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sumple group of order 660.
consider a special representation and
Zive explicit generator for its ring of
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Abstract

In this study, we consider the
‘epresentation of PSLy(Fy) over complex
aumbers and its ring of invariants. In
particular, the group PSLy(Fy)) is a
We shall

nvariants.
Neywords: ring of invariants, Molien
series
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For arepresentation p: G — GL(n. F

1 a finite group G over the field F, we

~ave an induced action on the algebra

V] of polynomial functions on V =

e
.~" <=

Ifp: G — GL(nF)is a faithful
cpresentation, we denote by F[V]C =

VI plo)f = fYf € G} the

Jing of invariants of G. If G is a finite
~roup, Hilbert proved in 1890 [H], the
.ain theorem of invariant theory that

s ring of invariants is finitely gener-
Noether [N] later produced an
wplicit set of basic invariants. Besides

aed.
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the finite generation problem. it is al-
ways interesting to determine the num-
ber of invariants needed to generate the
ring of nvariants as well as their ex-
plicit forms. It 1s also known that the
ring V]9 is Cohen-Macaulay if the or-
der of G s relatively prime to the char-
acteristic of ¥ (i. e. in the non-modular
"1%0) [HE]. [S1] or if dimension of 17is 1.
2 or 3 over I [S1. S3]. Also in the non-
modular case. Chevalley-Shepard-Todd
theorem tells us that the ring of invari-
ants is a polynomial ring if and onlv
if G is generated by pseudo-reflections
{Ch}, [ST]. In fact, a systematic method
exists for producing a set of generators
which is in some sense minial.

Although theoretically the ring of in-
variants for finite groups is finitely een-
erated and algorithms exist for finding
the primary and secondary invariants.
to find the generators for a
given specific finite group. Denote by
SLy(F,) the group of all 2 x 2 matri-
ces of determinnt with entries in the
ficld F,, where p is a prime. The cen-
ter of SLy([F,) has order 2 and the quo-
tient of SLy(F,) by its center is denoted
by PSLy(¥,). For example. the group
PSLy(F,) is isomorphic to the symetric
group Sz. It has a two dimesional ir-
reducible complex representation. The
group PSLo(F ;) is a simiple group of
order 660 and is the only simple group
of that order.
ducible complex representations of de-

N ol
gree b

It 1s a task

It has precisely two irre-

and theyv are equivalent under



an outer automorphism. Therefore the
sings of invariants for these two repre-
sentations are the same [Al, A2]. We
consider in this project, the ring of in-
variants for irreducible representations

of PSLy(F,).
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We shall first look at the dimension 5
representation of this group and study
s ring of invariants.

Let ¢ be a primitive 11-th root of
nityv. Let Vobe a vector space of di-
ciension b over By Let g be a genera-
tor of the cyclic group F; Consider the
‘ransformation defined by

Alye) =y
B(ys) = Yig 4|

B A YA f
it - o A2k =2k,
_ \!//.) (_}))1/2 [E_l < » > (g C )I//

Heve [t] istif t =1,...5, =t if t =
kl
G....10 and <~—> denote the Legendre

p
svmbol. Note that A? = B = 0% = I

Theorem. There is one and only once
irreducible representation p of PS Lo(Fiy)
into GL(V') such that

(1)) -+
p<<g ;%>>‘:B
(4 a)) =€

Molien series is very useful in the
study of ring of invariants. For a rep-
resentation p of a group G on a com-
vlex vector space V' oof dimension 7, the
Molien series of the representation p is
oiven by

o
. - NG ke
Z dim Sym* (V)< ¢t
k=1
Here Sym* (V)¢ denote homogencous
polynomials of degree k.

It can be shown that the Molien se-
ries can be written as
1 Z 1
o(G) e det(I — p(g)t)

Hence it is a rational function. In
fact it can be written as quotient of two
polyvnomials with integer coefficients. Since
the eigenvalues of p(g) are roots of unity
of order o(g). where o(g) is the order of
g € (. the NMolien series can be written
in the form

A i
2720 H;f

(1 —tdr (1 —#d2 o (1 — fdn)
Usually one can find the d,.....d,
by inspecting. If py... .. P, form a ho-

mopgenecous svstem of parameters. then
the full ring of invariants is a free mod-
ule of finite rank over the ring Clpy, .. .. DPnl-
Ifagr..... ¢r is a basis for this free mod-
ule consisting of homogeneous polyno-
mials, the the Molien series can be writ-
ten in the form

H;l:l(l _ fd(fg(]’-,’)

If we can find an expression for the
Molien series in the above form one then
is able to see whether it corresponds to
an actual structure of the ring of invari-
ants. In [A]2, there is the following

Edge’s Theorem. The AMolien series
for an irreducible 5-dimensional com-
plex reopresentation of PSLo(IFy,) rep-
resents the rational function
L1719 4 #10 4 412 4 9pld g 416
(=PI =5)(1 - 1)
L pI8 419 4 421 4 428
(1 —18)(1 =)




JFrom this we know the degree of
polvnomials in a homogencous system
of parameters and the degree of basis
of the ring of invariants over the algebra
generated by the homogencous system
of parameters.

Theorem. The ring of invariants R for
an Irreducible representation of degree
5 of PSLo(Fy 1) is generated by 10 in-
variants of degrees 3, 5, 6, 7, 8, 9, 10.
11, 12. 14 denoted by fs, fs5, Fs, f7, [s,
fo. f11, fi2, and fi14. The invariants f3,
fs5. fe, fs and fi; form a homogencous
system of parameters for the ring of in-
variants. Let A = Clf3, f5, f6, fs. f11],
then IU is a free module of rank 12 over
A with basis 1,, fr, fo, fi2, fia, [2,
feto 15, fofro, J2, f§ fro. Generaters
for the ideal of relations can be obtained
by writing down the multiplications ta-
hle for the basis.

If we write Fi [V] as Fyy[z1, 79, 73, 74, 75]

and let ¢ be the permutation (12345).

Forapolynomial p € Fy [z, 9. w3, 14, 75].

write o(p) = S21_, o(p). then

. / “2 .
fa=o(r{ry)
— 2. 2 2. 2. 2,
=y + 0513 + X3Tq + T T5 + Ty
e Ve e e e 3.2 .
S5 = 3rpprgrgas + o(ajes — :I;?:m:z,r))

NS DU JRS NG 2 2
Jo =o(rjrgry +rjryry — 1 1.7,2.7.5.7,4)

The explicit form of other f/s can be
found in [A2].

If we want to consider the invariants
of PSLy(F,) for other p, we need to
look more carefully into the represen-
tation given in [Al]. The calculation
need more work and is still going on.
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