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Abstract

The accurate analytical and numerical
calculations of the electronic band structure
and ground state properties of strongly
correlated electrons within the Hubbard model
are performed for general interaction strength
U/t, magnetic field h (h/t  0) and electron
concentration nN. We test the developed
untraditional perturbation approach about
generalized self-consistent field (GSCF)
solution in the extreme conditions of one
dimensionality for entire parameter space of 0
< U<o and 0 £n< 1. The developed
many-body perturbation formalism up two
second order about GSCF Hamiltonian differs
significantly from the standard perturbation
theory by incorporating systematically the
effect of the random-phase-type perturbation
techniques and controlled expansion of the
energy functional for general U/t and n. The

second order perturbation correction vanishes
at small and large U/t limit and performed
calculations of the ground state energy show a
next to the perfect numerical agreement with
the Bethe-ansatz results.

Our results are published in [9-11] and
reported at [5-8], [12].
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The analytical theory for the interacting
electron gas was first developed by Gell-Mann
and Bruckner, now known as random phase
approximation (RPA), gives the exact values
for the correlation energy in the high
density-weak coupling regime. However, this
method runs into difficulties due to the
insufficient treatment of fluctuations. Starting
from the weak coupling regime Schrieffer,
Wen and Zhang examined the fluctuations
around the SDW mean field solution for
repulsive Hubbard model using the RPA. This
fact gave a rise the hope that the RPA
fluctuations might be able to interpolate
between the large and small coupling limits.
However, the low-energy physics is still not
properly treated within the traditional mean
field with corresponding RPA extensions.

We study the dynamic many body effects
of strongly correlated electrons in the periodic
lattices by including the effect of fluctuations
around the GSCF solution. It is a combination
of the self-consistent approach with
systematic use of the effect of the
random-phase-type perturbation techniques
applied in entire space of electron
concentration, magnetic field and U/t for
calculation of the ground state properties by
comparison with the rigorous results in one
and in two dimensions.[1-4],[11]



We initially test the developed
perturbational approach up to the second order
around so called linearized generalized
self-consistent field (GSCF) theory for the
repulsive Hubbard model and numerical
results in one dimension (1d) are compared
with the Bethe-ansatz solution. At large limit
U/t the result of second order perturbation
converges to the GSCF solutions and in small
and intermediate U/t range our approximation
gives rather good agreement with the
Bethe-ansatz result.

The GSCF theory for attractive and
repulsive interaction has been successfully
used in calculating of the ground state
properties and electronic structure of many
body systems.

The GSCF ground state at arbitrary
wave vector g (0 < g < n) for the spin order
parameter (antiferromagnetism corresponds
=m)and U>0is [11]
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where o kg,
is the qusi-particle operator, K is inside the
Fermi-region (*"Fermi-sea"), the quasi-particle
energy spectrum is determined by
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longitudinal (s) spin order parameters and the
chemical potential u(+). The eigenvalue of the
GSCF Hamiltonian in the ground state is

(AL gl

T

Baver = g g Fh gy g
where N, ;, means occupation numbers
of quasi-particle states. The GSCF eigenvalue
provides for energy a simple interpolation
scheme between the weak and strong
interaction in entire range of U/t, hand all 0 <
n < 1. The GSCF and exact results coincide in
extreme limits of weak and strong interaction.
However, instead of a common belief that the

mean field approximation is a valid starting

point at weak interaction limit, the GSCF
numerical results clearly demonstrate
qualitative discrepancy for all n< 1 in
prediction of behavior for double occupancy
D and kinetic energy Eyi, at U/t 1. The
exact and the GSCF limiting values of D are
the same, although the GSCF result barely
changes at weak interaction [U|/t 1, while
the exact result gives a linear dependence. The
GSCEF theory also fails in description of the
chemical potential u(ﬂ at intermediate and
strong interaction limit, especially at n=1. In
fact the GSCF solution for u* versusn
unstable and has a tendency toward the phase
separation, while the exact u'” is everywhere
monotonous function on n.
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Fig. 1. The ground state energy E"/t as a function
of U/t for various n in the Bethe-ansatz solution (solid
curve), the GSCF approach (dashed curve) and II order
perturbation result (dark bullets).

The GSCF theory does not account for
the strong dynamic fluctuations around the
average values. In traditional perturbation
theory the expansion in U/t includes the
perturbation term about non-interacting
Hamiltonian and therefore there is no
perturbational expansion at large U/t. One can
naively think that because U/t can be the
largest energy scale for systems of interest,
such straightforward expansion of fluctuations
about zero order mean field Hamiltonian do
not necessary vanish.
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Fig. 2. The ground state density of double
occupied sites D™ as a function of U/t for various n in
the Bethe-ansatz solution (solid curve), the GSCF
approach (dashed curve) and II order perturbation result
(dark bullets).

We suggest here perturbation approach
beyond the standard linear approximation,
using the Bogolyubov-type transformation to
the new quasi-particles. The problem can be
reduced simply to carefully resorting the
contribution of different terms in transformed
the GSCF and exact Hubbard models by
calculating of corresponding matrix elements.
We consider the GSCF Hamiltonian Hgscr
as a zero order term and take the difference
Hexact- Hagscr as a perturbation. [8,10] In
equilibrium the GSCF self-consistent
equations are satisfied and the I order
correction is identical to zero, EFD= (. The
next correction to the GSCF result E(+)(O)G5CF
for the ground state energy is II order
perturbation term, E,

The performed numerical calculations of
the ground state energy EC/t and ground state
density of double occupied sites D (Fig.1
and Fig.2) demonstrate the good numerical
agreement with the Bethe-ansatz results at

weak and intermediate range of U/t. However
the results at large U/t differ from
Bethe-ansatz ones. It also should be kept in
mind that the comparison with the exact result
in 1d is probably a "worst-case" scenario for
most approximation theories due to strong
quantum fluctuations. We expect that this
approach will be more accurate in higher
dimensions, where corresponding fluctuations
are suppressed.

In this work we demonstrated a
non-standard second order perturbation PertB
approach for interacting quasi-particles about
exactly solvable single-particle GSCF
Hamiltonian. The variational GSCF ground
state energy is exact in limiting cases U/t— 0
and U/t — oo for arbitrary h> 0 and all 0<n<I.
We constructed a converging second order
perturbation theory, valid for arbitrary
interaction strength, by choosing the
single-particle GSCF Hamiltonian for
quasi-particles as a zero order approximation.

The problem was shown been reduced to
calculation of corresponding matrix elements
for the difference between the transformed
GSCF and exact Hamiltonian. The performed
PertB technique gives the first two terms of
the non-standard perturbation expansion series.
The calculated PertB theory for the ground
state energy converges to PertA at small U/t
limit and approaches asymptotically to the
GSCEF result at large U/t.

We analyzed the ground-state properties
from the standpoint of both traditional and
non-traditional perturbational approaches
about non-interacting electrons (PertA) and
GSCF quasi-particles (PertB) respectively. In
one dimension we checked the accuracy of
different approaches by comparison with the
Bethe-ansatz calculations. Numerical
simulations in PertB at relatively small



electron concentrations show quite good
agreement with the Bethe-ansatz result in the
intermediate region of U/t. The ground-state
properties with magnetic field become closer
to the corresponding exact results. The PertB
approach gives better agreement with the
exact solution in intermediate range of U/t,
when nis small or h is large enough. Thus the
PertB is a reasonable interpolation scheme
between the weak and strong interaction.
However, at large U/t the result for the
chemical potential at half-filling case differs
from Bethe-ansatz

The GSCF stable long-range spiral
phases at n # 1 is still well described by
second order perturbation theory, while exact
solution in one dimension is a singlet with
short-range correlations. One can also apply
the same technique in higher dimensions,
where, however, exact solutions are
unavailable. We expect that this
non-traditional approach will be even more
accurate in higher dimensions, where
corresponding fluctuations are suppressed.

The developed PertB about the GSCF
solution can be applied to more complicated
many body problems. Although the
construction of the linear non-perturbed zero
order Hamiltonian in general is far from
simple, we can formulate the procedure for
obtaining a convergent series for arbitrary
perturbation parameter. A zero order
approximation Hamiltonian can be
constructed in mean field approximation
manner necessary to reproduce exact features
at infinity large and zero interaction limit,
small electron concentration and strong
magnetic field close to saturation.

The GSCF solution for non-interacting
quasi-particles at small U/t follows the first
order standard perturbation approximation.

However, the GSCF theory has
advantage over the traditional first order

perturbation theory, since it describes the
system at arbitrary U/t values. Thus one can
consider the linear GSCF theory as a self
consistent first order perturbation approach
applied for general U/t, h and n.

We can see now the relationship between
the second order perturbation theory and the
variational principle. Thus the basic
shortcoming of the PertB is that it is not
variational by nature.

The work currently in progress is aimed
to apply second order perturbation theory for
development of non-linear self-consistent
theory, based on the PertB theory for
quasi-particles.

These obtained results are important
because they provide a reliable and firm base
for the further investigation of Hubbard
models in two- and three-dimensional cases
and at finite temperatures. Some preliminary
calculations and analysis in these directions
are being carried out.

[1] C. Yang ( ), A. N. Kocharian, Y. L.
Chiang ( ), 2002, “Phase diagram and
magnetic correlations in one-dimensional
repulsive Hubbard model with magnetic field”,
Journal of the Physical Society of Japan, v. 71
Supplement pp.193-195. (SCI)
[2] A. N. Kocharian, C. Yang (
Chiang (
magnetism and mapping in entire parameter space

), Y. L.
), 2002, “Superconductivity,

between the attractive and repulsive Hubbard
models”, Journal of the Physical Society of Japan,
v. 71 Supplement pp.223-224. (SCI)
[3] C. Yang ( ), A. N. Kocharian, Y. L.
Chiang ( ), 2003, “Thermodynamic
Properties of One-Dimensional Hubbard Model at
Finite Temperatures” (

), Intern Journal of Modern Physics



B, vol. 17, NN. 18, pp. 3354-3358. (SCI)
[4] A. N. Kocharian, C. Yang ( ), Y. L.
Chiang ( ), 2003, “Perturbation Theory
About Self-Consistent Field Solution in
One-Dimensional Hubbard Model” (
), Intern Journal of

Modern Physics B, vol. 17, NN. 18, pp.
3363-3366. (SCI)
[STL.Y. Chen (
Y. Chou (
Kocharian, 2003

, , V.25, no. 1, pp. 141-142.
“Thermodynamic Properties and the phase
diagram of the Hubbard Model in
one-dimension”
[6] Y. L. Chiang (

), Y. L. Chiang ( ), T.
), C. Yang ( ), A.N.

Yang ( ), A. N. Kocharian, 2003

; ,V.25,no. 1,
pp. 142.
[7] C. Yang ( ), A. N. Kocharian, Y. L.
Chiang ( ), 2003, “Thermodynamic

properties of one dimensional Hubbard model at
finite temperatures ”, International Conference on
New Theories, Discoveries, and Applications of
Superconductors and Related Materials
(NCW3SC-4), Jan. 16 - 21, 2003, San Diego,
California, USA.

[8] A. N. Kocharian, C. Yang ( ), Y. L.
Chiang ( ), 2003, “Perturbation theory
about self-consistent solution in one dimension”,
International Conference on New Theories,
Discoveries, and Applications of Superconductors
and Related Materials (NGW3SC—4), Jan. 16 - 21,
2003, San Diego, California, USA.

[9] C. Yang ( ), A. N. Kocharian, Y. L.
Chiang ( ), 2003, “Thermodynamic

Properties of One-Dimensional Hubbard Model at
Finite Temperatures” (

), Intern Journal of Modern Physics
B, vol. 17, N. 18, pp. 3354-3358. (SCI)
[10] A. N. Kocharian, C. Yang ( ),Y. L.
Chiang ( ), 2003, “Perturbation Theory
About Self-Consistent Field Solution in
One-Dimensional Hubbard Model” (

), T. Y. Chou ( ), C.

), Intern Journal of
Modern Physics B, vol. 17, N. 18, pp. 3363-3366.

(SChH
[11] A. N. Kocharian, C. Yang ( ), Y. L
Chiang ( ), T. Y. Chou ( ), 2003,

"Exact and self-consistent results in
one-dimensional repulsive Hubbard model" (

)
International Journal of Modern Physics B, vol.
17, N. 30, pp. 5749-5772. (SCI)
[12] L.Y. Chen ( ), Y.L. Chiang ( ), C.
Yang ( ), A.N. Kocharian, 2004 “Perturbation
Theory About Self-consistent Field Solution”,

, V.

26, no. 1, pp. 160-161 (2004 2 ).



