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Thermodynamic Properties of Low-Dimensional Hubbard Models In
External Magnetic Fields
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Abstract
The thermodynamic properties and phase
diagrams, both exact (Bethe-ansatz) and in the

generalized self-consistent field (GSCF) approach, of
the low-dimensional attractive and repulsive Hubbard
models in the presence of an arbitrary magnetic field
for various electron concentrations # and on-site
interaction strengths <0 or (>0 are calculated and
investigated. The ground-state properties, namely, the
ground-state energy, the average spin (magnetization),
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the concentration of the double occupied sites, the
kinetic energy, the chemical potential, the spin
(magnetic) susceptibility  and  the charge
compressibility are calculated and examined in a wide
range of interaction strengths ¢/ for various /# and ». It
is found that the spin susceptibility at half-filling is
non-analytic and changes discontinuously as & — 0.
The exact theory shows the absence of charge energy
gap at &/ < 0 region for all » and provides for the
chemical potential the rigorous upper and lower
bounds at half-filled and empty band respectively. The
derived analytical results in the weak coupling limit
and asymptotic expansions at strong coupling are in
full agreement with the numerical calculations. The
GSCF ground state energy and the GSCF
concentration of double occupied sites are also in
perfect agreement with the exact results. The phase
diagrams are derived and the criteria are found for the
stability of ferro-, antiferro- and spiral magnetic
structures in the repulsive model. The GSCF chemical
potential displays the instability toward the phase
separation in the vicinity of half-filling. As in the exact
theory the GSCF result for 4z at » =1 and Z = 0, is
unrenormalized by /4 4 = w2 (¢ = n), while the
evolution of the gap at /# # 0 describes a magnetic
crossover from zzzerant magnetism of weakly bound
electron-hole pairs with |4 = 7 to the /localized
magnetic regime, with the Bose condensation of local
pairs (4 = 0).

Keywords: low-dimensional Hubbard models, ground
state properties, phase diagrams, magnetic crossover,
generalized self-consistent field approach, electron
correlation, high 7; superconductivity
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The low-dimensional attractive Hubbard
models with the coupling strength ¢/ both
attractive (£<0) and repulsive (£>0), in the
presence of magnetic field / are studied in a
wide range of ¢/ temperature 7" and electron



concentration (band filling) ~ by using the
generalized self-consistent field (GSCF)
approach  with  renormalized chemical
potential. Pairing, the smooth crossover from
the BCS regime into the Bose condensation
state and the inhomogeneous
superconductivity with the non-uniform order
parameter are investigated. The excitation

spectrum, the momentum distribution
function and thermodynamic properties,
including the concentration of double

occupied sites 2, the kinetic energy Ziin, and
the chemical potential  are calculated.
The numerical calculations are found in a
good agreement with the Bethe-ansatz results
and quantum Monte-Carlo calculations in a
wide range of system parameters /, 7 and /4.
The concentration of double occupied sites
and the bound electron pairs 7z,ir are
calculated and we found a simple relationship
between the order parameter and 7z, valid
for the arbitrary ¢/and all 7 (see Figs.1 and 2).
The GSCF theory correctly displays the
separation of the energy gap from the order
parameter (crossover) as 7 or {/decrease (see
Figs.3 and 4).

The developed GSCF approach in
magnetic field suggests a smooth transition
(thick solid curves in Figs. 1-3) into the
inhomogeneous superconducting state.

The ground-state phase diagram and the
critical behavior of the one-dimensional
Hubbard model, both attractive and repulsive,
are investigated numerically in the entire
parameter space of electron concentration 7,
interaction strength ¢/ and magnetic field /.
The magnetic ground-state properties,
including the spin and charge susceptibilities,
and the spin and charge energy gaps are
calculated as functions of &/ 4 and ». It is
found that the spin (magnetic) susceptibility
at half-filling changes discontinuously as ¢/
— 0 and is enhanced by electron repulsion in
comparison with that of the non-interacting
case. The compressibility decreases with » at
U < 0 and shows non-monotonous behavior
with dramatic increase while U > 0. The
critical behavior near the onset of

magnetization and magnetic saturation is also
analyzed. Our numerical results are in full
agreement  with  calculated analytical
expressions at strong magnetic field near the
saturation, empty band filling, strong and
weak interaction limits, the previous
numerical studies for #Z = 0 and provide a
solid ground for the evaluation of the
different self-consistent theories.

0.5 T T

0.20 — P 04—

0.10 — — 02— s

0.05 [— 2 — 01— o —

0.00 I I I I 00 I I I I
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0

n
Fig. 1 The number of bound electron pairs 7;
the concentration of double occupied sites 2
in dependence of electron concentration # in
the attractive model without external
magnetic field for exact (thin solid curves)
and GSCF (dashed curves) results. The thick
solid curves mark crossover. The figures at
the curves mean the values of /7
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Fig. 2 The number of bound electron pairs 7,,;; the
concentration of double occupied sites 2 in
dependence of coupling strength 77 in the
attractive model without external magnetic field
for exact (thin solid curves) and GSCF (dashed
curves) results. The thick solid curves mark
crossover. The figures at the curves mean the
values of 7.
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Fig. 3 The spin energy gap (at zero magnetic field
4/t = 0) in the attractive model Egap(')/t in
dependence of the number of bound electron
pairs 77, at given 7 (the left curves) and at
given {7 (the right curves) for exact (thin solid
curves) and GSCF (dashed curves) results. The
thick solid curves mark crossover. The figures at
the curves mean the values of » or 0«
respectively.
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Fig. 4 The charge energy gap (at half-filling » = 1)
in the repulsive model E,,,'”/t in dependence of
the coupling strength {77 at /47 = 0 (the left
curves) and at /7= 1 (the right curves) for exact
(thin solid curves) and GSCF (dashed curves)
results.

The analysis of the thermodynamic
phase diagram in the attractive model for
various magnetic fields shows the presence
of three different phases (see Fig. 5): 1.
normal phase with A q(') = 0 and ¢ is
arbitrary (unshaded area), 2. homogenous
phase with ¢ = 0 and A,” # 0 (light
shaded area), 3. inhomogeneous phase with
g # 0 and Aq(');t 0 (dark shaded area). The
normal phase 1 is stable in some range of /47
also in the ground state (7" = 0). At low
temperatures (7/7 << 1) spin onset is a sharp
transition. Our calculations show that this

transition occurs at the boundary of the phase
2 (light shaded area): s = 0 inside the phase 2
and s # 0 outside. In the inhomogeneous

phase (dark shaded area) the spin
(magnetization) is finite.
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Fig. 5 The GSCF phase diagram in the #-{/plane of
the one-dimensional attractive Hubbard model
at finite magnetic field # and temperature 7. The
unshaded, light shaded and dark shaded areas
correspond the normal phase with A,,('): 0 and
¢ is arbitrary, the homogenous phase with ¢ =
0 and Aq(') # 0 and the inhomogeneous phase
with g=0and A,7#0.

In the ground state (7’=0) and at Z=0
the crossover from the itinerant pairing (BCS)
regime of weakly bound electron pairs with
momentum 4 # 0 into the Bose-Einstein
condensation (BC) regime of local pairs with
momentum A = 0 starts from infinitesimal
small |U)/7 (n0ss — 0 at |/ — 0), while it
starts from finite 7zoss (O {/cross) Whenever 77
# 0 and corresponding normal phase
dramatically increases with the temperature
and magnetic field 47 The boundary curve
between these two regimes is getting shorter
with the increase of temperature, although, in
general, its rest part remains temperature
independent. In addition at relatively weak
coupling we found a stable solution with .s #
0,9#0and A g(') # 0 (dark shaded area).

The phase diagram in the /-7 plane
shows the dependence of the critical
temperature 7; upon / for various ¢/ and »



describing the phase transition from the
superconducting state withAq(') # 0 (phase 2
or 3, shaded area) into the normal
paramagnetic state with Aq(') = 0 (phase 1,
unshaded area).
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Fig. 6 The chemical potential u in the attractive and
repulsive Hubbard models in dependence of
electron concentration » in the presence of
external magnetic field /# for exact (thin solid
curves) and GSCF (dashed curves) results. The
thick solid curves mark crossover. The figures at
the curves mean the values of (/7 The
downward triangles denote the spin (magnetic)
saturation.

The critical temperature 7:
monotonously decreases with increasing of
/¢ Close to the half-filling case or in
intermediate region of |{f/7 we found the
stability for inhomogeneous superconducting
state with finite spin with ¢ # 0 and A q(');t 0
(phase 3, dark shaded area).

For both attractive and repulsive models
the chemical potential g monotonously
increases in the entire range of # (see Fig. 6).
In the presence of magnetic field there is a
sharp transition (the downward triangles in
Fig. 6) into the fully saturated spin phase (s =
7/2).

For » # 1 the chemical potential u
increases monotonously in the entire range of
Jt In the attractive case for 0 < » < 1 the
chemical potential u increases with /4 until
the average spin s reaches the saturation and
it 1s field independent in the fully saturated
spin phase (s = 7/2). In the repulsive case for
7 =1 the chemical potential y decreases with
/ in the unsaturated spin phase (s < 7/2). The
monotonous behavior of u with &/ » and /

provides the upper and lower bounds for u in
the entire parameter space. The chemical
potential 4 is not an analytical function and
exhibits sharp transitions (kinks) at the onset

of magnetization and spin (magnetic)
saturation.
The  compressibility k.,  (charge

susceptibility) in both attractive and repulsive
models for all 0 <~ <1 is finite (see Fig. 7)
because there is no energy gap in the charge
excitation spectrum. Electrons are
incompressible (k. = 0) in an empty band (7~
= 0) for arbitrary ¢/. Then k., monotonously
increases with # at /< 0. For /> 0 electrons
become again incompressible exactly at
half-filling and k. is a non-monotonous
function of # with one maximum (if Z= 0) or
more (if Z # 0). Both for Z= 0 and / # 0 the
function «., versus (/ 1s continuous
everywhere including the vicinity /= 0 at #»
# 1, while at » = 1 it shows discontinuity
(jump) at U/t — 0. In fully saturated phase
K has the same value for 7and 1 — 7.
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Fig. 7 The compressibility k., in dependence on 7 at
1=0,0.5,1, 1.5 for various {77 (figures at the
curves). The upward and downward triangles
denote the spin onset and spin saturation
correspondingly.

In the zero spin phase (s = 0) or in the
saturated spin phase (s = #/2) average spin is
field independent, the spin susceptibility y
equals to zero and y' exists only in the
intermediate phase with finite spin 0 < 5 <
72 (see Fig. 8). The behavior of y as a
function of ¢/in the presence of / diverges in
the critical point of spin saturation at 7 = 1



and is finite at any » # 1. The function of
¥ on ¢ is continuous for all ~ in the
presence of finite magnetic field, but in an
infinitesimal field this function shows

discontinuity (jump) at 77— 0 for all 7.
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Fig. 8 The spin (magnetic) susceptibility y in
dependence on 7 at 47 = 0.01, 0.5, 1, 1.5 for
various /7 (figures at the curves). The upward
and downward triangles denote the spin onset
and spin saturation correspondingly.

The dependence of y' on # in the
intermediate phase with finite spin (to the
right of downward triangles in Fig. 8) for />
0 1s in general a non-monotonous function
with one maximum at 7 close to 1. For /<0,
in contrast, ' increases monotonously with
# and approaches to its maximum value at 7
=1.
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Fig. 9 The spin (magnetic) susceptibility y in
dependence on s at {7 =-6, -2, 2, 6 for various
#  (figures at the curves). The upward and
downward triangles denote the spin onset and
spin saturation correspondingly.

Because of the presence of spin energy
gap at /< 0 and / close to the spin onset
critical field (upward triangles in Fig. 9) 3

increases rapidly with / for all 7~ while at &/
> 0 there is no spin energy gap so ;('1
decrease monotonously with /.

Exactly at » = 1 the average spin s
versus / at the critical fields of spin onset /)
and spin saturation /; has infinite slop, while
Kch hear 4 and /. is finite. Different spin
and charge responses on the applied magnetic
field in the vicinity of critical fields
demonstrates the spin and charge separation
within the one-dimensional Hubbard model.

N LR

We have investigated low-dimensional
attractive and repulsive Hubbard models in
the presence and absence of external
magnetic field by using of both the
Bethe-ansatz equations and the generalized
self-consistent field (GSCF) approach. In the
one-dimensional model for the first time we
have calculated and analyzed thoroughly the
ground state properties and phase diagrams at
zero temperature in a wide range of the
coupling strength (- o0 <{/ <), electron
concentration (0 <7< 1) and magnetic field

(/>0) . We have investigated the magnetic
crossover in the attractive model and the
charge crossover in the repulsive model.

These obtained detailed and thorough
results are important because they provide a

reliable and firm base for the further
investigation of Hubbard model in
two-dimensional case and at finite

temperatures. We have already done some
preliminary calculations and analysis in these
directions and plan to continue these studies
in the nearest future.
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