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Abstract

Let p: G -----> GL((n, F) be a
representation of G.  'We shall study the
ring of invariants F[V]Y in the case when
the characteristic of F divides the order
of G.  We shall specially consider the
case when G is a pseudo reflection
group.
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Given p : G — GL(n,F} a repre-
sentation of a finite group G over the
field F, it induces an action on the al-
gebra F[V] of polynomial functions on
V=F.1p: G— GLnTF)is a
faithful representation, we denote by
FIVIS = {f € F[V] | pla)f =/ V f €

"G} the ring of invariants of G. No-
tice that F[V] can be regarded as a
graded algebra over F with homoge-
neous component of degree d, F[V]q,
the homogeneous polynornial of degree
d. If G is a finite group, Hilbert proved
in 1890 {H], the main theorem of in-
variant theory that the ring of invari-
ants is finitely generated. Noether [N]

later produced an explicit set of basic
invariants. It is always an interesting
question to as the number of invari-
ants needed to generate the ring of in-
variants and their explicit form. As
we know the ring F[V]% is known to
be Cohen-Macaulay if the order of G
is relatively prime to the characteristic
of F [HE], S1 or if dimension of V is 1,
2 or 3 over F [S1, S3]. As to find &
set of generators, in the case of finite
pseudoreflection groups, a systematic
method exists for producing a set of
generators which is in some sense min-
imal. '
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If p: G - GL(n,F) is faithful rep-
resentation and p(G) C GL(n,F) is
generated by pseudoreflections then G
is called a pseusoreflection group. Cheval-
ley, Shephard and Todd proved that
F{V|C is a polynomial ring if and only
if G' is generated by pseudoreflections.
This theorem holds over a field of arbi-
trary characteristic p as long as p does
not divide the order of G. [Ch], {ST].
In fact, the "only if’ part of the the-
orem holds for arbitrary p [Se]. It is
also known that the ”if” part is false if
p|G. An example is given by the Weyl
group W(F4).

Suppose G is a finite reflection group
and IF[V]G = ]F[It Ve ,L-._}. Let dl .dg,
..., d, be the respective degrees of the
homogeneous invariants [ YUY
where dj < dp < -+ < d,,. It can be
shown that the d}s are independent of
‘the particular basis I1,...,In. Coex-
'eter and Coleman [Cx2], [Co] gave a




method for computing the dis which
is restricted to the case where the un-
derlying field F is real. If such a group
G acts on the n-dimensional Euclidean
space R™, then its reflection hyperplane
divides R™ into |G| components, called
the chambers of G. Each chamber is
bounded by n reflection hyperplanes
called its walls. The reflections in these
walls generate G. The d;’s and the
eigenvalues of the product of these gen-
erators are related [Cx1). Solomon [So]

also obtained a formula for the d;s which

works for all fields of characteristic 0
but is not as effective as the methos of
Coxeter and Colman for the real case.

Let § C GL(n, F) be a set of psue-
doreflections.If s is a pseudoreflection
with hyperplane defined by I,, then
for each f € F{V]

sf— 1T =28s(f)Ls

in F[V] for a unique A,(f) € F[V].
One can easily seen that

As(f)=0<=>8f=f

. Define the ideal of generalized invari-
ants I(S) as '

I(5) = {f € F[V]| deg(f) > 0 and A,,

By )y (f) = 0V sy, .

where A, ... A,, ., denotes the com-
position of the operators A,,..., A
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If s € GL(V) is a pseudoreflection then
Ly, and Ay are well-defined up to a
nonzero scalar. Hence I(S) depends
only on S and not on the choice of I,
for s € GL(V). Kac and Peterson [KP]
have shown that 7(S) is generated by
a regular sequence Ay, ..., h, € F[V].

If A is a graded connected commu-
tative algebra over a field Fand 7 Cc A
a proper ideal, we can associate a bi-
graded algebra defined by

gri(Almapem = (Im/1m+l),l

+Sdeg(s) € S}

for n,m € N. We thus have a posi-
tively graded commutative algebra over
IF containing A/I as a subalgebra, and
g7 (A) = F®u/; grr(A) is a graded
connected commutative algebra over F

Taking I to be I(S) for pseudore-
flections § C GL(n,F), the ring of gen-
eralized invariants is g7, ) (F[V]). It
can be shown that this is a polynomial
algebra.

If § ¢ GL(n,F) is a collection of
pseudoreflections generating the sub-
group G(S). The ideal I(S) of general-
ized invariants of S contains the G(S)-
invariant polynomials of degree > 0
and hence the ideal (F[V]¢) that they

-generate. If G(S) is a finite group of

order prime to the characteristic of the
field F, then F(V]SS) = F[fy,..., f,]
and I(S) = (f1,...,fn} . This is a
generalization of Shephard and Todd
[TS].

Suppose A is a graded connected al-
gebra over a field F. Let A be the aug-
mentation ideal in A generated by the
elements of positive degrees. If G is a
group and o : G — Aut{A) a faithful
representation of G' as a group of al-
gebra automorphisms of A, denote by
AG={a€A|a(g)a.:an€G’}
the subalgebra of A left invariant by
G. The algebra A® is also graded and
connected. The algebra of coinvari-
ants Ag := F®4c¢ A, where A is re-
garded as an A® module via the in-
clusion and F via the augmentation.
‘The algebra of coinvariants may also
be viewed as A/I where I is the ideal
generated by {a € A deg(a) > 0}.
The ideal I is stable under the action
of G on A so there is induced an ac-
tion G on Ag. It is therefore possi-

~ ble to repeat the above constructions

formating (Ag)®, Ace = (Ac)e, ete.
By iteration, we obtain a sequence of
algebra epimorphisins



A—*AG—-*AGGH..

Let J,, denote the kernel of the map
A — Ag.g. These ideals form an
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ascending chain
@=JdoChEhC.

in A. The ideal Joo :== JJm C A'is
called the ideal of stable invariants. It
can be characterized by the following
conditions
(i) Joo C A is stable under the ac-
tion of G,

(i) (A/Jeo)® = F (i. e, G acts

fixed point free on (A/Jo)

(iii) if I C A is an ideal such that

(A/G)° = F then Jo C 1.
The ring 7 ;_ (¢ is called the ring of
stable invariants of G.

If p: G — GL(n,F) is a represen-
tation of a finite group then G acts
on F[V] and there is the ideal of sta-
ble invariants Jo(G) € F[V]. If G
is a pseudoreflection group and |G} is
relatively prime to the characteristic
of F, Chevalley {Ch] has shown that
F[V]¢ is the regular representation of
G. In particular, (F[V]e)¢ = F and
hence Joo(G) = Ji(G) = (F[V]|C) is
the ideal of F[V] generated by the G-
invariants of positive degree. If how-
eveer, |G| = 0 € F then J,(G) can be
distinctly larger than Ji(G).
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