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Application of Fuzzy Clustering Method in Degradation Models
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Abstract

Sonie life tests are terminated with few or
no failures. In such cases, a recent approach is
ta obtain degradation measurements of prod-
uct performance which may contain some
useful information about product reliability.
Generally degradation paths of products are
modeled by a nonlinear regression model with
random coefficients. If we can obtain the
estimates of parameters under the model,
then the failure time distribution can be os-
timated. In some cases, the patterns of a few
degradation paths are different from those of
most degradation paths in a test. Therefore,
this study develops a weighted method based
on fuzzy clustering procedure to robust cs-
timation of the underlying parameters. The
method will be tested on real data.
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2 Introduction

With today’s high technology, manufacturers
face mcreasingly intense global competition.




To remain profitable, they are challenged to
design, develop test and produce high relia-
bility products. This results in very few or
no failures, so that the traditional approach
of life testing with censoring is no longer ef-
fective in assessing product reliability. Prod-
ucts such as msulations, semiconductors and
electrical devices are the cases.

To study this type of reliability data, a re-
cent approach is to obtain degradation mea-
surements of product performance over time.
To conduct a degradation test. one has to
prespecify a level of degradation, and de-
fine that fatlure occurs when the amount of
degradation for a test unit exceeds this level.
Thus, degradation data provide sample paths
of degradation as a function of time. In most
reliability tests. degradation data have soine
important practical advantages (e.g., sce Nel-
son 1990. Chapter 11; Meeker and Escobar
1993. Mecker and Hamada 1995). In the
literature. Lu and Meecker (1993) considered
a nonlinear mixed-effects model and used a
two-stage method to obtain estimates of the
percentiles of failure time distribution. Tang
and Chang (1995) modeled nondestructive
accelerated degradation data from power sup-
ply units as a collection of stochastic pro-
cesses, Tseng, Hamada and Chiao (1995)
used a simple linear regression with random
coefficients to model the luminosity degrada-
tion, which is a quality characteristic of fiuo-
rescent. They used a fractional factorial de-
sign to improve the reliability of fluorescent
lamps. Lu, Park and Yang (1997) proposed
a model with random regression coefficients
and standard-deviation function for analvz-
ing linear degradation data from semiconduc-
Wu and Shao (1999) established the

asymptotic properties of the least squares es-

tors.
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timators for the degradation measurements
under nonlinear mixed-eflects model.

In a degradation test, performance is ob-
tained as it degrades over time and different
units may have different performances. Thus,
the general approach is to model the degra-
dations of the individual units using the same
functional formn and differences between indi-
vidual units using random effects. The model
is:

yi, = nlijia,B;)+ <y,
r=1,..0n g=1,...,m; (1}

where y;; is the degradation amount of the
tth wnit at time {;;; 1;; is time of the jth
measurement for the /th unit; o is a p x 1
vector of fixed effects which describe popula-
tion characteristics: J3; is an r x 1 vector of
the 7th unit random effects which represent
an individual unit’s characteristic; ¢;; is the
random error. Assume that ¢;; ave 1.1.d. with
mean ( and variance o2, B,'s are indepen-
dently distributed as n(3|@), with a known
function 7 and an unknown ¢ x | parame-
ter vector ¢, and {¢i;} and {B;} ate inde-
pendent. Under degradation model, one has
to get the estimates of o and ¢ in order to
estimate the percentiles of failure time dis-
tribution, One of the estimation methods is
the two-stage method proposed by Lu and
Meeker {1993). However, the estimation re-
sults of two-stage method may be inadequate
in the following two kinds of data in degrada-
tion tests. (1) The patterns of some sample
degradation paths are different from those of
most degradation paths (e.g., see the data of
metal film resistor in Wu and Shao {1999)).
{2) Some failures occur in a test, but the
degradation amounts of these failed units can

not be observed any more.




In this study. we are going to analyze the
above two kinds of degradation data. One
possible approach is to delete the data of
these test units which failed and can not he
observed any more during degradation test.
or which have different patterns of degrada-
tion paths. However, if the number of test
bnits s small, we may lose some information
by deleting data. In order to avoid losing
information, we may treat these special test
units as outliers in some senses, Thus, we can
use the optimal fuzzy clustering method (e.g.
see Gath and Geva 1989; Van Cutsem and
Gath 1993 Wu, Jang and Tsai 1996) to ob-
tain the weights for these units, and then we
can get the weighted estimates of the param-
eters in the degradation model. This proce-
dure may provide more accurate results than
the two-stage method. We will examine the
performance of proposed procedure in real

data problems.

3 The Optimal
Clustering
Method

Fuzzy
Analysis

In a degradation test, the relationship be-
tween degradation measurement and time is
modeled by a known function, and a van-
dom effect term 1s used to describe an indi-
vidual product unit’s characteristic. Hence,
the sample degradation paths are expected to
have the same pattern. However, in some sit-
uations, the patterus of some sample degra-
dation paths are different {rom the patterns
of most sample degradation paths. The metal
filim resistor example in Wu and Shao (1999)
is the case. In that casc only a few sam-

ple paths of test units have different patterns

from the sample paths of the other units. We
may treat these test units as outliers in some
senses. That is, sample degradation paths
with similar pattern can be grouped together.
To avoid undesirable effects of different pat-
terns on computing esttmates of model pa-
rameters, a weighted estimation method is
considered,

Gath and Geva (1989) provided an effi-
cient clustering analysis method to identify
groups among observations. This method is
called the optimal fuzzy clustering analvsis
method. The advantages of this method are
that each observation belongs to one group
with a possibility between 0 and 1, and it pro-
vides a more stable clustering results than the
fuzzy k-means clustering method. Van Cut-
sem and Gath (1993) provided a robust esti-
mation based on the optimal fuzzy clustering
analysis method. The simulation results in
their paper showed that the fuzzy-weighted
estunators are less sensitive to the influence
of outliers. We will use the optimal fuzzy
clustering analysis method to modify the two-
stage estimation method proposed by Lu and

Meeker (1993).
[ ;
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timates of [ 3 ]? t = 1,...,n computed by
i

Under model (1), let ] be the es-

using the first stage in Lu and Meeker (1993).
Assume that 8, i =1,... .n can be grouped
into q clusters, where 1 < g < n. Let Vi he
the kth cluster center and wuy; be the degree
of membership that 8; is in the kth cluster,
k =1,....q. Let n; be the number of ob-
servations in the kth cluster. The steps of
optimal fuzzy clustering analysis method ate

given as follows (Gath and Geva (1989)):

I. Carry  out  unsupervised  tracking




of the initial set of cluster centers,

b

Calculate the ¢ x n weighted matrix U
with entry

s = 1/d%(8:. V)
LY /a8, V]

where (F(é;,vk) is the Euclidean dis-
tance between 8; and V. k= 1,....q.
r=1,....n.

3. Compute the new set of cluster centers

(Vi

. V). where

n 20
VvV, = Lzl i 0,
k= Zrl 2
i=1 Uk
k=1,...,q,and update the entries uz;’s

i U to ay;’s. according to step 2.

4. 1 max; 4 |up — ] < e stop, else go to

step 3. ¢ is a number between 0 and .

For step 1, we need two statistics to do unsu-
pervised fuzzy partition. In order to decide
the initial subgroups and the optimal nwm-
bers of clusters for 8;, i = 1,...,n. Gath and
Geva (1989) proposed the performance mea-
sures — fuzzy hypervolume Fyy and average
partition density Dpa4. The fuzzy hypervol-
ume is defined as

r

q

Fiy = Y \Jdet(Fy),

k=1
where def(:} 1s the determinant of a square
matrix and
, - b T
i uni(0i — Vi )(8: - V)
Z;i::l Ui

The average partition density Is defined as

F, =

where S, = 37 1y; 15 called the sum

{f'igiE\':.-} o
of central members, and x, = {6;/(8; —
Vk)TF,:](é; —~ Vi) < 1} Gath and Geva
(1989} suggested that the optimal number
of clusters in a data set is the number cor-
responding to global minimum in Fyy and
global maximumin Dpy.

When the optimal fuzzy clustering method
1s performed, the degrees of membership in
cach classified cluster can be normalized to
be the fuzzy weights wy,, 1 = 1,...,n, k =
After ob-
taining the fuzzy weights, we can use them

L....,q, such that 377, wy = 1.

to calculate the weighted estimates of model
paraneters o and ¢.

4 Metal Fatigue-crack-
growth Example

In this section, we will discuss the example of
metal fatigue-crack-growth data from Lu and
Meeker (1993).
degradation model is:

The nonlinear mixed-effect,

1
—5 losll - 0.9%8,022;) 4 =45
r=1.....n. 3=

Yij =

where yi; = log( observed crack length at
time £;/0.9}, ¢; 1s the measurement time (in
million cycles) and n = 21 test units. The
random eflects (#,.8,) are from a hivariate
normal distribution with mean vector g and
covariance matrix X.

We apply the proposed method in Sec-
tion 3 to this data set. In this ex-
ample, two clusters are identified. We
can obtain the fuzzy weighted covariance

~

T w8 — w8 -

w20 — p)(8
det{Sen
n'P,?[Su,l]-I-(I)E'T(SmZ):

maftrices S,; =
)t and S, =

wt. Let pwl w2 =




Probap Ity F{l}

Figure 1: The point estimates and 90% con-
fidence itervals for percentiles of the failure
time distribution.

»

W%%ﬁz_] My = i, wiVar(8;),
and M., = Z:‘:l'u:-z,-lf'(w'(éz-). Therefore.
we can estimate X by using M,, — M.
where M, = puwl * S, + pw2 * S, and

My, = pwl * My + pw2 * Mz, The es

timates of the model parameters are:

and

0.60138
—0.08029

—0.08029
0.08701

a

3= | |

Figure 1 shows the point estimate of Fp(?)
and pointwise two-sided 90% hootstrap con-
fidence intervals for Fp(t). The confidence in-

tervals were obtained by using the bootstrap

stimulation with B = 1000 and Ng = 10000.
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