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Dynamic response analysis of beam-type structuresto
moving loads with high speeds(l)
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Abstract



In this report, the dynamic response of bridge girders with simple supports to
moving train-loads is studied using an analytical approach. The present results
indicate that the dynamic response of the beam at resonance remains rather bounded,
if the effect of damping is taken into account. An envelope impact formula is
proposed for the deflection of the girder with light damping, which serves as a useful
and preliminary design aid to railway engineers.

Keywords:
impact envelope formula, high speed trains, resonance.

1. Introduction

The dynamic response of bridge structures to moving loads at high speeds is a
problem of great concern in the design of high-speed railway bridges. In the
literature, a larger number of analytical investigations have been carried out.
Frequently, a bridge has been modelled as a beam-like structure and a vehicle as a
moving load or moving mass [1]. Recently, Yang et a. [2] presented a closed form
solution for the dynamic response of simple beams subjected to a series of moving
loads at high speeds, in which the phenomena of resonance and cancellation have
been investigated, along with optimal design criteria proposed. By considering the
effect of damping, Li and Su [3], Yau et a. [4] investigated the fundamental
characteristics and dominant factors for the resonant vibration of a girder bridge under
high speed trains. The objective of this paper isto analytically investigate the dynamic
behaviour of simple beams subjected to moving loads in the high speed range. Based
on the analytical results, an envelope impact formulathat takes into account the effect
of damping will be proposed for the deflection of the beam. The accuracy of such a
formulawill be demonstrated in the numerical examples through comparison with the
finite element solutions.

2. Equation of Motion

‘ L ‘ Figure 1 Simple Beams Subjected to
Moving Train Loads



Asshown in Figure 1, by modelling a bridge as a Bernoulli-Euler beam, a simple
beam with length L and uniform cross section is considered. The train moving over
the beam at speed v is modelled as a sequence of equidistant length d and moving
loads with constant weight p. The equation of motion for the beam travelled by the
moving loads can be written as[2]:

mii+ cu+ Eludt

= pg d[x- vt- t)]" [H(t- t)- H(t-t, - LIV)]

1)

where m = the mass per unit length of the beam, u(x, f) = vertical displacement, ¢ =
damping coefficient, £ = elastic modulus, / = moment of inertia of the beam, d=
Dirac's delta function, H(#)=unit step function, N = total number of moving loads, and
t = (K1)d/v = arriving time of the Ah load at the beam. By assuming the
displacement u(x;f) in equation (1) to be g(f)sin(px/L), according to the principle of
virtual work, one obtains the equation of motion in terms of the generalized
coordinate () as

2p &
m
F.(v,0)=sinWt- t)H(t- t,)
+sinWt- ¢ - LIVH(t-t - LIV
(2a b)

where x is the modal damping ratio, w = (p/L)?/ (El/m) = the fundamental frequency
of the simple beam, W (= pwv/L) is the driving frequency by the moving loads, and Fyv,
?) isthe generalized forcing function.

a(t) + 2xwit) + wg(f) = F(v1)

3. Resonance and Cancellation

To simplify the derivation procedure, readers who are interested in derivation of
the resonant response should refer to the paper by the writers [2] for further details,
which will not be recapitulated herein. By neglecting the damping effect in equation
(2), the closed form solution of the dynamic response u(x, f) in equation (1) is
expressed as.

u(xt)0 D, sin(px/ L)
[QvDH(t- t,)+ QWDH(t- t,, - LIV)]



©)
where Dy = 2pL%/(p*El) . the maximum static deflection of the simple beam, and

snW(¢- t,)- Ssnw(t- t,)

Qv =

1- &
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=22508(p/29) &5 o Lo
QZ(V ) 1- & e W ZVQ
rinw. tN+L/V9, smw_[(tN- d/W/Z]H
& 2 g sin(wdl2v) g

(4a, b)

In equation (4), S= Ww = the speed parameter. From equations (4b), it can be
seen that the response reaches a maximum when the denominator sin(wd/2v) equals
zero. Thisisexactly the condition for resonanceto occur, and a closed form solution
for the resonant response uye{x;f) of the simple beam can be written as

U (xt)= 1_D} sin(px/ L)

{ginW(¢- t,)- S.sinw(t- 1, )gH(t- 1)
- 2(N- 1S, cos(wL/2v,)
“sinw(t- LI2v ) H(t- t,, - Llv,)}

res

®)

where the subscript res means resonance. As can be seen, under the condition of
resonance, larger response will be induced on the beam, as there are more loads
passing the beam. On the other hand, whenever the cancellation condition is met,
that is, cos(wL/2V) = 0, the dynamic response for cancellation uga(x,f) becomes

G EPXE,
Ucan(X1 t) - Dgsn8_+
Lg

ésinW(t- t,)- S, sinw(t-t,)u
.e,t ( N)l ;ﬂ ( N)QH(t' Z-N)
e T “a u

n

(6)
where the subscript can means resonance. This implies that the excitation effects of
all the previous A-1 moving loads sum to zero.

4. Derivation of I mpact Envelope Formula



In order to derive the impact envelope formula of simple beam subjected to
moving loads at high speeds, first, consider the case when only a single moving load
is crossing the bridge. The equation of motion (2) becomes

G(6) + 2wet) + wqd) :%sjin"t 7

For most of the vehicle-bridge problems encountered in practice, the speed
parameter Sislessthan 0.3. In this study, only simple beams with light damping (x
<0.05) are considered, which implies that termsinvolving x* and xS can be neglected.
As aresult, the response in equation (7) can be reduced to

q(t):DgassmVVt-Sé smwtg OEVEL (8)
§ 1- s 2

Further, when a series of moving loads of constant intervals d are crossing the
bridge as shown in Figure 1, the response in equati on (8) can be extended as follows:

D, ¢
a0 LA G DA L)
& Lo Ll
G-t - =2HT- - =% (93 b
gut- b Gt Lo (Al

G(v,f)=snWf- & sinwt

Figure 2 The Mh moving load is acting at position vig

Consider the resonance condition in equation (4b), i.e, sin(wd2v,e) = 0, as
shown in Figure 2, when the Ath moving load is acting on the beam at time t = ¢ +ty,
i.e, t = te+ (N!1)d/Ves The resonant response in equation (9) for the beam under the
action of the Mth moving load can be expressed as



Gu(t) = —2{(sSinWe, - S.e™ sinwt,) H(z,)

1- S,
¥ L. €. . @ | o
- STy € esinut, + €79 sinwcl, - OUP
k=1 é e Vres 'p

(12)

Further, by the approximation in expansion for the exponentia function, exp(>B/Ses)
1+>B/ Sesfor >Bl/Ses# 0.3, and series sum, and let us assume that there is an infinite
number of moving loads crossing the beam, i.e., N 6 4, the dynamic response in
eguation (12) can further be expressed as

D . e
Gult) =g { (SinWe, - S,e sinut ) H(z,)
- ‘9r$L e—xwtg - wsrs +1ECOS p SII’]?WI’E- p 9
d LXp g 25. & @ 25.p

® o VI-2 - d
+sinLcosgth- L_;QHQI‘E- L d$
25. & 25.d1 € Ve db

(13)

Since sin(Tt 'B/29 and cos(Tt !B/2S are out of phase, when the function sin(7t !
BI29 reaches the maximum, the function cog(7t!B/2§ is at its minimum. Also, since
29>B+1>2 and we are interested only in the maximum response, the preceding
expression can be approximated by dropping the term in the third line as follows:

Dg 4 H S XWIE
9(t)> g {(snwt, - .6 sinwt,) H(z,)
Sel o @5 80
d Xp g 25,
sngwt, - 22Kt - £
e @ € Ve b
(14)

At this point, we have derived the maximum response for the ssmply supported
beam in equation (14) considering the effect of damping. To obtain the maximum
response in equation (14), by letting wiz be equal to p(1+1/Se)/2, the maximum
response in equation (14) can be reduced as

2S5

res

q » D, 'i
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(15)
For the case of light damping considered in this study, implying that xp/Ses < 0.3,
the maximum response in equation (15) can be further approximated as

p
2S

res

T
a

Cos

. 2L
qr&cmax » DSI +
’ gl xpd

which is applicable for the case where the resonance condition is met, but the
cancellation condition isnot. To consider such a situation, when both the resonance
condition and the cancellation condition given in equation (16) are satisfied, i.e., Ses
= San, theresponsein equation (6) becomes

., ésinWt, - S, e sinwt, U
S e ()
1- 5., 0

q(t) =D,

D:D

(17)
By letting sinWf==1 and using the relations exp(->B/284,).1->Bl2&4, and
Sal(1- Scar) . San the maximum response in equation (17) can be represented as

. é 1 Xp U
»D,” a +c3,, - — ] 18
Qs mex éle—%n g 5 ajg (18)
This formula is valid for the case when both the condition of resonance and the
condition of cancellation are satisfied.

The impact factor for the deflection of a simply supported beam subjected to the
moving loads is defined as the ratio of the maximum dynamic to the maximum static
response of the bridge under the same load minus one. By the use of equations (16)
and (17), the deflection impact formula for the simple beam subjected to a sequence
moving loads can be expressed as:

L L28,| @p ¢
i — cosg for resonance
[l dxp| @28,
=i
i S + & X0 oy (resonance+ cancellation)
]

(19)
This is exactly the envelope impact formula for the deflection of the simple beam
subjected to the moving loads.

5. lHlustrated Example



As shown in Figurel, the bridge length is 23m and the train moving over the
bridge is assumed to have interva length d = 25m. To investigate the effect of
damping on the resonant response of an elastically supported beam due to an infinite
series of moving loads, 30 moving loads are considered in this example. A damping
ratio x of two percent and the resonant speed parameter Ses of d/4L are assumed for
the beam. As can be seen from Figures 3, due to the presence of damping, the
vibration of the beam remains rather bounded, in a steady state manner, even when
the resonance condition is met. This is very different from the undamped case, in
which the response amplitude tends to grow increasingly when the resonance
condition is met, as there are more loads passing the beam.
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Figure 3 Comparsion of time history responses at resonant speed Ses = d/4L

The envelope impact formula of equation (19) has been plotted in Figure 4 for
the simple beam with two different damping ratios, i.e., >= 0.02, 0.04, in comparison
with the more accurate impact factors / computed using the finite element method. As
can be seen, the envelope impact formula shows a trend in good consistency with the
impact response for different ratios of damping for the entire range of speed
parameters considered.
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Figure 4 Envelope Impact Formulafor Different Damping Ratios



6. Conclusions

In this study, an anaytical approach is adopted to investigate the envelope
impact formula of simple beams subjected to a sequence of moving loads. Light
damping is assumed for the beam. Both the conditions of resonance and cancellation
are identified. It is observed that the resonant responses remain very well bounded due
to the presence of damping. For the case of infinite number of moving loads, an
envelope impact formula is derived for the simple beam with the effect of damping
taken into account.
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