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Optimal Degradation Design under Determined Cost of Experiment
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Abstract

Degradation test is a useful technique to
provide information about the lifetime of
highly reliable products. We obtain the
degradation measurements over time in such
a test. In general, the degradation data
are modeled by a nonlinear regression model
with random coefficients. If we can obtain
the estimates of parameters under the model,
then the failure time distribution can be es-
timated. However, in order to obtain a pre-
cise estimate of the percentile of failure time
distribution, one needs to design an optimal
degradation test. Therefore, this study pro-
poses an approach to determine the number
of units to test, inspection frequency, and ter-
mination time of a degradation test under a
determined cost of experiment such that the




variance of estimator of percentile of failure
time distribution is minimum. The method
will be applied to an actual example.

Keywords: Degradation experiment;
Nonlinear integer programming; Nonlinear

mixed-effects model; Reliability.

2 Introduction

With today’s high technology, manufacturers
face increasingly intense global competition.
To remain profitable, they are challenged to
design, develop test and produce high relia-
bility products. Thus, some life tests result in
few or no failures in a short life testing time.
In such cases, it is difficult to analyze lifetime
data with traditional reliability studies. This
circumstance applies to a variety of materi-
als and products such as metals, insulations,
semiconductors and electrical devices.

To study this type of reliability data, a re-
cent approach is to obtain degradation mea-
surements of product performance over time.
Product performance is usually measured in
terms of physical properties. We call these
kinds of physical properties, “degradation
mechanisms”. From an engineering point of
view, the common degradation mechanisms
include fatigue, cracks, corrosion and oxida-
tion. Examples are loss of tread on rubber
tires and degradation of the active ingredient
of a drug as a result of chemical reactions with
oxygen and water, and by microbial, etc. To
conduct a degradation test, one has to pre-
specify a threshold level of degradation, ob-
tain measurements of degradation at different
times, and define that failure occurs when the
amount of degradation for a test unit exceeds
this level. Thus, these degradation measure-
ments may provide some useful information

to assess reliability. (e.g., see Nelson 1990,
Chapter 11; Meeker and Escobar 1993).

In the literature, Lu and Meeker (1993)
considered a nonlinear mixed-effect model
and used a two-stage method to obtain es-
timates of the percentile of failure time dis-
tribution. Lu, Park and Yang (1997} pro-
posed a model with random regression coef-
ficients and standard-deviation function for
analyzing linear degradation data from semi-
conductors. Wu and Shao (1999) established
the asymptotic properties of the (weighted)
least squares estimators under the nonlin-
ear mixed-effect model. They used these
properties to obtain point estimates and ap-
proximate confidence intervals for percentiles
of the failure time distribution. Wu and
Tsai (2000) used the optimal fuzzy cluster-
ing method to modify the two-stage method.
Their procedure can robust estimation of the
underlying parameters and failure time dis-
tribution. These studies focus on estimating
the parameters in the degradation model and
the percentile of failure time distribution.

There are some important questions about
how to design a degradation test to provide a
more precise estimate of the percentile of fail-
ure time distribution. Important questions
include how to determine the number of units
that should be tested, the number of inspec-
tions on each unit, and a termination time for
the degradation experiment. BouIanger and
Escobar (1994) presented a method for deter-
mining the selection of stress levels, sample
size at each level and the times at which to
measure the devices. However, their method
is discussed under a pre-determined termina-
tion time. Yu and Tseng (1998) explained
why it is not appropriate to fix the termina-
tion time in advance and proposed an intu-




itively appealing procedure to determine an
appropriate termination time for an acceler-
ated degradation test.

One practical problem arising from design-
ing a degradation test is the budget of exper-
iment. The size of budget always affects the
decisions of number units to test, number of
inspections and termination time and hence,
affects the precision of estimating the failure
time distribution. In this study, we are go-
ing to integrate these factors and the limited
cost of experiment to construct a mathemat-
ical model. Then we will use the method of
nonlinear integer programming to find the op-
timal solution of the total number of units to
test, the times at which to measure the units,
and the termination time of a degradation ex-
periment. Thus, we can set up an optimal
degradation test and then obtain an estimate
of the percentile of failure time distribution
with minimum variance. We will apply the
proposed method to an numerical example.

The rest of the paper is organized as fol-
lows: Section 3 describes a nonlinear mixed-
effect model for degradation data and gives
the estimation procedure. Section 4 proposes
a procedure to determine the number of units
to test, the number of inspections on each
unit and the termination time for a degra-
dation test. Section 5 applies the proposed
procedure to a numerical example. Some con-
clusions are in Sectoin 6.

3 Degradation Model and
Parameter Estimation

In a degradation test, product performance
is obtained as it degrades over time and dif-
ferent product units may have different per-
formance. Thus, a statistical model for a

degradation test consists of (1) a relationship
between degradation measurement and time,
and (2) a distribution that describes an in-
dividual product unit’s characteristics. The
general approach is to model the degradation
of the individual units using the same func-
tional form and the differences between indi-
vidual units using random effects. The model
proposed by Lu and Meeker (1993) is:
= n(ty; &, B;) + €45 (1)
i=1,...,nand j =1,...,m; < s, where 7
is the actual level of degradation of the unit
under study and is a given function nonlinear
in {e, B,); t;; is the time of the jth measure-
ment for the sth unit; y;; represents the level
of degradation actually observed at time {;;;
o denotes the vector of fixed-effect parame-
ters; B3; represents the vector of the sth unit

Yij

random effects; ¢;;’s are i.4.d. measurement
errors with mean 0 and variance o?; s is the
prespecified largest number of measurements
for all units. We assume that {¢;;} and {8;}
are independent.

Suppose that » in (1) is a continuous and
differentiable function for any fixed e and
3. We assume that the degradation is not
reversible. Hence, without lost of general-
ity, we assume that 5(f; a, 8) is a strictly in-
creasing function of ¢. The product perfor-
mance degrades over time and when actual
degradation n reaches a prespecified critical
value 7, failure occurs. Therefore, the fail-
ure time of a product, denoted by T = T'(n,),
is equal to the solution of n(t; e, 8) = n.
Furthermore, we assume that there exist con-
stants m and 7 satisfying mo < 1. < m
such that P[ lim;on(¢; e, 8) < 7] = 1 and
Pl limyoo n{t; &, B) > m] = 1; that is, no
failure occurs before the test starts and the



lifetime of a unit is finite. Under these as-
sumptions, 7(t; ¢, 8) = 7, has a unique and
finite solution for any given o and B.

There is an important relation between the
failure time distribution and the degradation
distribution, which is useful for estimating
percentiles of the failure time distribution.

Lemma 1. Let F,(z|t) be the degradation
distribution of n given time t and Fr(t|z) be
the failure time distribution of T = T(xz)
qwven degradation velue x. Under the previ-
ously described assumptions, Fr(tlz) = 1 —
Fy(z[t).

The percentiles of the failure time distri-
bution are very important characteristics and
elemental in reliability analysis. Let ¢, be the
100pth percentile of the failure time distribu-
tion. One can obtain percentiles of the failure
time distribution using Lemma 1, i.e, ¢, can
be obtained by solving 1 — F,(7.|t) = p in
{. Suppose that the solution is t, = g(n., 8),
where ¢ is a known function and @ is a vec-
tor of unknown parameters. If € is estimated
by @, based on Yi;’s, then £, is estimated by
i, = 9(ne,8,). Thus, it is essential to esti-
mate 0.

Suppose that the distribution of 8 is
7(Bl¢), where 7 is a known function and
¢ is an unknown ¢ x 1 parameter vec-
tor. Let 8 = (a,¢) and At;;0) =
Eﬁ["?(tiﬁa?ﬁ)l- Define y; = (i1, - - » Yim,)'
hi(0) = (h(t;;0),...,h(tim,;0)) and e; =
(€15 .., €im,;)". Then, model (1) can be writ-
ten as the following heteroscedastic nonlinear
model:
=1

y; = hi(0) + e, R

Denote the parameter space by © and the
unknown true parameter by @;. The least

squares estimator of 8y based on data {y,}~,
is a vector 8, € ® minimizing
) ,
Qn(6) = — > (yi — hi(9)) (y; ~ ha(8)).
i=1
Under some regularity conditions, Wu and
Shao (1999) showed the following theorem.

Theorem 1.

(i) 8, —> 8y almost surely as n — co.

(@) D;V*(8:)(6  —  60) —
N(0,Ip.) in distribution,
where D, (8) = AH(B)(Zr,

H;(0)Z:(0)H () A;'(8), Hi(8) =
Oh;(0)/00, A.(0) = L, Hi(0)H(6),
and X;(0) is the covariance matriz of
e;. The (7, k)th entry of ,(0) is

N O N S
O’Uk(e) - { Uq(tij;tik; 6) z'f j :,é k,
where oy(t;;;0) = Varﬁ_[fl(tiﬁa:ﬁa)l
and O',?(tij, tik; 9) = CO’Uﬁ'[n(tij; a:ﬁi)?
n(tix; o B;)].

We now return to the original statistical in-
ference in degradation analysis, i.e., using the
degradation data to make inference for per-
centiles of the failure time distribution. From
Lemma 1, £, is a solution of 1 — Fy(7[t) = p
and is a function of 7, and @ = (a, @), say
tn = g(n., @). Substituting the least squares
estimate 8, for @, we obtain an estimate
t, = g1, 6,). Since tp 1s a function of 6, the
asymptotic normality of £, can be derived by
the Taylor expansion and the asymptotic nor-
mality of 8,. Hence, the asymptotic variance
of £, is

. [09(n.,0)] dg(n., 0)
Var(ty) = [T] D.(9) [T] ’
(2)




The estimate of the asymptotic variance of
t, can be obtained by substituting @, into
equation (2).

4 Optimal
Design

Degradation

To obtain a precise estimate of the percentile
of the failure time distribution, frequently
asked questions include “How many units do I
need to test?”, “How long do I need to run the
degradation test?” or "How many times do I
need to inspect the units in an experiment?”
Simply put, more test units, more test time,
and more number of measurements will gen-
erate more information, which improves the
precision of estimates. However, the limited
cost of experiment does not allow us to do
s0. Thus, the problem of obtaining a precise
estimate of the percentile of failure time dis-
tribution under a limited cost of experiment
is an important issue to the reliability ana-
lyst.

There are a lot of decision variables that
affect the cost of experiment and the preci-
sion of the estimation of the percentile of fail-
ure time distribution. The most important
three decision variables are: (1) the number
of test units, (2) the number of inspections
on each unit, and (3) the termination time
of the degradation experiment. Let n denote
the number of units on test. For each unit, let
¢t be the interval between inspections (or in-
spection frequency) and let & be the number
of inspections. Then the termination time is
(k — 1)t. The cost of experiment consists of
the following three parts.

1. Sample cost. This is the cost of test
units. Let C; be the cost of a test unit.

Then the total sample cost is n * C,.

2. Inspection cost. The inspection cost in-
cludes the cost of using inspection equip-
ment and material. It also depends on
the number of test units and the number
of inspections. Let C,, denote the cost
of one inspection on one test unit. Since
the total number of inspections is n * &,
the total inspection cost is n * k * C,y,.

3. Operation cost. The cost consists of the
salary of operators, utility, and deprecia-
tion of test equipment, etc. It is propor-
tional to the degradation-testing time.
Let ', be the operation cost in the time
interval between two inspections. Then
the total operation cost is (k—1) =t C..

Therefore, the total cost of experiment is:
Cr=nxCi+nsxk+xCp+(k—1)*t*C,.

The objective is to obtain a precise esti-
mate of the percentile of failure time distri-
bution; that is, to minimize the asymptotic
variance of fp. Note that the asymptotic vari-
ance of £, in (2) is a function of ¢, k and n. For
simplicity, we can write G(t, k,n) = Var(t,).
Then, the optimal degradation design prob-
lem consists of finding #, ¥ and n that mini-
mize the asymptotic variance of fp. However,
the selection of ¢, & and n is restricted to the
budget of experiment, say, C,. Hence, the
optimal degradation design problem can be
expressed as follows.

min G(t, k,n)
st. nxCi+nxkxCp,
+ (k-1 *xtxC, <C,,
k,ne N, and k> 2,

where N is the set of positive integers. In or-
der to find the optimal solution for the prob-



lem of nonlinear integer programming, we set
up the following algorithm.

1. Give the values of parameters 8 and o2,
and set the values of C, C,,,, C. and C,.

C

2. Let ny = [m], where [z] is the
greatest integer that is less than or equal
to x.
3. Set n=2.
Cr —nC
4. Let k' = [——-]
o nCi,

5.For all kK € N, 2 < k < k2
. Ch—nCy—nkC,
letth

(k —1)C.
Gtk k,n).

and calculate

_ k" gn — ; k
6. Let F(n)=G(t; ,k",n) _QSI%ISI}ch(tb’
k,n).

7.8etn=n+1 Ifn < mn go to Step 4,
else go to Step 8.
8. Let F(n*)= min F(n)=G(* k", n")

Zgngnb

. k™ 1t
= min G(t; ,k" n).
2<n<ny, (b ’ H )

9. (t*,k*,n*) is the optimal solution.

Remark 1. In Step 1, the values of 8 and
o? are usually unknown. Thus, we can use
prior information or data from a pilot test to
get their estimates by using the estimation
method in Section 3.

5 Numerical Example

The example consists of designing a degrada-
tion test for a metal film resistor. No failures
are expected to occur during an experiment.
But there is some concern about changes over

time in resistance, an important characteris-
tic of the metal film resistor. The resistance
is an increasing function of time. If resistance
increases too far from its original value, the
failure of metal film resistor could occur,

Wu and Shao (1999) reported and analyzed
the results of a previous degradation test. A
total of 200 metal film resistors were tested,
and the resistance of each resistor was mea-
sured at five different times during the exper-
iment. There were no failures, where a failure
was defined as the ratio of resistance at time
t to initial resigstance that is beyond 1.02. Wu
and Shao (1999) used the following model to
describe the degradation over time #; of a re-
sistor ¢
Yij = Bitj +ey, i=1,...,n, j=1,...,m,
where y;; = (observed resistance at time ¢,/
observed resistance at time ¢1) — 1, ¢; is the
measurement time, ¢ is a fixed effect param-
eter, and g is random error with mean 0
and variance ¢2. The random effects fi;’s are
independently distributed as an exponential
distribution with mean A.

Following Section 3, ¢, has an explicit form:

b= (M;gfp))%'

The estimates of A, o and o2 obtained
by Wu and Shao (1999) are A = 0.0021,
& = 0.4626 and 6. = 0.00001, respectively.
We use their results in the design of our new
experiment. Suppose that the values of cost
parameters are as follows: C; = 40 (dol-
lar) C,, = 0.07 (dollar), C. = 50.0 (dol-
lar/thousand hours), and C, = 4000.0 (dol-
lar). By using the algorithm in Section 4, we
can obtain the optimal degradation design as




follows.
" =0.077, ,k*=6, n* =49

That is, the optimal number of test units is
49, the optimal number of inspections is 6,
and the optimal termination time is 0.077 %
1000 = (6 — 1) = 385 hours. In Table 1, we
also list some optimal solutions under differ-
ent values of C,.

Table 1: The optimal solutions of (¢*, £*, n*)
under some values of C,

C, (&, k., n)
2000 (0.077, 6, 49)
3500 (0.149, 5, 86)
5000 (0.139, 3, 124)
8000 (0.384, 3, 198)

6 Conclusion

Determining appropriate number of test
units, number of inspections, and termina-
tion time under limited cost of experiment
is an important decision problem for experi-
menters when conducting a degradation test.
We use the method of nonlinear integer pro-
gramining and propose an algorithm to set up
an optimal degradation design. Under this
optimal degradation design, we obtain an es-
timate of the percentile of failure time dis-
tribution with minimum variance. This ap-
proach is very intuitive, and can be easily ex-
plained to engineers.
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