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Degree Bounds for Rings of Invariants
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Abstract

0:G —>GL(V) is a representation
of G into GL(V) where V is an
n-dimensional vector space over a field
F. Hilbert proved that when
characteristic of F is zero and G is a
finite group, then the ring of invariants
F[V]® is finitely generated. Noether
gave an algorithm to explicitly find the
generators with degree =|G|. In this
project, we shall consider Noether’s
bound in amore general case.
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Given p: G — GL(n,F) a representa-
tion of & finite group & over the field T,
it induces an action on the algebra F[V]
of polynomial functions on ¥V = F®, If
o G — GL(nTF) is a faithful repre-
sentation, we denote by F[V]% = {f ¢
FlV] | plg)f = f ¥ §f € G} the ring of
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invariants of &, Notice that F|V| can
be regarded a3 a graded algebra over F
with homogeneous component of degree
d,F[V]4,the homogeneous polynomial of
degree d. If & is a finite group, Hilbert
proved in 1890 [H], the main theorem of
invariant theory that the ring of invari-
anta is finitely generated. Noether [N]
later produced an explicit set of basic in-
variants. In fact, she gave an algorithm
to construct a system of generators us-
ing polarizations of elementary aymmet-
ric polynomials ([W], [S1]). From this,
she found generators for the ring of in-
variants of degree at most ||, We call
the maximal degree of & generator in any
minimal generating set for F[V]~ Noether’s
bound and is denoted by (V). For ex-
ample, if & i3 a cyclic group and ¢ i3 a
faithful representation, then S(V) = |G
Smith and Stong [S-8] extend the results
fields of characteristic p = || [called the
strong nonmodular case) and Smith also
succeeded in the case that & is a solvable
group when the characteristic » { |3
(called the nonmodular case).

In the case that & 13 a linearly reduc-
tive algebraic group over an algebraically
closed field F of characteristic 0 acting
rationally on an n-dimensional vector apace

1, Popov also got some explicit degree
bound ([P1], [P2])as following

BVY < nEOM(1,2,... (V)



where LOM denote the least common mul-
tiple. The constant o) is the smallest
integer with d with the following prop-
erty: if v € ¥ and any non-constant ho-
mogeneols invariant vanishes on w, then
there is a non-constant homogeneous in-
variant f of degree < d such that f(u) #
0. Derken improved the result [D] to

AV < max@,gsag('[f))

Upper bound for (V) were given by
Popov ([P1], [P2]). An explicit bound
of a{p) can expressed in the degrees of
polynomiala defining the group & and
the representation p [D]. For example, if

(3 = SL{W) where W is a g-dimensional
veator apace. Let Vg = SHW) be the d-
th symmetric power, then a(Vy) < gdd -1,

In special cases, sharper estimates than
Popov’s bound were known., Gordan al-
ready knew the finite generation of €[V ]52(C)
before Hilbert [(Z]. Jordan used these tech-
niques to obtain that F[V]¥ can be gen-
erated by polynomials of degree < d8
([J1], [32]). Wehau gave a good degree
bound for tori in [W].

We can extend the consideration to
the caze of a commutative ring E. In
this situation, let ¥V be a finitely gener-
ated free R-module and & < GLg(V)
be & finite group acting naturally on the
graded symmetric algebra 4 = S(V).
Fleiachmann proved that for a normal
subgroup H in @, A{A%) < g(4%)  |@

H| ([F1]). He alsc has some results in the
apecial case £ is the aymmetric group 5,
([F2]).
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For a finitely generated algebra A over a

commutative ring, A:=R[a,...a&], with a finnite
group acting as R-homomorphisms, we have that
A® can be generated as R-algebra by elements of
degrees less than or equal to nif 1/n! liesin R or

Inliesin R and there is a normal subgroup H in

G, G/H is solvable, A" R[b,, ...b,] and G/H
sendsthe linear part ORb; into itself.

We also did some calculations on invariants of

dihedral groups. We get the following results.

Theorem. Let K be any infinite field and G a
finite group. Let fi: G -> GL(V) be a faithful
representation of G where V is some finite
dimensional vector space over K. If the fixed
field K(V)C is stably rational over K, then there

exists a generic Galois G-extension over K.

Theorem. If Gisthe dihedra group, then K(G)
isrational over K.

Theorem. If G is the quasi-dihedral group, then
K(G) isrationa over K.

Theorem. If G is the modular group, then K(G)
isrational over K.
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