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Abstract

Sales force’s performance contributes to
the profits of a firm. and their abilities af-
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fect their performance. Their abilities vary,
50 are their needs. There. fulfilling salespeo-
ple’s needs without sacrificing a firm’s profits
challenges the decision maker of a firm. In
this plan. we propose a mathematical mode]
which can provide the decision maker to de-
sign an optimal commission scheme in or-
der to satisfv the heterogeneity of salespeo-
ple and maximize the profits of enterprise.
when the distribution of sales force is normal.
Under this optimal commission plan. we dis-
cuss the corresponding behavior of salespeo-
ple and the responses of decision maker when
the distribution of sales force is changed.

Keywords: Heterogeneous Sales torce; Op-
timal Commission Plan: Optimal Control
Theorem: Normal Distribution
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2 Introduction

Designing an ideal compensation scheme is
an important task for an enterprise. because
its design is directly related to its cost and
greatly influences on its profits. Counsider-
ing the profits as top priority of the organi-
zation. the president of the firm has to de-
termine a reasonable and adaptive compen-
sation strategy encouraging all salespeople to
diligently promote the firm’s products. Bear-
ing in mind that sales force is heterogeneous,
the president must take into consideration
the salespeople’s reaction to the plan and sees
to it that the plan motivates them to work
hard. This paper studies how a company
finds an ideal compensation plan to maxi-
wize a firms profits without disappointing its
heterogeneous sales force. Also. it discusses
behaviors of its salespeople when confronting
the chosen compensation and how their be-
haviors change when other external factors
alter(e.g. the average ability or the variance
of salespeople’s abilities in a marketing syvs-
ten).

In the past. scholars like Weinberg(1975).
Srinivasan(1981). Basu, Lal, Srinivasan and
Staelin({1983). Lal(1986). Coughlan and
Sen(1989) tended to consider salespeople’s
abilities as homogeneous in order to simplify
the process of their discussions. In real-
ityv. human abilities varyv. Therefore. it is
reasonable to treat salespeoles’ abilities as
heterogeneous. Lal. R. and Staelin(1986) as
well as Rao. R. C.(1990) have investigated
compensation plan in this light. Supporting
these scholars. we will investigate compen-
sation strategy in terms of a heterogeneous

sales force.

3  Assumptions and No-
tation

We adopt the following assumptions and
notation:

1. n = the potential of a salesperson. 0 <
n < n;.n refers to the greatest poten-
tial of the salespeople.

2. y™ = the actual sales of a salesperson
with potential n. where 0 < ¢\ < n.

3. Y =y /p = the utilization rate of
resources of a salesperson with potential
n. 1t can also be understood as the effort
of a salesperson with potential n.

4. C'(y) = the compensation paid to a sales-
person whose actual sales is 3.
C(y) is an increasing function of y with
C(0) = B. where B > 0. C(y) is a
decision variable and the compensation
scheme.

5. (1)) = the disutility of salespeople
with potential n: it is a function of the
utilization rate of resources. and its unit
of measurement is the same as that of
compensation C.

The disutility function 7 is an increas-
ing function of '™ with I{(0) =0, i.e.,
I' > 0, and the marginal function I’ is
also an increasing function of Y, e,
" > 0.




6. y,(C) = the optimal sales of a salesper-
son with potential n given a firm'’s com-
pensation plan C { and given a disutility
function I).

- Y,{C) = the optimal utilization rate of
resources of a salesperson with potential
n given a firm's compensation plan C.

8. p = the profit margin of per unit sales
volume: it excludes the compensation
paid to the salesperson.

9. m,, = the number of salespeople with po-
tential 1. 0 < n < ny.

10. M = the total number of salespeople.

ny
t.e.. A :] m,dn.
0

1. f, = m, /M = the proportion of sales
potential n. 0 < n < ny.
We assume the distribution of sales po-
tential is a _gormal distribution. 1i.e..
fo = (1/V2ra)exp{—(n — p)?/20%}.
where u. o are parameters. j is the mean
of sales potential n and o2 is the variance
of sales potential n. Thus. ¢ and ¢* in-
dicate the composition of salespersons’
abilities.

4 The
Model

Mathematical

As previously mentioned, a firm'’s profits
relv on its salestorce. Therefore, it should
not neglect its salesperson’s reaction to the
compensation scheme Let us start with the

salesperson’s reaction before we discuss the
model.

Salespersons’ Response

For a salesperson with potential n, he/she
has no chance to participate the decision
making process of the compensation plan
C'(y). He/She can only follow the firm's strat-
egv. In other words. faced with a spe-
cific compensation plan C(y). a salesperson
chooses sales volume y to maximize his/her
net reward ' — 7. This is expressed as the
following model:

max C(y") = I{y"/n)

0<ylni<n

(given C and =n) (4.1)

In the following. we use notations y, and Y,
to represent y,(C) and },(C) respectively.
Then the optimum of (4.1) vields that

aC’ n 1 ¥n i .
dy n'n
1.e..
dC Yo 1 di
-1 ==y == 4.2
dn nnodn’ (4.2)

where C,, = C(y,). Note that equation (4.2)
is an implicit expression of y, = y,(C). It
1s valid that S = {n|y, > 0}. the inverse
imagine of (0. oc) under the function y,, is an
open and connect subset with respect to the
interval [0, n,]. Thereupon there exists a pos-
itive number ng ( 1o depending on C ) such
that S¢ = (ng.n;). Note that y,0 =0, I > 0
and y, which satisfies (4.2) i1s a one to one




function of n. As a result, y, is a strictlv in-
creasing function on the interval (ng. n). i.e.,
yr > 0 and y), > 0 is almost evervwhere in
{ng.ny).

Firm's Compensation Plan

Depending on salespeople’s sales volume. a
company alms to make profits. Therefore.
it must consider the salesperson’s response
to the compensation plan when the decision
maker appraises compensation plans. Us-
ing (4.2). the mathematical model of a firm's
compensation plan can be formulated as fol-
lows:

s

i A /ﬂ:l [y — Clyn)] fadn {(4.4)
st Ch =Ty /n)%y,’l (4.3)
Yy = Wy (4.6)
T Y, = 0and y, > 0
is almost evervwhere (4.7)
Yoo = 0. (1.8)
L

where C,, and y,, are state variables as well as
u, =1, 15 a control variable. As a whole, the
firny pursues maximum total profits achieved
by salespersons of all kinds of potential in the
sales system. Coustraints (4.5), (4.7}, and

(4.8) illustrate the firm emphasizes the re-
action of salespersons to this compensation
scheme. Let (™ be the optimal solution to
the model. then we get y% = 4, (C*). We can
use the optimal control theory to find C* and
n-

5 The Characteristics of
the Optimal Compensa-
tion

Using the optimal control theory. we find
an optimal compensation plan. Now. we will
investigate salespersons’ behaviors respond-
g to the optimal strategy when the mean
or variance of sales potential changes.

Theorem 1 (a) dy,/dn > 0.(b) dY, /dn >
0. {¢) Yyin > kyn, where k is a constant and
larger than 1. (d) dlny,/dlnn > 1.

Theorem 2 (the impact of mean): Given
n.0Y, (u)/0u < 0

Theorem 3 (the influence of wariance):
There exists a real number r. where j — o <
r <. such that (1) 0Y,(0)/0c <0 if n > r
and (2) 0Y,{0)/0c > 0 if n < r.

Corollary

(1) 50% < Pr{n|0%Y,(0)/0c < 0} < 84.13%.
The larger the mean or standard deviation
grows. the nearer the probability approaches
50%.

(2) 15.87% < Pr{n|8Y,(a)/0c > 0} < 50%.
The larger the mean or standard deviation




grows. the nearer the probability approaches
50%.

The proofs of Theorems 1 - 3 and Corollary
can be found in Chen and Chang (1999).

6 Conclusion

Based on section 3. we obtain several char-
acteristics of the optimal compensation plan.
We describe these features respectivelv as
follows:

A. The behaviors of salespersons when
they confront the optimal compensa-
tion

1. The more potential the salespersons
posses. the more sales volume they would
be willing to achieve. (c.f Theorem

1.{a))

2. The salesperson’s utilization rate in-
creases in proportion to their potential.

{c.f. Theorem 1.(b))

3. The sales volume of a salesperson with
potential An is larger than the total sales
of & salespersons whose individual poten-
tial is equally n. on condition that a con-
stant A 1s larger than 1. (c.f Theorem

1.(¢})

1. For the kind of salespeople with n po-
tential, the percentage change in sales
dIn y, is larger than that in sales poten-
tial dinn. (c.f. Theorem 1.(d})

Consequently. for the actual sales system,
theorem 1 has the following feature: if the

salestnen’s performance does not conform
to the previous situation. then the firm’s
compensation plan may not be optimal and
needs to be revised.

B. The salespeople’s decisions re-
sponding to the optimal compensa-
tion scheme when the external circum-
stances {mean and variance) change

1. The enlargement of average salespersons’
abilities reduces a salesperson’s utiliza-
tion rate. {c.f. Theorem 2)

2. For the top 50% — 84.13%. of salespeo-
ple of the ability structure. their uti-
lization rates decline: in contrast, the
lower 15.87% — 50% of the salespeople of
the ability structure enlarge their utiliza-
tion rates when the dispersion of sales-
force distribution grows. In addition.
the larger the mean or standard devi-
ation grows. the nearer the probability
approaches 50%. (c.f. the Corollary of
Theorem 3)

The average abilities u and the dispersion
of abilities ¢ are external variables for a de-
cision maker. So. the optimal compensation
scheme changes as the two environmental fac-
tors alter. Thus, the optimal compensation
schenie must be adjusted according to the re-
actions of salespeople.
pensation plan after adjustment is still op-
timal. then it can motivate salespersons to
behave the following wayvs: (1). The higher
the average abilitv p is. the more effort the
salespeople would possibly spend. (2). The
top 50% — 84.13% of the salespeople of the

Namely. if the com-




ability structure relax their efforts, while the
bottom 15.87% — 50% of them work harder
when the dispersion of salespersons’ abtlities
raises.

These results are based on the following as-
sumptions, Our study has investigated one
single homogeneous product when salesper-
sons can not determine the price and when
the salesforce distribution 1s a normal dis-
tribution. Without these assumptions these
consequences might not be true. Certainly,
relaxing sone assunptions is a worthwhile di-
rection for future research.
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