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ABSTRACT 
The mass transfer in a multi-pass mass exchanger with 
external recycle has been investigated theoretically.  The 
analytical solutions were obtained by using the 
orthogonal expansion technique associated with the 
eigenfunction expanding in terms of an extended power 
series.  The influences of the subchannel thickness ratio 
β, recycle ratio R, and the parameter of permeable barrier 
γ on the outlet concentration and mass transfer efficiency 
were discussed and represented graphically in the present 
study.  The mass transfer efficiency improvement by 
employing the multi-pass mass exchangers with recycle 
was defined as the percentage increase in mass-transfer 
rate, based on that of a single-pass device with same 
working dimensions and without external recycle and any 
permeable barrier inserting.  Considering both mass 
transfer efficiency improvement and power consumption 
increment, an optimal device performance of multi-pass 
mass exchangers can be obtained with the suitable 
adjustment of the permeable barrier locations. 
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1. Introduction 
 
The studies of the heat transfer process of laminar forced 
convection inside a bounded conduit under constant wall 
temperature or heat flux are the classical Graetz problem 
[1, 2] while the extension of Graetz problem to 
multiphase or multistream systems with coupling through 
conjugated conduction-convection conditions at the 
boundaries is so-called the conjugated Graetz problems [3, 
4].  As referred to many investigators, the mass or heat 
transfer coefficient can be enhanced by scaling down the 
channel size [5, 6] or dividing an open-duct device into 
several subchannels [7, 8].  Moreover, the application of 
the internal or external concept is used widely in the 
industrial processes such as air-lift reactor [9] and thermal 
diffusion column [10].   

A new design of multi-pass mass exchanger with 
external recycle is investigated in this study.  The 

mathematical formalisms for such conjugated Graetz 
problem of multi-pass mass exchangers with external 
recycle and constant wall concentration were developed.  
The analytical solutions for such devices were obtained 
by means of an orthogonal expansion technique with the 
eigenfunction expanding in power series.  

 
 

2. Multi-pass devices 
 
Three ideal permeable membrane with negligible 
thickness )( W<<δ  are inserted into a parallel-plate 
with thickness W , length , and infinite width B to 
divide an open duct into four parts, subchannels a, b, c 
and d with thickness W , ,  and , 
respectively, and the subchannel thickness ratio is defined 
as 

L

a bW cW dW

cWW /dba WW/ ==β .  The fluid with volume flow 
rate V and the inlet concentration CI  firstly feeds into the 
two inner subchannels and exits from two outer 
subchannels as shown in Fig. 1.  Before entering the two 
outer channels, the fluid will mixed with the outlet fluid 
with volume flow rate RV and the outlet concentration CF 
by the aid of the conventional pumps.   

The following assumptions were made in present 
study: fully-developed laminar flow in each channel, 
neglecting the entrance length and longitudinal diffusion, 
ignoring the end effects and concentration polarization 
phenomena on the idealized membrane, and constant 
physical properties of fluid.  With the aid of those 
assumptions, the velocity distributions and mass balance 
equations in dimensionless form for the multi-pass mass 
exchanger with constant wall concentration can be 
written as: 
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Fig.1 Multi-pass mass exchanger 

 
The corresponding boundary conditions for solving 

Eqs. (1) and (2) are 
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and the dimensionless outlet concentration is 
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By following the same calculation procedure 
performed in the previous work [7, 8], the eigenvalues 
( ,...,....,, 21 mλλλ ) can be calculated from Eqs. (13)-(15), 
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While all of the eigenvalues ( mλ ) calculated from 
Eqs. (13)-(15), the expansion coefficients, ( , , 

 and ) and the associated eigenfunctions ( , 
,  and ) can be found.  The 

dimensionless outlet concentration 

maS , mbS ,

maF ,mcS ,

mbF ,

mdS ,

mc,F mdF ,

abF ,ψ  or cdF ,ψ  

which is referred to as the average dimensionless outlet 
concentration can be determined by 
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Moreover, the mixed dimensionless concentration 
at the end of the two outer subchannels are calculated by  
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3. Single- and double-pass devices 

 
The single- and double-pass devices without external 
recycle are shown in Figs. 2 and 3, respectively.  The 
dimensionless outlet concentrations for the double-pass 
devices ( Fθ ) and single-pass devices ( F,0θ ) were 

obtained in terms of mass-transfer Graetz number , 
eigenvalues (

)( mGz

mλ  and m,0 λ ), expansion coefficients 
and , channel thickness ratio mbma SS ,,  ,( ),m0S )(β  and 

eigenfunctions ( ),(,ma aF η  )( bm,bF η  and )0(,0 ηmF ) by 
following the same mathematical treatment performed in 
the previous section.  The results are 
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The mass transfer efficiency improvement, , by 
employing a multi-pass device is best illustrated by 
calculating the percentage increase in mass-transfer rate, 
based on that of a single-pass device with same working 
dimensions and without external recycle and any 
permeable barrier inserting 
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5. Power consumption increment  
 
The friction loss in the conduits can be estimated by 
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Fig.2 Single-pass devices where v  and  refer the average velocities in the 
conduits and the equivalent diameters of the conduits, 
respectively.  The friction factor f in the Eq. (29) is a 
function of Reynolds number, Re, as  for the 
laminar flow and parallel-plate conduits.  The equivalent 
diameters of the conduits for the single- and multi-pass 
device in the present studies are  
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can be defined as  
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Fig.3 Double-pass devices 
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4. Mass transfer efficiency 
 Substitution of Eqs. (29)-(31) and the average 

velocity into Eq. (32) results in The average Sherwood number is defined as 
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where the average mass transfer coefficient is defined as  
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6. Results and discussions By using the overall mass balance, the the average 
mass transfer coefficient can be determined by  

The mass transfer equation in the multi-pass mass 
exchangers with external recycle and constant wall 
concentration has been developed and solved by using the 
orthogonal expansion technique and with the 
eigenfunctions expanding in terms of an extended power 
series.  There two conflict effects are created by applying 
the recycle concept to the multi-pass devices.  The 
desired effect is the increase of the convection mass 
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transfer coefficient while the undesired one is the decrease 
of the mass transfer driving force (concentration gradient).  
The mass transfer efficiency can be improved when the 
first effect compensate the last one.   

The calculating results of the dimensionless outlet 
concentration are presented in Figs. 4 and 5.  The 
dimensionless outlet concentration increases with 
decreasing the recycle ratio and subchannel thickness 
ratio as shown in Fig. 4.  The large value of the 
parameter of permeable barrier, γ, represents that the 
solute can more easily transport through the permeable 
barrier.  Therefore, Fig. 5 illustrates that the 
dimensionless outlet concentration increases with 
increasing the parameter of permeable barrier.  Moreover, 
due to the short residence time for the large mass-transfer 
Graetz number, Gzm, (high volumetric flow rate or short 
conduit length), the dimensionless outlet concentration 
decreases with increasing Gzm as indicated in Figs. 4 and 
5.  The average Sherwood number versus mass- transfer 
Graetz number with the subchannel thickness ratio as a 
parameter for R = 5 is shown in Fig. 6.  It is observed 
from Fig. 6, the average Sherwood number increases with 
increasing Gzm but decreases with increasing subchannel 
thickness ratio.  Figure 7 shows that the higher average 
Sherwood numbers were obtained in this work than those 
obtained in the previous work [8]. 

The mass transfer efficiency improvement, Im, for 
the multi-pass mass exchanger with external recycle was 
calculated by Eq. (28) and the results are shown in Table 1.  
The mass transfer efficiency improvement, as observed 
from Table 1, increases with increasing Gzm but decreases 
with increasing R and β.  The operations of recycle 
concept and multi-pass design not only improve the mass 
transfer efficiency but also increase the power 
consumption.  As shown in Eq. (33), the power 
consumption increment, Ip, does not depend on Graetz 
number but increases with recycle ratio and as β goes 
away from 1, especially for β >1.  The calculating results 
for Ip are presented in Table 2.  By considering both the 
mass transfer efficiency and the power consumption 
increment, say Im / Ip, there exits the optimal operating 
condition as shown in Fig. 8.  The positive values of Im / 
Ip mean that the mass transfer rate of multi-pass mass 
exchanger with external recycle are better than that of 
single-pass devices without external recycle. 
 
 
7. Conclusion 

 
The mathematical formulation of the new multi-pass mass 
exchangers with external recycle has been developed in 
present study.  The analytical solutions were obtained by 
using the orthogonal expansion technique with the 
eigenfunction expanding in power series.  The 
calculating results show that the multi-pass design and the 
external recycle operation can enhance the mass transfer 
rate of the mass exchangers.  Comparing to the 
single-pass devices, the mass transfer rate of the 
multi-pass devices with external recycle increases with 

increasing mass-transfer Graetz number and the parameter 
of the permeable barriers but decreases with increasing 
recycle ratio and the subchannel thickness ratio.  
Moreover, comparing to the previous work [8], the 
improvement of device performance is obtained in this 
work.  In the economic sense, there exits an optimal 
operating condition by considering Im / Ip as indicated in 
Fig. 8. 
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Nomenclature 
 

B  conduit width, m 
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Table 1. The mass transfer efficiency improvement with 
the channel thickness ratio as a parameter γ =10  

C  concentration in the stream,  3/ mmol
D  ordinary diffusion coefficient,  sm /2

R = 1 

Im βab=βcd=1/3 βab=βcd=1 βab=βcd=3 
Gzm=1 0.05 0.05 0.05 
Gzm=10 72.88 49.75 30.28 
Gzm=100 308.39 137.64 69.47 
Gzm=1000 393.20 157.71 76.76  

R = 5 

Im βab=βcd=1/3 βab=βcd=1 βab=βcd=3 
Gzm=1 0.03 -0.33 -1.33 
Gzm=10 56.50 30.32 11.45 
Gzm=100 279.60 121.38 56.61 
Gzm=1000 380.75 147.58 67.18 

eD  equivalent diameter of the conduit, m 

mF  eigenfunction associated with eigenvalue mλ  

f  friction factor 

mGz  mass-transfer Graetz Number,  DBLVW /2

mI  improvement of mass transfer, defined by Eq. (28) 

pI  power consumption increment, defined by Eq. (32) 

mk  average convection mass-transfer coefficient,  sm /
L  conduit length, m 

fwl  friction loss in conduit,  kgmN /⋅

N  mass transfer rate,  smole ⋅
 P  power consumption,  smN /⋅
 Re  Reynolds number 
Table 2. The power consumption increment with  and  R

mS  expansion coefficient associated with mλ  β  as parameters 
Sh  average Sherwood number 

pI  

R β =1/3 β =1 β =3 

1 293 159 1033 

3 2455 799 4180 

5 6740 1951 9452 

V  input volume flow rate of fluid,  sm /3

v  velocity distribution of fluid, m/s 
v  average velocity of fluid, m/s 
W  distance between two parallel plates, m 
x  transversal coordinate, m 
z  longitudinal coordinate, m   
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β  ratio of channel thickness, cdba WWWW =/  

γ  the parameter of the permeable barrier, 
)/( δεγ W=  

δ  thickness of the permeable barrier, m 
ε  permeability of the permeable barrier  
η  transversal coordinate, x/W 

θ  dimensionless concentration, ( )/() ISI CCCC −−  

mλ  eigenvalue 

µ  viscosity of the fluid,  smkg ⋅/
ξ  longitudinal coordinate, z/L 

ρ  density of the fluid,  3/ mkg
ψ  dimensionless concentration, ( )/() SIS CCCC −−  
 
Subscripts 
 
a the channel a 
b the channel b 
c the channel c 
d the channel d 
F at the outlet  
I at the inlet 
L at the end of the channel Fig. 4. Dimensionless outlet concentration vs. Gzm with 

βab (or βcd) as a parameter; R = 1 and 5. 0 in a single-pass device without recycle 
s at the wall surface 

152



0

5

10

15

20

1 10 100 1000

Gz m

Sh
o o

r S
h

This work
Reference [8]

γ = 10

R = 1

R = 3

R = 5

Single-pass devices

Double-pass devices

β ab = β cd  = 1/3

 

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1 10 100 1000

Gz m

θ
o,

F o
r θ

F 
=1

- ψ
F

R = 5

R = 3

R = 1

γ  = 1
γ = 10

Single-pass devices

Double-pass devices

β ab = β cd = 1/3

 
Fig. 5. Dimensionless outlet concentration vs. Gzm with 

recycle ratio as a parameter; γ =1 and 10. 
Fig. 7. The comparison of Sh  obtained in this work and 

reference [8] with R as a parameter. 
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