HAALTN

IWERI
CECACESE 23-F- & 8 10T TP it

********************************************************

* 1t Measure Chain PG MArFRA 2B LI HANL *

* Positive Solutions in an Annulus for Nonlinear *
* Differential Equations on a Measure Chain *
* *

*****************************************************
SRS (V] ERiatEl (O %Al
&4 5% - NSC89-2115-M-032-004
HATHIM 88 £ 8 H1REBI%T A3 E
AR I ERHA S
B BT KA
Bt eshE: BEE
AR EHA

AR E BB H A
THEEHAC

RN ERE B TH I RRREF D MG SR —
 RE-RPEBHE -

ERF R ?Iﬁﬁp%{r?l‘#%ﬁ%%’?‘
(hiTv) [—HABTHMR@ L
)i 444 7T #f sh iR 4t 4 4

(s %0 » REFRIEH RBFR)

MATEAL . L KB L4
PHEE 89 £12814 8



W %

A EE AU —18 measure chain _E &7 — 544 5 TA AR
W™ @)+ fE) =0, 1[0,
EY RS yon
| ay(O)- By ) =0 yya(()+5y* (o) =0,
EREVHER  MBTHRIAMRZETRMEEL - Bd f 5— BT
%5
(i)f, = and f, =o, or (if)f, =0 and f, =, where,

%R

X—)0+ r—»w X

FikARA M ER Logsn £ 8 218 (kransnosel’skii’s £ IEF L) 1230

18 A% -

Eﬁf}é ) My A AR - HaE - i3 A R E8 ~ measure chain o



o

N

—

TAMKANG JOURNAL OF MATHEMATICS
Volunte 30, Number 3, Autumn 1999

POSITIVE SOLUTIONS IN AN ANNULUS FOR NONLINEAR
DIFFERENTIAL EQUATIONS ON A MEASURE CiinIN

CHUAN JEN CHYAN. JOHNNY HENDERSON AND HUI CHUN LO

Abstract. We study the existence of positive solutions of the second order differential equation
in an annulus ont a measure chain, t22(t) + flu{e(¢))) =0, ¢ € [0. 1}, satisfying the boundary
conditions, ay(0)—Hgy=(0) = 0and yylo(1))+8y>(a(1)}) = 0, where f is a pusitive function and
f{z) is sublinear (respectively superlinear) at x = 0 and is superlinear (respectively sublinear)
at £ = oo. The methods invelve applications of a fixed point theorem for operators on a cone in

a Banach space.

1. Introduction

In this paper, we study the existence of positive solutions of a certain second order
differential equation in an annulus on a measure chain. Much recent attention has been
given to differential equations on measure chains, and we refer the reader to [4], [9] and
[15] for some historical works as well as to the more recent papers [1), [1}, [2], [5), 16),
[10], {11} and the book {19} for excellent references on these types of equations. Before
introducing the problems of interest for this paper, we present some definitions and
notation which are common to the recent literature. Qur sources for this background
material are the two papers by Erbe and Peterson [10], [11]. '

Definitions 1.1. Let T be a closed subset of R, and let T have the subspace topology
inherited from the Euclidean topology on R. For t < supT and r > inf T, define the
forward jump operator, o, and the backward jump operator, p, respectively, by

gty =inf{reT |r >t} €T,
pliry=sup{reT |t <r}eT,
forall t,r € T. If o(t) > ¢, ¢t is said to be right scattered, and if p(r) <7, ris said to be

‘left scattered. If o(t) = ¢, t is said to be right dense, and if p(r) = =, r is said to be left
dense.
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Definitions 1.2. For 2 : T — R and t € T (if t = supT, assume ¢ is not left
scattered), define the delta derivative of z(t), z2(t}, to be the number {when it exists),
with the property that, for any € > 0, there is a neighborhood, U, of ¢ such that

|[z(cr(t)) - z(s)] — 22 (t)[o(t) — s]’ < elo(t) - 3|,

for all s € U. The second delta derivative of z(t) is defined by z28(t) = (z2}2(2).
If FA(t) = h(t), then define the integral by

/t h(s)As = F(t) — Fla).

Throughout this paper, we assume T is a closed subset of R with 0,1 ¢ T

Definition 1.3. Define the closed interval, [0,1], in T by
0,1]={teT|0<t <1}
Other closed, open, and half-open intervals in T are similarly defined.

In this paper, we consider the existence of positive solutions of the differential equation
on a measure chain,

S utt () + flulo(n)) =0, teln1], (1)
satisfying
ay(0) ~ By™(0) =0 y(o(1)) + y*(a(1)) =0, (2)

where f : Rt = R is continuous and d = v8 + ad + ay(a(1)) > 0.

We remark that by a solution, u, of (1), (2) , we mean u : [0,0%(1)] = R, u satisfies
(1) on [0,1], and w« satisfies the boundary conditions (2).

This paper constitutes an extension of the recent work by Erbe and Peterson [11] in
which they obtained positive solutions of both (1), (2) for the cases when either f{z)
is superlinear (at £ = 0 and = = oo0), or f(z) is sublinear (at © = 0 and ¢ = oo}
The solutions obtained in [11] were found to beleng to the intersection of a cone with
an annular type region. In a more recent paper, Erbe and Peterson [12] applied index
theory in a coune to abtain multiple positive solutions of {1}, {2). Our goal is to extend
to differential equations on measure chains the works of Erbe, Hu, and Wang [13], Erbe
and Tang (14], and Kaufmann [17], to obtain two positive solutions of (1), (2), when f
is superlinear at one endpoint (zero or infinity) and sublinear at the other (respectively,
infinity or zero); that is when either (i)fy = 0o and foo = 00, or (#8)fo = 0 and foo = 0,

where,
' it . fla)
= lim —= d feo=1 —
fO =0+ T an foo z—}r-lr-loo T
We will make our assumptions on f more precise in Section 3. The results herein are

also related to those by Atici [3] and Eloe and Henderson [8)].
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A Krasnosel'skii fixed point theorem [20] is applied to yield positive solutions of (1),
(2) in our arguments. These methods have been used successfully, in the cases when (1)
is either an ordinary differential equation or a finite difference equation; see [17], [18],
[22].

In Section 2, we present some properties of a Green’s function associated with (1),
{2) that are used in defining a positive operator. We also state the Krasnosel’skii fixed
point theorem. In Section 3, we give an appropriate Banach space and construct a cone
on which we apply the fixed point theorem yielding twin positive solutions of (1), (2).

2. Some Preliminaries

In this section, we state the above mentioned Krasnosel’skii fixed point theorem. We
will apply this fixed point theorem in the next section to a completely continuous integral
operator whose kernel, G(t, s), is the Green’s function for

B8 =0, )
ay(0) = By*(0) =0 ~y(a(1)) + 8y (o(1)) = C. (4)
Frbe and Peterson [11] have found
_ et + BHAlo(1) —o(s)) + 8}, ¢ < s,
Glt.s) = { Hao(s) + B} r(a(1) ~ ) + 6}, o(s) < 1, (%)
where
d =984 ab + ay{e(l)) > 0,
from which ‘
Git,s) >0, (¢5) € (0,0(1)) x (0,1), (6)
Glt,s) | 22555, i<, )
Glo(shs) — | metiits, o(s) < t.

This implies :

G(t,s) < G(o(s),s) for te]0,o(1)], s€]0,1],

and it is also shown in [11] that

30(1)
4

G(t,s) > kGlo(s),s), t€ {"Tl),

1 sei0,1], (8)

. aa{l}+48 a(l)4-48
where k = mlfl{4aa[1)+4gn 4?(5—?%_,(0)]4_?5}. . .
We will apply the following fixed point theorem which can be found in the book by

Krasnosel'skii {20] as well as in the book by Deimling {7).

Theorem 2.1, Let B be ¢ Banach space, and let P C B be o cone in B. Assume
Q1, £y are open subsets of B with 0 € ), C {1, C 2, and let '

TPn{ﬁg\Ql)—")P

be a completely continuous operator such that either,
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() 7wl < Jull, w € PN oy, and [Tull > [Jull, u € PO 0Ry, or
() [|Tull = llull, v € PNOQy, and ||Tull < ||ull, u € PNa,.

Then T has a fized point in Py (02, \ Q).

3. Solutions of (1.1}, {1.2) in a Cone

In this section, we apply Theorem 2.1 to the eigenvalue problem {1}, (2). Throughout
this section, we assume o(1) is right dense so that G(¢,s) > 0, for ¢t € [0,0%(1)], s €
[0,e(1)]- :

Assume also throughout this section that [0,(1)] is such that

{:min{tETIt?g%}, and

w:ma.x{teT|zg§"T“l}

both exist and satisfy,

and if o{w) = 1, also assume a{w) < o(1). Next, let + € [£,w] be defined by

/ G(1,8)As = max G(t,s)As. (9)
£ tE[E,w] £
Finally, we define

(= min 25 (10)

scl0,0(1)] Glo(s),s)’

and set
m = min{k, {}. (11)
We note that u(¢) is a solution of (1), (2), if and ontly if,
ai{l} 2
u(t) = G(t, 8)flulo(s))) s, tef0,0%(1)]
Q

For our constructions, let B = {z : [0,6%(1)] = R | = is bounded}, with norm ||z|| =
sup{|z(¢)| : t € [0,0%(1)]}. Then, define the cone P C B

P={z€B|z(t) >0o0n{0,¢%1)], and 2(t) > m||z{|, for t € [¢,a(w)]}.

Theorem 3.1. Assume that f satisfies the folfowz'ng conditions:

{A) fo =00 and feo = cc.
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(B) There ezists a p > 0 such that, if 0 < x < p, then,

flz} <np

where, )
1= (/0 G(a(s),s)As)_l

Then there exist at least two solutions uy,uas of (1), {2) which belong to P, such that
0 < il < p < lugl.

Proof, Define an integral operator T': P — B by

Tult) = o Glt,s) flulo(s))As, ue P (12)
0

We seek a fixed point of T which belongs to P, and so we first claim T': P — P. We
choose © € P. Then from (7),

a(l)
Tu(t) = ? G(t,5) f(ula(s))}As
o

a(l)
< f Glols), s) Flulo(s))As,
0
and so

o(1)
1Tul| < f Glo(s), s) flulo(s))As. (13)
So, from (8) and (13), for u € P,

a(1)
min, Tult) = min [ G(t, 5)f(u(o(s))) As

a(l)
> f KG(a(s), s)f(ulo(s)))As
Q

2 k[Tl
2 m[Tu|],

and from (10)

o(1)

Tu(o(w)) = | Glow), s)flulals)))as

o(l}
> [ 0G(o(s), s) flulo(s))) As
3]

a(l)

zm Glo(s), s}/ (ulo(s)))As
0

z m||Tul|.
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Thus Tu € P, and we conclude T": P -+ P. The standard arguments show T is completely

continuous.

From fy = oo thereis an p > r > 0 such that f(u} > Mu,for 0 <u <,

" where the constant M > 0 satisfies
Mmf G(r,s)As > 1.
: 13

Let
M ={zeB||=ll<r}

and then choose u € P with |ju|| = . Then

(1)
Tulr) = fo G(r,5)f(u(o(s))As
> [ G(r,5) f(u(o(s))As
£
> M G, s)u A
_.[E (r,)u(o(s)) A

>Mm -/: G(r, s)As||ul]
2 [ull.
Thus, |[Tuf| > ||u|, and in particular,
Tul] > l{u“l- for v e PNOMNYL.

Now consider u € P with {jull = p. From condition (B),

(1}

Tu(t) = A G(t, ) flu(o(s)))As

o(1)

<, Gla(s), shf(ula(s)))ds

o(l)
< Glo(s),s)Aspy

0
= JJul.
If we define £2; = {u € B : |[u|| < p}, then

ITuft < |lull, =€ Pno,.

(14)

(15)

(16)

Theorem 2.1, together with (15) and (16), implies that there exists a fixed point, u,

satisfying r < ||ui|| < p.
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Next, using condition (A) again, we know there exists an H, > 0 such that

flu) > eu, (17)-

for all u > H,, where we choose ¢ > 0 such that,
Em/ G(r,s)As > 1. (18)
13

Let H = maa:{Qp,%l} and pick u € P with |lu[| = H. Since u(t) > wmijul| > H; on
t € ¢, o{w)], we have

af
Tu(r) = " G(7, ) f(ulo(s)))As
0

£

25/ G(r, s)ulo(s))As
13

> e L 5)A
>em /€ (r, ) Asull
2> ful.
Set 13 = {u € B : [lu|f < H}. Then
I Tull 2 flull, «e PnNoQs. (19)

Theorem 2.1, together with (16) and (19), implies that there exists a fixed point, uz, of
T such that p < |lus}] < H and the proof is complete.

We now consider the case fo=0 and f, =0

Theorem 3.2. Assume that f satisfies the following conditions:
(A’) f{] =0 and foo = 0.

" (B') There exists a ¢ > 0 such that, if mg <z < q, then,

flz)> g

A= (j: G(T,s)As)_l.

Then there exist at least two solutions uy,uy of (1), (2) which belong to P, such that

where,

0 < flll < g < flusl.

Proof. From fy = 0 there is an 0 < r < g such that fluy<nufor0<u<r

where the constant
a{l)

n= ( ; G(O’(S),S)AS)—I.
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Let
9 ={zeB|| < r}.
Then

o(1)

Tu(t) = G(t, s}f(u(o(s))A
]
(1)
< [ Glo(s), shmulo(s))As
1]
o(l)
<n fn G(o(s), s)As]lu]
<Jull.
If we, define ) = {u € B : Jju|] < r}, then
ITull < llull, e PNoQ. (20)

Now consider 4 € P with [|u|| = g. Then, from (B'),

e(1)

Tu(r) = ; G(r,8)f(u(o{s)))As
> /'WG(r,s)f(u(a(s)))As
£

2 A/:G{T, 5)Asg
2 [ful).
Thus, [|Tufl > {lul}, and in particular, if we define 2, = {u € B : {ju|| < g}, then
HTul} > jlull, for u € PN A0y, (21)

Theorem 2.1, together with {20) and (21), implies that there exists a fixed point, uy,

satisfying 7 < ||ut]| < g. Returning to condition (A’), we know that for any € > 0, there
exists an M > 0 such that,

Jlu)<Mteu for vu>0,0<t<].

And so,

(1)
Tu(t) 5/0 G(t, s)[M + eulo(s)))As

a(l)

<M Glo(s),s)As +£/ Gla(s), s)u(e{s))As.
1]
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We choose € > 0 sufficiently small and L > %— sufficiently large, so that for w € PN 80,
ITul| < L = |full, (22)

where
Nz = {z € B:|ull <L}

We obtain the desired result 0 < ffu,|] < ¢ < [luzl| by appealing to (20}, (21), (22)
and Theorem 2.1. This completes the proof.

P |
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