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Positive solutions of nonlinear second-order

m-point boundary value problem

Tsorng Hwa Chang(1), Chuan Jen Chyan(2) and Shang Wen Lin(3)

Abstract

Under suitable conditions on f(t, u), the nonlinear second-order m-point
boundary value problem

u′′(t) + f(t, u(t)) = 0

u(0) = 0, u(1) =
m−2
∑

i=1

aiu(ξi)

has at least one positive solution.

1. Introduction

The study of multipoint boundary value problems for linear second-order ordinary
value problems was initialed by Ilin and Moiseer [1, 2]. Then Gupta [5] studied three-
point boundary value problems for nonlinear ordinary differential equations. We refer
the reader to [3–10], for some recent results of nonlinear multipoint boundary value
problems.

In this paper, we investigate the existence of positive solutions to nonlinear second-
order m-point boundary value problem:

u′′(t) + f(t, u(t)) = 0, 0 < t < 1 (1.1)

u(0) = 0, u(1) =

m−2
∑

i=1

aiu(ξi) (1.2)

where ai ≥ 0 for i = 1, . . . , m−3 and am−2 > 0, ξi satisfy 0 < ξ1 < ξ2 < · · · < ξm−2 < 1
and

∑m−2
i=1 aiξi < 1. We also make the following assumptions.

(A1) f ∈ C([0, 1] × [0,∞); [0,∞)), f 6≡ 0.
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(A2) ∃H1, H2 satisfy f(s, u) ≤ M1H1 on [0, 1] × [0, H1] and f(s, u) ≥ M2H2 on

[ξm−2, 1] × [ΓH2,∞), where M1 = 2(1 −
∑m−2

i=1 aiξi) and M2 =
2(1−

Pm−2

i=1
aiξi)

(1−ξm−2)2·
Pm−2

i=1
aiξi

or

(A′
2) ∃H3, H4 > 0 such that f(s, u) ≥ M2H3 on [ξm−2, 1]×[0, ΓH3] and f(s, u) ≤ M1H4

on [0, 1] × [H4,∞).

The proof of the main result in this article is based on an application of the following
well-known Guo-Krasioselskii fixed-point theorem [11].

Theorem 1.1. Let E be a Banach space and K ⊂ E be a cone in E. Assume Ω1 and Ω2

are open subset of E with 0 ∈ Ω1 and Ω1 ⊂ Ω2, T : K ∩ (Ω2\Ω1) → K be a completely
continuous operator such that

(i) ‖Tu‖ ≤ ‖u‖, ∀u ∈ K ∩ ∂Ω1 and ‖Tu‖ ≥ ‖u‖, ∀u ∈ K ∩ ∂Ω2; or

(ii) ‖Tu‖ ≤ ‖u‖, ∀u ∈ K ∩ ∂Ω2 and ‖Tu‖ ≥ ‖u‖, ∀u ∈ K ∩ ∂Ω1.

Then T has a fixed point in K ∩ (Ω2\Ω1).

2. The Preliminary Lemmas

Lemma 2.1 (Gupta et al. [5]). Let ai ≥ 0 for i = 1, 2, . . . , m− 2, and
∑m−2

i=1 aiξi 6= 1;
then for y ∈ C[0, 1], the boundary value problem:

u′′(t) + y(t) = 0, 0 < t < 1, (2.1)

u(0) = (0), u(1) =

m−2
∑

i=1

aiu(ξi), (2.2)

has a unique solution

u(t) =
t

1 −
∑m−2

i=1 aiu(ξi)

∫ 1

0

(1 − s)y(s)ds −

∫ t

0

(t − s)y(s)ds

−
t

1 −
∑m−2

i=1 aiu(ξi)

m−2
∑

i=1

ai

∫ ξi

0

(ξi − s)y(s)ds.

Let C+[0, 1] be the set of nonnegative function in C[0, 1].

Lemma 2.2 (Ma [9]). Let ai ≥ 0, for i = 1, 2, . . . , m − 2 and
∑m−2

i=1 aiξi < 1. Then
for y ∈ C+[0, 1], the unique solution u(t) of (2.1), (2.2) is nonnegative and satisfies

min
t∈[ξm−2,1]

u(t) ≥ Γ‖u‖
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where

Γ = min

{

am−2(1 − ξm−2)

1 − am−2ξm−2
, am−2ξm−2, ξ1

}

.

3. Main results

In this section we show the existence of positive solution for the boundary value
problem (1.1), (1.2).

Theorem 3.1. Suppose (A1), (A2) hold, then (1.1), (1.2) has at least one positive
solution.

Proof. Let

K =
{

y : y ∈ C[0, 1], y ≥ 0, min
ξm−2≤t≤1

y(t) ≥ Γ‖y‖
}

.

where Γ is described as in Lemma 2.2. It is clear that K is a cone. Define an integral
operator A : K → C+[0, 1].

A(y(t)) = −

∫ t

0

(t − s)f(s, y(s))ds

−t

∑m−2
i=1 ai

∫ ξi

0
(ξi − s)f(s, y(s))ds

1 −
∑m−2

i=1 aiξi

+ t

∫ 1

0
(1 − s)f(s, y(s))ds

1 −
∑m−2

i=1 aiξi

Now (1.2), (1.2) has a solution y = y(t) if and only if y solves the operator equation
A(y(t)) = y(t). It is clear that AK ⊆ K. The details of the proof can be founded
in [9]. It is routine to check that A is a completely continuous operator on K. Let
Ω1 = {y ∈ C[0, 1] : ‖y‖ < H1} and choose y ∈ K such that ‖y‖ = H1, then we see that

Ay(t) ≤
t
∫ 1

0
(1 − s)f(s, y(s))ds

1 −
∑m−2

i=1 aiξi

≤
t
∫ 1

0
(1 − s)M1H1ds

1 −
∑m−2

i=1 aiξi

=
M1H1 ·

1
2

1 −
∑m−2

i=1 aiξi

= H1.

Thus, we have ‖Ay‖ ≤ ‖y‖ on ∂Ω1 ∩ K. Now, let Ω2 = {y ∈ C[0, 1] : ‖y‖ < H2} and
y ∈ ∂Ω2 ∩K, that is, ‖y‖ = H2, according to Lemma 2.1 there exists a unique solution
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of

u′′(t) + f(t, y(t)) = 0, t ∈ (0, 1) (3.1)

u(0) = 0, u(1) =

m−2
∑

i=1

aiu(ξi) (3.2)

Thus, we have

u(1) =

m−2
∑

i=1

aiu(ξi)

=

m−2
∑

i=1

ai

[

−

∫ ξi

0

(ξi − s)f(s, y(s))ds− ξi

∑m−2
j=1 aj

∫ ξj

0
(ξj − s)f(s, y(s))ds

1 −
∑m−2

j=1 ajξj

+ξi

∫ 1

0
(1 − s)f(s, y(s))ds

1 −
∑m−2

j=1 ajξj

]

= −

m−2
∑

i=1

ai

∫ ξi

0

(ξi − s)f(s, y(s))ds

−

(

m−2
∑

i=1

aiξi

)

∑m−2
j=1 aj

∫ ξj

0
(ξj − s)f(s, y(s))ds

1 −
∑m−2

j=1 ajξj

+

(

m−2
∑

i=1

aiξi

)

∫ 1

0
(1 − s)f(s, y(s))ds

1 −
∑m−2

j=1 ajξj

=
1

1 −
∑m−2

j=1 ajξj

[

−

m−2
∑

i=1

ai

∫ ξi

0

(ξi − s)f(s, y(s))ds

+

(

m−2
∑

j=1

ajξj

)(

m−2
∑

j=1

ai

∫ ξi

0

(ξi − s)f(s, y(s))ds

)

−

(

m−2
∑

i=1

aiξi

)(

m−2
∑

j=1

ai

∫ ξi

0

(ξi − s)f(s, y(s))ds

)

+

(

m−2
∑

j=1

ajξj

)

∫ 1

0

(1 − s)f(s, y(s))ds

]

=
1

1 −
∑m−2

j=1 ajξj

[

−

m−2
∑

i=1

aiξi

∫ ξi

0

f(s, y(s))ds +

m−2
∑

i=1

ai

∫ ξi

0

sf(s, y(s))ds

+
m−2
∑

i=1

aiξi

∫ 1

0

f(s, y(s))ds−
m−2
∑

i=1

aiξi

∫ 1

0

sf(s, y(s))ds

]
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≥
1

1 −
∑m−2

j=1 ajξj

[

m−2
∑

i=1

aiξi

∫ 1

ξi

f(s, y(s))ds−

m−2
∑

i=1

aiξi

∫ 1

ξi

sf(s, y(s))ds

]

≥
1

1 −
∑m−2

j=1 ajξj

m−2
∑

i=1

aiξi

∫ 1

ξm−2

(1 − s)f(s, y(s))ds

≥

∑m−2
i=1 aiξi

∫ 1

ξm−2
(1 − s)M2H2ds

1 −
∑m−2

j=1 ajξj

=

∑m−2
i=1 aiξi

1 −
∑m−2

i=1 aiξi

(

1 − ξm−2

2

)2

· M2H2

= H2 .

Hence ‖Ay‖ ≥ |Ay(1)| = |u(1)| ≥ H2 = ‖y‖. ‖Ay‖ ≥ ‖y‖ on ∂Ω2 ∩ K. Therefore, by
(i) of the fixed-point theorem, it follows that A has a fixed point in K ∩ (Ω2\Ω1). This
completes the proof.

Theorem 3.2. Suppose (A1) and (A′
2) hold, then (1.1), (1.2) has at least one positive

solution.

Proof. Let Ω3 = {y ∈ C[0, 1] : ‖y‖ < H3}. Thus, if y ∈ K and ‖y‖ = H3, we get

u(1) ≥
1

1 −
∑m−2

i=1 aiξi

m−2
∑

i=1

aiξi

∫ 1

ξm−2

(1 − s)f(s, y(s))ds

≥
1

1 −
∑m−2

i=1 aiξi

(

m−2
∑

i=1

aiξi

)

M2H3

∫ 1

ξm−2

(1 − s)ds

=
1

1 −
∑m−2

i=1 aiξi

(

m−2
∑

i=1

aiξi

)

(1 − ξm−2)
2

2
M2H3

= H3

Hence, ‖Ay‖ ≥ |Ay(1)| = |u(1)| ≥ H3, for all y ∈ ∂Ω3 ∩K. Now let Ω4 = {y ∈ C[0, 1] :
‖y‖ > H4}. For y ∈ K and ‖y‖ = H4, we get

Ay(t) = −

∫ t

0

(t − s)f(s, y(s))ds− t

∑m−2
i=1 ai

∫ ξi

0
(ξi − s)f(s, y(s))ds

1 −
∑m−2

i=1 aiξi

+t

∫ 1

0
(1 − s)f(s, y(s))ds

1 −
∑m−2

i=1 aiξi

≤

∫ 1

0
(1 − s)f(s, y(s))ds

1 −
∑m−2

i=1 aiξi
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≤
M1H4

∫ 1

0
(1 − s)ds

1 −
∑m−2

i=1 aiξi

= M1H4 ·
1

2(1 −
∑m−2

i=1 aiξi)

= H4

Hence, ‖Ay‖ ≤ H4 = ‖y‖ on ∂Ω4 ∩ K.

4. Remarks

Remark 4.1. Recently, Ma [9] considered the second-order m-point boundary value
problem.

u′′(t) + a(t)g(u) = 0, t ∈ (0, 1) (4.1)

u(0) = 0, u(1) =
m−2
∑

i=1

aiu(ξi) (4.2)

and gave the following result.

Theorem 4.1. Assume

(A3) g ∈ C([0,∞), [0,∞)) and both limits

g0 := lim
u→0+

g(u)

u
, g∞ := lim

u→∞

g(u)

u

exist.

(A4) a ∈ C([0, 1], [0,∞)), and there exists x0 ∈ [ξm−2, 1] such that a(x0) > 0, and
∑m−2

i=1 aiξi < 1.

Then problem (4.1), (4.2) has at least one positive solution in the case (i) g0 = 0 and
g∞ = ∞ or (ii) g0 = ∞ and g∞ = 0.

Put f(t, u) = a(t)g(u) in (1.1). Assumptions (A1) and (A2) will be fulfilled if the
conditions (A3), (A4) together with case (i) are satisfied. Similarly, assumption (A1)
and (A′

2) will be fulfilled if the conditions (A3), (A4) together with case (ii) are satisfied.

Remark 4.2. Y. Sun [10] considered the following boundary value problem

u′′(t) + λa(t)g(u) = 0, t ∈ (0, 1) (4.3)

u(0) = 0, u(1) =
m−2
∑

i=1

aiu(ξi) (4.4)
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where λ is a positive parameter, ai ≥ 0 for i = 1, 2, . . . , m− 3 and am−2 > 0, ξi satisfy
0 < ξ1 < ξ2 < · · · , ξm−2 < 1 and

∑m−2
i=1 aiξi < 1. The author gave the following result.

Theorem 4.2. Assume

(c1) a ∈ C([0,∞), [0,∞)) and there exists x0 ∈ [ξm−2, 1] such that a(x0) > 0.

(c2) g ∈ C([0, 1], [0,∞)) and there exists nonnegative constants in the extended reals,
g0, g∞, such that

g0 := lim
u→0+

g(u)

u
, g∞ := lim

u→∞

g(u)

u
.

Let A = 1
1−
Pm−2

i=1
aiξi

∫ 1

0
(1 − s)a(s)ds, B =

(
Pm−2

i=1
ai)ξ1

1−
Pm−2

i=1
aiξi

∫ 1

ξm−2
(1 − s)a(s)ds. The problem

(4.3), (4.4) has at least one solution in the case

(i) If Ag0 < ΓBg∞, then for each λ ∈ ( 1
ΓBg∞

, 1
Ag0

), the BVP (4.3), (4.4) has at least
one positive solution.

(ii) If g0 = 0 and g∞ = ∞, i.e., g is super linear, then for any λ ∈ (0,∞), the BVP
(4.3), (4.4) has at least one positive solution.

(iii) If g∞ = ∞, 0 < g0 < ∞, then for each λ ∈ (0, 1
Ag0

), the BVP (4.3), (4.4) has at
least one positive solution.

(iv) If g0 = 0, 0 < g∞ < ∞, then for each λ ∈ ( 1
ΓBg∞

,∞) the BVP (4.3), (4.4) has
at least one positive solution.

Now if we put g(u) = 1 + sin2 u and a(t) ≡ 1 in (4.3), it is easy to see that both g0

and g∞ do not exist, thus we fail to discuss such a problem by applying Theorem 4.2.
On the other hand, if we put f(t, u) = λ(1 + sin2 u) in (1.1), then for all positive

numbers a and b, f(t, u) ≤ 2λ on [0, 1]× [0, a] and f(t, u) ≥ λ on [0, 1]× (b,∞). Thus,
the existence of at least one positive solution is guaranteed by the Theorem 3.2.
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