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在供應商信用交易下零售商的最佳訂購策略 
 

張春桃 

 

中文摘要 

 

在現今變動快速且競爭激烈的社會中，為鼓勵零售商增加購買數量，供應商往往會

提供一些獎勵消費行為的策略，如給予現金折扣或延遲付款的寬限期。此有別於傳統的

存貨模式(EOQ)中，零售商在收到貨品的當時即須支付貨款。本研究首先將建立一數學

模式，探討在廠商給予現金折扣或允許延遲付款的條件下，零售商該如何訂定最佳訂購

策略。其次，深入討論此最佳訂購策略的特性。最後，以例子來驗證說明此最佳訂購策

略及其相關性質。 

 

關鍵詞：存貨；財務；現金折扣; 延遲付款；衰退物品 

 

 

Abstract 
 

In the traditional inventory economic order quantity (or EOQ) model, it was assumed that 
the customer must pay for the items as soon as the items are received. However, in practices, 
the supplier frequently offers a cash discount and/or a permissible delay to the customer 
especially when the economy turns sour. As a result, in this paper, we establish an optimal 
ordering policy for a retailer when the supplier provides not only a cash discount to avoid the 
default risk but also a permissible delay to increase sales. We then characterize the optimal 
solution and provide an easy-to-use algorithm to find the optimal order quantity and 
replenishment time. Finally, several numerical examples are given to illustrate the theoretical 
results and make the sensitivity of parameters on the optimal solution. 

 

Keywords: Inventory; Finance; Cash Discount; Delay Payments; Deteriorating Items 
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1. INTRODUCTION 

In the classical inventory economic order quantity (or EOQ) model, it was tacitly assumed that 
the supplier is paid for the items immediately after the items are received. In reality, a supplier is 
always willing to provide the customer either a cash discount or a permissible delay of payments. 
A cash discount can encourage the customer pays cash on delivery and reduce the default risk. A 
permissible delay in payments is considered a type of price reduction and it can attract new 
customers and increase sales. As a result, the customer has two distinct alternatives (i.e., either a 
cash discount or a permissible delay) to find the optimal order quantity and replenishment time. 
So far, this important and relevant problem has not drawn much attention in the operations 
literature. 

 In recent years, marketing researchers and practitioners have recognized the phenomenon that 
the supplier offers a permissible delay to the customer if the outstanding amount is paid within 
the permitted fixed settlement period. Goyal (1985) derived an EOQ model under the conditions 
of permissible delay in payments. Aggarwal and Jaggi (1995) then extended Goyal’s model to 
allow for deteriorating items. Next, Jamal et al. (1997) further generalized the model to allow for 
shortages. There were several interesting and relevant papers related to trade credits such as 
Davis and Gaither (1985), Arcelus and Srinivasan (1993, 1995, and 2001), Shah (1993), Liao et 
al. (2000), Arcelus et al. (2001), Chang and Dye (2001), Teng (2002) and Chang et al. (2003). 

During the past few years, many researchers have studied inventory models for deteriorating 
items such as volatile liquids, blood banks, medicines, electronic components and fashion goods. 
Ghare and Schrader (1963) were the first proponents for developing a model for an exponentially 
decaying inventory. Next, Covert and Philip (1973) extended Ghare and Schrader’s constant 
deterioration rate to a two-parameter Weibull distribution. Shah and Jaiswal (1977) and Aggarwal 
(1978) presented and re-established an order level inventory model with a constant rate of 
deterioration, respectively. Later, Hariga (1996) generalized the demand pattern to any 
log-concave function. Teng et al. (1999) and Yang et al. (2001) further generalized the demand 
function to include any non-negative, continuous function that fluctuates with time. Recently, 
Goyal and Giri (2001) wrote an excellent survey on the recent trends in modeling the 
deteriorating inventory. 

In this paper, we provide the optimal ordering policy for the customer to obtain its minimum 
cost when the supplier provides not only a cash discount but also a permissible delay to the 
customer. For example, the supplier offers a 2% discount off the price if the payment is made 
within 10 days; otherwise the full price of the merchandise is due within 30 days. This credit term 
is usually denoted as “2/10, net 30” (e.g., see Brigham (1995, p. 741)). We establish an EOQ 
model for deteriorating items under supplier credits, and then study the necessary and sufficient 
conditions for finding the optimal solution to the problem, and provide an easily determined 
condition to find the optimal replenishment interval. 

  The rest of the paper is organized as follows. In Section 2, we describe the assumptions 
and notation used throughout this study. In Section 3, we develop the mathematical model to 
minimize the total relevant cost per year. In Section 4, the necessary and sufficient conditions are 
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derived, an approximately closed-form solution to the optimal replenishment interval is 
developed, and an important theorem is established to determine the optimal replenishment 
interval. Numerical examples are presented in Section 5 to illustrate the results. Finally, we draw 
the conclusions and the future research in Section 6. 

 
2. ASSUMPTIONS AND NOTATION 

The following assumptions are similar to those in Goyal’s (1985) EOQ model.   
(1) The demand for the item is constant with time. 
(2) Shortages are not allowed. 
(3) Replenishment is instantaneous. 
(4) During the time the account is not settled, generated sales revenue is deposited in an interest 

bearing account. At the end of this period (i.e., 1M or 2M ), the customer pays the supplier the 
total amount in the interest bearing account, and then starts paying off the amount owed to the 
supplier whenever the customer has money obtained from sales. 

(5) Time horizon is infinite. 
In addition, the following notation is used throughout this paper. 

 D = the demand rate per year.   
   h = the unit holding cost per year excluding interest charges. 
   p = the selling price per unit. 

 c = the unit purchasing cost, with c < p. 
 Ic = the interest charged per $ in stocks per year by the supplier or a bank. 
 Id = the interest earned per $ per year.  

   S = the ordering cost per order. 
   Q = the order quantity. 
    r = the cash discount rate, 0 < r < 1.  
   θ = the constant deterioration rate, where 0 ≤ θ < 1. 

1M = the period of cash discount. 
  2M = the period of permissible delay in settling account, with 2M  > 1M . 
   T = the replenishment time interval. 

I(t) = the level of inventory at time t, 0 ≤  t ≤  T. 
Z(T) = the total relevant cost per year, 
where the total relevant cost consists of (a) cost of placing orders, (b) cost of purchasing units, 
(c) cost of carrying inventory (excluding interest charges), (d) cash discount earned if the 
payment is made at 1M , (e) interest earned from sales revenue during the permissible period 
[0, 1M ] or [0, 2M ], and (f) cost of interest charges for unsold items after the permissible 
delay 1M or 2M . 
 

3. MATHEMATICAL FORMULATION 
  The level of inventory I(t) gradually decreases mainly to meet demands and partly due to 
deterioration. Hence, the variation of inventory with respect to time can be described by the 
following differential equations: 
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dt

tdI )(  + θ I(t) = – D,    0 ≤  t ≤  T,                     (1) 

with the boundary conditions: I(0) = Q, I(T) = 0. Consequently, the solution of (1) is given by 

                       I(t) = ]1[ )( −−tTeD θ

θ
,     0 ≤  t ≤  T,                    (2) 

and the order quantity is 

                                 Q = I(0) = )1( −TeD θ

θ
.                       (3) 

The total relevant cost per year consists of the following elements. 
(a) Cost of placing orders = S / T.                                                 (4) 

(b) Cost of purchasing units = cQ / T  = )1( −Te
T

cD θ

θ
.                               (5) 

(c) Cost of carrying inventory = h ∫
T

dttI
 

0 
 )( / T = )1(2 −Te

T
hD θ

θ
–

θ
hD .                   (6) 

Regarding cash discount, interests charged and earned (i.e., costs of (d) – (f)), we have four 
possible cases based on the customer’s two choices (i.e., pays at 1M  or 2M ) and the length of T. 
In Case 1, the payment is paid at 1M  to get a cash discount and T ≥  1M . For Case 2, the 
customer pays in full at 1M  to get a cash discount but T <  1M . Similarly, if the payment is 
paid at time 2M  to get the permissible delay and T ≥  2M , then it is Case 3. As to Case 4, the 
customer pays in full at 2M  but T < 2M . Now, we can express the cash discount, the cost of 
interest charges and the interest earned for each of those four cases as shown in Figure 1. 
                             [Insert Figure 1 here] 
Case 1. T  ≥  1M  

Since the payment is paid at time 1M , the customer saves rcQ per cycle due to price discount. 
From (3), we know that the discount savings per year is given by 

                             
T

rcQ = )1( −Te
T

rcD θ

θ
.                             (7) 

Next, during [0, 1M ] period, the customer sells products and deposits the revenue into an 
account that earns Id per dollar per year. Therefore, the interest earned per year is  

                              pId ∫
1 

0 
   

M
dtDt /T = 2

12
M

T
DpId .                      (8) 

Finally, the customer buys I(0) units at time 0, and owes c(1-r)I(0) to the supplier. At time 1M , 
the customer sells (D 1M ) units in total, and has pD 1M  plus interest earned p Id D 2

1M / 2 to pay 
the supplier. From the difference between the total purchase cost  c(1-r)I(0) and the total amount 
of money in the account pD 1M  + p Id D 2

1M / 2, we have the following two cases: pD 1M  + p Id 
D 2

1M / 2 ≥  c(1-r)I(0), and pD 1M  + p Id D 2
1M / 2 < c(1-r)I(0). For simplicity, we will discuss 

only the case in which pD 1M  + p Id D 2
1M / 2 < c(1-r)I(0). The reader can easily obtain the 

similar results for the other case. 
If pD 1M  + p Id D 2

1M / 2 < c(1-r)I(0), then we need to finance L = c(1-r)I(0) – (pD 1M  + p Id 

D 2
1M / 2) (at interest rate cI ) at time 1M , and pay the supplier in full in order to get the cash 
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discount. Thereafter, the customer gradually reduces the amount of financed loan due to constant 
sales and revenue received. By using (3), we obtain the interest payable per year is 

   cI L [L/(pD)]/(2T) = 
2

11 )2/1()1()1(
2 ⎥⎦

⎤
⎢⎣
⎡ +−−

− MIpDMeDrc
pDT
I

d
Tc θ

θ
.             (9) 

From (4) - (8) and (9), we have the total relevant cost per year )(1 TZ as follow: 

)(1 TZ = 
T
S  + )1()]1([

2 −
−+ Te

T
rchD θ

θ
θ –

θ
hD – 2

12
M

T
DpId  

 +
2

11 )2/1()1()1(
2 ⎥⎦

⎤
⎢⎣
⎡ +−−

− MIpDMeDrc
pDT
I

d
Tc θ

θ
.                    (10) 

Case 2. T < 1M  
In this case, the customer sells DT units in total at time T, and has c(1– r)DT to pay the supplier 

in full at time 1M . Consequently, there is no interest payable, while the cash discount is the same 
as that in Case 1. However, the interest earned per year is  

                pId [ ∫
T

dtDt
 

0 
   + DT( 1M – T ) ] / T  =  pId D( 1M – T/2).            (11) 

As a result, the total relevant cost per year )(2 TZ is  

)(2 TZ = 
T
S  + )1()]1([

2 −
−+ Te

T
rchD θ

θ
θ  – 

θ
hD – pId D( 1M –

2
T ).               (12) 

Case 3. T  ≥  2M  
Since the payment is paid at time 2M , there is no cash discount. The interest earned per year is  

                        pId ∫
2 

0 
   

M
dtDt /T = 2

22
M

T
DpId .                        (13) 

For simplicity and generality, we will discuss only the case in which pD 2M  + p Id D 2
2M / 2 < 

cI(0). The reader can easily obtain the similar results for the other case in which pD 2M  + p Id D 
2
2M / 2 ≥  cI(0). By using an analogous as that in Case 1, if 

pD 2M  + p Id D 2
2M / 2 < cI(0), then the interest payable per year is  

                     
2

22 )2/1()1(
2 ⎥⎦

⎤
⎢⎣
⎡ +−− MIpDMecD

pDT
I

d
Tc θ

θ
.                (14) 

Therefore, the total relevant cost per year )(3 TZ is 

)(3 TZ = 
T
S  + )1()(

2 −
+ Te
T
chD θ

θ
θ –

θ
hD + 

2

22 )2/1()1(
2 ⎥⎦

⎤
⎢⎣
⎡ +−− MIpDMecD

pDT
I

d
Tc θ

θ
– 2

22
M

T
DpId .                (15) 

Case 4. T < 2M  
In this case, there is no interest charged. The interest earned per year is  

      pId [ ∫
T

dtDt
 

0 
   + DT ( 2M – T )] / T = pId D ( 2M – T / 2).                      (16) 
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Hence, we get the total relevant cost per year )(4 TZ is  

)(4 TZ = 
T
S  + )1()(

2 −
+ Te
T
chD θ

θ
θ  – 

θ
hD – pId D( 2M –

2
T ).                 (17) 

 
4. THEORETICAL RESULTS 

In reality, the value for the deterioration rateθ  is sufficiently small. Utilizing the fact that  
Teθ  ≈  1+θ T + (θ T) 2 / 2, asθ T is small, we obtain  

)(1 TZ ≈  
T
S  + )

2
()]1([ 22

2

TT
T

rchD θθ
θ

θ
+

−+ –
θ
hD – 2

12
M

T
DpId  

 +
2

11

22

)2/1()
2

()1(
2 ⎥

⎦

⎤
⎢
⎣

⎡
+−+

− MIpMTTrc
pT
DI

d
c θθ

θ
,                    (18) 

    )(2 TZ ≈  
T
S  + )

2
()]1([ 22

2

TT
T

rchD θθ
θ

θ
+

−+ – 
θ
hD – pId D( 1M –

2
T ),               (19) 

)(3 TZ ≈  
T
S  + )

2
()( 22

2

TT
T
chD θθ

θ
θ

+
+ –

θ
hD  

+
2

22

22

)2/1()
2

(
2 ⎥

⎦

⎤
⎢
⎣

⎡
+−+ MIpMTTc

pT
DI

d
c θθ

θ
– 2

22
M

T
DpId ,               (20) 

and 

)(4 TZ ≈  
T
S  + )

2
()( 22

2

TT
T
chD θθ

θ
θ

+
+ – 

θ
hD – pId D( 2M –

2
T ).                  (21) 

The first-order condition for )(1 TZ in (18) to be minimized is d )(1 TZ /dT = 0, which leads to 

S + 
p
DIc

2

2

11

22

)2/1()
2

()1(
⎥
⎦

⎤
⎢
⎣

⎡
+−+

− MIpMTTrc
d

θθ
θ

 

= 
2

)]1([ rchD −+ θ 2T + 2
12

M
DpI d  

+
p
DcIc

⎥
⎦

⎤
⎢
⎣

⎡
+−+

− )2/1()
2

()1(
11

22

MIpMTTrc
d

θθ
θ

TT )1( θ+ .                   (22) 

The optimal value of T for Case 1 (i.e., 1T ) can be determined by (22). 
From pD 1M  + p Id D 2

1M / 2 < c(1-r)I(0), we obtain that 

1T  > ]}1)2/1))(1(/){ln[(/1( 11 ++− MIrcpM dθθ .                    (23) 
The second-order condition  

2
1

2 )(
dT

TZd = 2

1
T

{[h + cθ (1–r)]TD +
p

DIrc c
2)]1([ −

TT 2)1( θ+  

+ 
p

DIrc c)1( −
⎥
⎦

⎤
⎢
⎣

⎡
+−+

− )2/1()
2

()1(
11

22

MIpMTTrc
d

θθ
θ

Tθ } > 0.              (24) 

By using an analogous argument, we can easily obtain the first-order condition for finding the 
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optimal value of T for Case 2 as  

                    2T ≈ ]})1( [{  / 2 d p IrchDS +−+ θ .                       (25) 

The second-order condition as 

                            2
2

2 )(
dT

TZd = 3

2
T

S > 0.                              (26) 

Substituting (25) into inequality 2T < 1M , we know that 

  if and only if  2S < ])1([ dpIrchD +−+ θ 2
1M , then 2T < 1M .                (27) 

For Case 3, we obtain the first-order condition as                                                

S + 
p
DIc

2

2

22

22

)2/1()
2

( ⎥
⎦

⎤
⎢
⎣

⎡
+−+ MIpMTTc

d
θθ

θ
 

= 
2

)( θchD + 2T + 2
22

M
DpI d  

+
p
DcIc

⎥
⎦

⎤
⎢
⎣

⎡
+−+ )2/1()

2
( 22

22

MIpMTTc
d

θθ
θ

TT )1( θ+ .                         (28) 

The optimal value of Case 3 is 3T , which can be determined by (28). 
From pD 2M  + p Id D 2

2M / 2 < cI(0), we obtain that 
                    3T  > ]}1)2/1)(/){ln[(/1( 22 ++ MIcpM dθθ .                 (29) 
The second-order condition as 

2
3

2 )(
dT

TZd
= 2

1
T

{(h + cθ )TD +
p

DIc c
2

TT 2)1( θ+  

+ 
p
DcIc

⎥
⎦

⎤
⎢
⎣

⎡
+−+ )2/1()

2
( 22

22

MIpMTTc
d

θθ
θ

Tθ } > 0.               (30) 

For Case 4, we obtain the first-order condition for finding the optimal value of T as 

                    4T ≈
)(

2

dpIchD
S

++ θ
 .                                (31) 

The second-order condition as 

                          2
4

2 )(
dT

TZd = 3

2
T

S > 0.                                (32) 

Substituting (31) into inequality 4T < 2M , we obtain that 
     if and only if  2S < (h + cθ  +  pId)D 2

2M , then 4T < 2M .          (33) 
 Combining the above four cases, we obtain the following theorem. 

Theorem 1.  
(1) If 2S < [h + cθ (1– r) +  pId]D 2

1M , then T* = 2T .  
(2) If 2S = [h + cθ (1– r) +  pId]D 2

1M , then T* = 1M . 
(3) If [h + cθ (1– r) +  pId]D 2

1M < 2S < (h + cθ  +  pId ) D 2
2M , then we know: 
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(a) If 1T satisfies Equation (22) and )( 44 TZ ≥ )( 11 TZ , then T* = 1T .  
(b) Otherwise, T* = 4T . 

(4) If 2S = (h + cθ  +  pId ) D 2
2M , then T* = 2M . 

(5) If 2S > (h + cθ  +  pId ) D 2
2M  and 3T satisfies Equation (28), then T* = 3T . 

Proof. It immediately follows from (23), (27), (29) and (33). 
 

5. NUMERICAL EXAMPLES 

Example 1. Given D = 1000 units/year, h = $4/unit/year, Ic = 0.09/year, Id = 0.06 /year, c = $30 
per unit, p = $45 per unit, r = 0.02, θ  = 0.03, 1M  = 20 days = 20/365 years, and 2M  = 30 
days = 30/365 years, we obtain  [h + cθ (1– r) +  pId]D 2

1M = 22.7645 and (h + cθ  +  pId ) 
D 2

2M = 51.3417. Consequently, we know from Theorem 1 that (1) if S = 10, then 2S < [h + cθ (1– 
r) +  pId]D 2

1M , and T* = 2T ; (2) if S = 25, then (h + cθ  +  pId ) D 2
2M  > 2S > [h + cθ (1– r) +  

pId]D 2
1M , and T* = 1T  or 4T ; (3) if S = 50, then 2S > (h + cθ  +  pId ) D 2

2M , and T* = 3T . 

The computational results in the sensitivity analysis on S are shown in Table 1. It indicates that a 
higher value of ordering cost S implies higher values of order quantity Q(T*), replenishment 
cycle T* and total relevant cost Z(T*). In addition, the optimal order quantity Q(T*) is larger than 
classical economic Q*  and c / p = Id / Ic.  
 

Table 1. Optimal solutions for different ordering costs 
 Ordering Cost   Replenishment Cycle      EOQ            Total Relevant Cost 
         S             T*             Q(T*)                Z(T*)                
      10        2T  = 0.051360      Q*( 2T ) = 51.3994      2Z ( 2T ) = 29641.543 
      25        1T  = 0.090389      Q*( 1T ) = 90.5116      1Z ( 1T ) = 29853.004 
      50        3T  = 0.127630      Q*( 3T ) = 127.8745     3Z ( 3T ) = 30633.503 

 
6. CONCLUSIONS 

   We develop an EOQ model for a retailer to determine the optimal ordering policy when the 
supplier provides a cash discount and/or a permissible delay in payments. In order to obtain the 
explicit solution of the optimal replenishment cycle, we use Taylor's series approximation. 
Moreover, we also provide a simple way to obtain the optimal replenishment interval by 
examining the explicit conditions in Theorem 1. Furthermore, we establish Theorem 2, which 
compares the optimal economic order quantities with a cash discount and/or a permissible delay 
in payments with the classical economic order quantity under the different conditions. Finally, 
some numerical examples are studied to illustrate the theoretical results.  
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Figure 1. Graphical representation of four inventory systems 


