =D, C,y, D=D,/D,
with
-1
o [ L CY
MN ‘ M N Z2, ‘ Z,

For the design of decentralized static output feedback,
Lemmas 1(iii), 2(ii) and (iii), and 3(ii) are invoked to
convert the frequency-domain conditions of Theorem 1
into LMI conditions (when the parameter A is specified).
Theorem 3: Assume p,>m,. Let y and @, be given
positive values. Suppose that there exist scalars
AeR,a>0, real matrices Z,e5,,2,,2,2,72Z,,

%, (=nVv),R,R,Z,,Z,(i=-1v), real symmetric matrices

i

P, P .. .. .
P :{ - ’“},(; -uv),P,, and positive definite matrices
PJlZ PJZZ
Qu Q .
Qj=|:QJTM Quz (l-:H‘V)rQS’PSA’ with ZH1:ZV1’ZH2:[O sz]v
j12 j22
. _ .
z,,=[0 2] .2,,=diag(2,,2,,).2,, =3,,, satisfying

(25), (27) and the following matrix inequalities

{AH ~-AQ.B,, +P.B, -CLZI D, } 0 (@)
*+  -BlQ,B;, - He{-al +D,,Z,D,,,}
where
Ay =—A QA +He{P A} +@7Q,
and

ASTAPSA + PSAASA PSABSAI - CSTAZZI DSTAIZ < 0 (33)

* _He{ DSAIZZADSAzl}
Then there exists a solution to Problem 2. The decen-
tralized static output feedback gain K, is determined by
K, =D,/D, (34)
where [D,, D,]=Z,.

Remark 2. Dual results of Theorems 1, 2, 3, and Corol-
lary 1 can be derived in the same manner for the case
m, > p, by applying the property of norm preserving
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under matrix transpose (e.g., the largest singular value).
The assumptions differ and this extends the results of this
work.

Remark 3. It is straightforward to extend this work to the
other finite frequency ranges and discrete-time cases.

1V. SIMULATION

In this section, a numerical example is given that estab-
lishes the efficacy of the proposed methods.

Example 1: This example is a continuous-time unstable
system adopted from Robert A. Paz (1993) [8]. The plant
data is given as follows.

0 1 4 -4 1 10000 00
3-11 2 1 00000 40
A= 0 1 -1 -1 0[,B=[1 000 0[,B,=/00
2 1 -10 1 00000 00
12 1 -2 -2 10000 02
10000
0000 01000
00100 1000 00100
C,=|0 00 1o0|C= D, = (35)
010 00010
00000
001 00001
00000
00010
12=00001 an:Osxsszz:Osz'

The results of [8] give the centralized and decentralized
dynamic controller with H, performance 1.91211 and
1.9122, respectively. For demonstrating the effectiveness
of the proposed methods, which emphasizes alternatively
on closed-loop system performance in a restricted fre-
quency range, the frequency range under consideration is
given by |w|<1. Let the notations », and y,, represent

the smallest values that were obtained from solving the
synthesis conditions (i.e., Theorem 2 and Theorem 3) and
the analysis condition (Lemma 1(ii)) for the resulting
closed-loop systems, respectively.

Applying the proposed methods (i.e., Theorem 2 and
Theorem 3) with 4 =1 yields the results of the decen-
tralized dynamic and static output feedback controllers as
shown in Table 1. As can be seen, both perform better
than that of [8] in the prescribed frequency range. The
parameters of the decentralized controllers are provided
as follows:

[-8.6925 1.8793 -1.0119 0 0
-39095 -1.0863 -0.7814 0 0
A=|-8.0877 64241 -2.1383 0 0
0 0 0 -19.1633 92.4829
|0 0 0  -9.0561 -33.1936
[-0.0030 0.0069 0 0
-0.0008 0.0025 0 0
B=| 0.0044 -00324 0 0 (36)
0 0  -0.0032 0.0001
| 0 0 00003 -0.0008
é:'368.9782 607.3013 222.1798 0 0 }
| 0 0 0 41247937 -15560.4061
5:_0.0989 -14193 0 0 }
0 0  -0.6549 —1.1659

D

540601 5165782 0 0
0 0  -1.3556 —1.2255 @37

Next, we restrict ourselves to finding a strictly proper
decentralized dynamic controller of the same structure.
This can easily be done by setting b, (i.e, part of z,) to
be null; see (31). In such a case, the direct-through part of
the closed-loop system becomes null. Hence the
achievable performance level measured by Lemma 1(ii)
[3,4] and Lemma 1(iii) (this work), denoted by y,, and
Yeaw » TESPectively, should be the same. Indeed, the nu-

merical result verifies this expectation; both take the
value 1.5719. Besides, y, =2.384 is higher than that in
Table 1. This is reasonable because the design parameter
A and the controller structure are kept the same, and a
smaller class of controllers is considered for the design.

Table 1 Comparative result of the decentralized dynamic
and static controllers

dynamic static
a 0.0039 0.0979
7. 1.776 1.573
w 1.5115 1.3965
order of V 10 15
—1.1534, - 4.6386,
-9.8735,-1.8150, -2.0672x10°
C'°Sed|' loop | _56.1119+27.5413i, 0.0562 +3.2612i
potes -3.1912 + 4.0167i, —3.5594, —1.8844
—0.0982 + 3.0453i,
V. APPENDIX

The proofs of conditions (iii) of Lemmas 1, 2, 3, Corol-
lary 1, and Theorem 3 are omitted due to space limitation.

Proof of Lemma 4

Proof: Consider the following equivalent mathematical
conditions: For any square matrix W and any real value
a we have

W-al[W-al]>0eWWa[W +W]-o’l
SWW Za[(\N —al) +(W —al)}+azl
By the hypothesis, we have W'W > a? | , which in turn
implies that W™ exists and W ) <a™. [

(A1)

Proof of Lemma 5

Proof: By [1, Problem 12.6] Assumption (ii) implies that
there exists a right coprime factorization (rcf)
P,=N,M, with N,, being inner. On the other hand,
Assumption (i) implies that (A,B,) is stabilizable. Thus,
again by [1, Problem 12.6], Assumptions (i),(ii),(iii) im-
ply that there exists a matrix F which realizes the desired
rcf for B,:

(A2)
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where R=D/,D, >0 . By the state-space realization for a

doubly coprime factorization of a transfer function, see
e.g., [1, Theorem 5.6] or [7]. It is readily verified that

MZZ
N, (A3)
N22
and hence
R
N,, DRV eRH, (A4)
N 12
22 DZZR-l/z
are rcf of the transfer function
(A5)

Furthermore, Ny, is inner. []

Proof of Theorem 1

Proof: Under Assumptions (i),(ii),(iii), there exists a right
coprime factorization [P} PLI" =[N, NLI'M, for
[P PL1" with Ny, being inner. Next, we shall first show
that K =M/!N, letting
Scl = MKMZZ - N~KN22 , we have Tw=PB.+ lesc-lll\]KPzr In-
deed, substituting the alluded coprime factorizations of
[P, P,I" and K into T,,, yields

T,=P;+ Plz(l - KF)zz)i1 KRy

assuming and

=P, +N,M, (I —I\7|};1N~KN22M2’21)'1I\7I;1NKP21 (A6)
=P, + Ny (M My, — NN, ) NPy
=P, +N,S; N, P,.
Inspired by [2] and by Lemma 5, since N,, is inner and
p,>m, , there exists a CIF of Nj;, such that
U:=[N,, N,] is square and is inner. Because of the

norm preserving property of inner functions, we have for
any weR

(T, ( ja;)):cr[[F>n+[N12 NHFJ%%DU@J

:0[ u*[aﬁuﬁf'\lkpﬂm(jw)]
L3
A3

VR
where [R] R; ] :=U"P,, and V is a real-rational proper
transfer function. By Lemma 4, conditions (ii),(iii) of
Theorem 1 imply that
5(Si(im)<a™, 5(V (jo))<a™
and hence
&(diag (S, (jo)V *(jo)))<a™ VoeQ

(A7)

Sl

(A8)

(A9)

This together with condition (i) of Theorem 1 imply that
(T, (j@) <y YoeQ . Finally, closed-loop stability

follows from condition (iv) of Theorem 1. This completes
the proof. []

Proof of Theorem 2

Proof: The proof proceeds by converting the conditions
of Theorem 1 into matrix inequalities one by one. First,
we apply Lemma 1(iii) to condition (i) of Theorem 1 with
(AB,C,D)= (Am ) BHCI ’CHcI , DHcI) where

Au[Bu] BA\& 0 B,
DruDChz  DuiCus | Duss + DD Di
which is a realization of F,(P,,K,,), and the instrumental
variables are in the following form:

P — |:Phll Phlz} Q — {thl thZ}
* P ’ * QhZZ ,
AX

h22
G=|: RH XHlZ}’W=|: RH H12:|
XHZl XHZZ MHZI MH22

where 2 is a real scalar to be determined. Define nota-
tions

Glz|i SH YH12j|YW1:{ §H \7H12 i|1TH1:|:SH YH12:|‘
Yia Yuz Nuz Nz I 0 (AL2)

| 0 S, Y. | 0
TH2:|: ]THSZ{SH YHH}!THA,:{ }
Ry X I 0 Ry AXyyp

Then it is easy to verify that T,,G=T,, and T, W =T,,.
Performing congruence transformation diag(T,,,T,,,1,1)
to the resulting matrix inequality yields
TPTo T To +TALTS, TBy O

+ @ T, QT -He{T ATl TuBu  TuCl <0 (A13)

(A10)

(A11)

=
=11

* * —0!]/| _D;cl
* * * —-ayl
where
En= _THlQTHTl + He{THzTHTl}v
S! | S, S.R+AY,,XI
THZTJ1:|: T y T ] THlT}IA:{ . " H+*TH12 H12:|1
RuSu + XuuYuz Ry I Ry
B B
TuBra {R B+ Xoy B, }’T““B“” {ﬁ B, + AX,,B,D }
HBH1 AP P # By T AR 1Bk P
AS] A,
THzAHclTHTs _{ - " )
Ear RuA+X0BwCh,
AS] A,
THAAHCITJS :{ - — )
Eon  RyA +4X,1,BCy,

T 3CLc| —{

with
E"A21 = (RHA-1 + XHlZBKHCHZ)S; + leZA(HYHTIZ’
E'521 = (ﬁH AH + ]"XHHBKHCHz)SrTi + lXHlZA(HY}IlZ'

§H CLZD;H D:UZ +Y7H12C;H D:|12:|l
CLZDlH DLlZ

Without loss of generality we may assume S, and S,
are invertible. Performing the congruence transformation
diag(s;',1,S.;51,1,1) to  (A13) and  assuming
S, =S, Yield
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m, I, M, I, -S:B, 0
* T, I, I, 71_[25 0
* R 1 R SrngHl I, <0(A14)
x0T, Cl.De Dl
* o« % —gyl -D},-Dl, DD,
% * * * * -ayl
where

I, =—Qu, + He{S,},
I, =—Q,, +RL + S Yy X, + S0t
2 =—Qux + He{RL},
M,=-P,,-S."+SA,,
=Pl = ST+ Ry A, + X 1BiChip + XAV
33 :wleH117 He{§Q1A14}1
16 =—Pin —RE =28 Y, X0, +SHA,,
e =P —RT+RyA, + X41,BCriss
w =@ Quy = Si Ay = AR = AC By X o = A8 Yo A Xz
=0 Qup, —He{R, A, + 1X,,,BCyio
,, =—R, By, — X,11,Bus Dot
I,, = R, By, + 41X ,,1,By Dum
I, =C/,Dg, Dy + S¥e1,Cr Dlp-
and

QH 11 QH 12 |._ I Sl;lYH 12 thl Qh12 I I i
* QH 22 B I 0 * QhZZ YJlZS;:L O

PH 11 PH 12 — I Slele Phll F)h12 I I '
* PH 22 - I 0 * Ph22 YJlZSgl 0
Next, applying the following change of variables to
(A14):
Tp= S:* Ty= Snglvsz = XleYrleS;«T’
Z,,= XlepkHYleS;TlZHz =Xy,B
ZH3 = CKHYJ128;T‘ZH4 = DKH ) xH12 = EHZZ;{TIYI;IZ'
which becomes the condition (25) of Theorem 2.

Once the condition (25) is satisfied, we need to show
that there do exist instrumental variables that justify the
corresponding analysis condition (Lemma 1). To this end,
by the change of variables previously defined, we have

-1 -7
P- Phll sz _ I 20 PH 1 PH12 DI (%
* P, | 0 L | 0

Q_|:Qh11 Qh12:|_|:| 2H1YH12:|1{QH11 QH12}|:I z“HlYH12:|-r (A16)
* QhZZ I O * QHZZ I O

XH12 = ZHZZ;TIYD;IZ'

Choose Y,,, to be any nonsingular matrix, we immedi-
ately recover P,Q and X,,,. It follows from the identity
GG =1 thatwecanrecover X,, =Y,,(I-Z,R,),and
Xz =YX, - Now we have recovered G. For re-
covering W,Y,,, is determined by the constraint

|

= 0= 3O = d

(A15)

KH 1

S Yy, =Sy, - The rest part of the recovering proce-

dure is similar to that of G. Finally we can recover
(Ak,Bkr,Ckni Dkn) as follows

Ao By = X'j‘llz 0 ZH12;|:2 Zy, X 0 (Al7)
Cor D 0 1lZwZy, Zy, 0 1
Indeed, this is the particular form as described in (21).
Furthermore,

M, N.|O i}
|: oK 0K V:|_CKH (SI _AKH)lBKH +DKH (A18)
=7, 55 (51 - 2,2 )  Zis + Zuas
With the constraints imposed on Z,, (i=1,2,34) and %,
as mentioned in Theorem 2, we obtain
(M, N, |=z5i(s1-25) " 2,+2, (A19)

After a tedious algebraic manipulation, the controller
formula (29)-(31) does lead to controllers of the pre-
scribed structure. The rest of the conditions of Theorem 2
can be derived in the same manner. This part is omitted
due to space limitation. []

V1. CONCLUSIONS

The main contribution of this work lies on extending the
current results of centralized H-infinity control in finite
frequency domain to the subject of decentralized control.
A unified approach to the finite frequency H-infinity
control problems via decentralized dynamic and static
output feedback for continuous-time linear systems has
been presented. Under some mild assumptions, fre-
guency-domain solvability conditions were derived and
state-space solutions in terms of LMIs were provided.

A comprehensive numerical example has established the
efficacy of the proposed controller design methods and it
numerically confirmed the equivalence between the
proposed analysis condition (i.e., Lemma 1(iii)) and that
of the well-known GKYP lemma (i.e., Lemma 1(ii)) for
the case of strictly proper systems. Extensions to the other
(semi)finite frequency ranges and discrete-time cases can
be easily carried out in the same manner.
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