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Abstract

The theory of center manifold is used to ana-
lyze an array of coupled chua’s equation. Nu-
merical simulation were used to obtain a wave
like solution.

Keywords:Center manilold, Traveling wave
solution, Chua's circuit.

1 Summary

Consider & finite array of Chua’s circuits with
Nemunann boundary condition as follows:

e = olz — flue)) +
D(ug_1 — 2up + %),
= Up — Zp Wk,
W= —fz, k=012,---,m, (1)
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where up(t) = u_1(t), tm(t) = ums1(t), D(>
0) represents the diffusion coeflicient of the
variable u, and f{u) being any continuous
function that has three distinct zeros. The
following is one choice of [.

ot — ¢+ e, u< -1,
Jlu)=4¢ au -1<u<l,
Co+ g —Cyy U 1,

The traveling wave-like solutions have been
observed when the numbers of cells mis large.
Here we will study an idealized system that
consists of an infinitely array of cells. Con-
sider the following dilferential equation :

orU
o2 - J(U) + D5s,

U
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Observe that if U(t,z) is a smooth func-
tion and uk(t) = U(t, kh), 2(t) = Z(t, kh),
wet) = W(t, kh), where h > 0 is a small
constant and D = Dh?then system (1) can
be regarded as the semi-discretization of

D >0,

(2)



system(2).

The main purpose of this work is to show
the existence of traveling wave solutions for
{2). If such solution exists, let @ be the wave
speed of the traveling wave solution. By in-

. . . 1
troducing & moving coordinate ¢’ = E(:r: + at)
and setting

Ult,z) = u(= +4),
Wit z) = w(% 1),

we have the following ordinary diflerential
equations for {u, v, z,w):

EU=v,
e v =av+ b{z — f(u)),

i=u—z+w, (3
W= ~Pz
where € = g— and b = —zoa.

It is clear that equation (3) is a singular
perturbed system. To solve this type of prob-
lem , we will first consider it’s fast system. To

do so, we use a time varying variable r = — |

£
‘then (3) can be transformed to the following
ordinary differential equation:

i=¢elu—z+w)

W= —£fz,
g=10, (4)
EU =,

v = av 1 b{z — f(u)),

here the derivative is taking with respect to
" 7. Observe that (4) has three equilibrium
points. The linearization of equation (4) at
these three points has dimension two in the
hyperbolic part and three in the center part.

Assuming that the f(u) is the piecewise
function with zeros at 0, u; andug, where u; <

0 and u3 > 0. Then equation (4) has three
equilibrium point, P = (0,44,0, —%,;,0),0 =
(0,0,0,0,0) and Q = (0, uz,0, —uz,0). Let’s
consider the linear variational equation of
equation {4) at the equilibrium point O. For
simplicity we delete the equation € = 0, then
we have the following

+ h.ot, (5)
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where ¢ = — f'(0) and the h.o.t. is of order 2
in %,v,z,w and higher.

By using a change of variable | equation (5)
can be changed into a new system '

[0 0 0 O Uy
™" _ Q 0 0 D ™
21 o 00 )\1 0 2]
wy L0 0 0 A w
_ fl
f2
. 6
* §1 (6)
L g2

where fi, fa,q1 and g2 are of order

2 or higher in wuj,wm,z;, and w; and
)‘1 _— a._—j:y_‘agidbc’ AZ — u-ga;%‘lbc.

Now, we can apply the theory of center
manifold on (6). Letting u;, vy be functions of
z1,wy and substituting back to equation(6),
we obtain the differential equation that is on
the center manifold.

: 2 -
i=Gae - L+ Dae
' —2(==2 + Dwe,

W) = cfezy,

(7)



The stability of the equlhbnum O will de-
pend on the characteristic value of the follow-
ing characteristic polynomial:

W (S g Dt Pe( g 4 1) =

By solving (8), we have if ¢ > —1 and
ld < \/;—1;, then the equilibrium point is a

saddle. However)f ¢ > —1 and || > /1
then when ¢ > 0, the equilibrium point is

a?t

stable and when ¢ < 0, the equilibrium peint

is unstable. The similar argument can be
applied to the other equilibrium point P and
Q. Thus we have the following theorem. -

Theorem Consider the following difleren-
tial equation

z=¢elu—z+w),
@ = —efiz,

£l = v,

ev = av + 8z — f{u))

(9)

let £ = (z,wo, ug, ) be the equi-
librium point of the above system and
—l<e= f'{ug) < 0. Then il |¢| < \/E, then
the dimension of the stable and unstable
menifold of the linearization of (9) at E
are both 2. When || > \/i—- yife >0
,then the dimension of the stable manifold
of the linearization of (9) at It is 3 and
the dimension of the unstable manifold of
the linearization of (9) at Eis 1. Ife¢ < 0
,then the dimension of the stable manilold
of the linearization of (9) at E is 1 and the
dimension of the unstable of the linearization
of (9) at E is 3.

Since the only equilibrium points that
satisly the hypotheses of theorem are P and
Q. Thus we can conclude that there is a

possible solution connectmg points P and
Q. The reason is that they both have at
least one stable direction and one unstable
direction. Such a solution will give us the
traveling wave solution. To obtain a more

0, {B)clear picture of the solution, we shall use a

numerical simulation on the finely coupled
system(1).

We choose f to be as follows:

Z+3 vl
f('U): _7“ "ISUSL

2u _ 3 1

7 — o >l

When the parameters a = 9,8 = 30,
the system has three equilibrium points
(UJLUL(g,ng),and(ggglg).Umngainb.
tial value that follows the direction of the un- -
stable eigenvector at (0,0,0), we obtained a
solution from (0,0,0) to (52,0,2) then from
(32,0,3) to (3,0,32), see fig 1. Also when a
cerlain portion of the initial value are close to

2,0,32) and the others are close to (3%,0,9),
we observe that the solution are synchro-
nized, see fig 2.
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