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NUMERICAL SCHUBERT CALCULUS BY THE PIERI HOMOTOPY
ALGORITHM*

T. Y. LI, XIAOSHEN WANG!, AND MENGNIEN WU$

Abstract. Based on Pieri’s formula on Schubert varieties, the Pieri homotopy algorithm was
first proposed by Huber, Sottile, and Sturmfels [J. Symbolic Comput., 26 (1998), pp. 767-788] for
numerical Schubert calculus to enumerate all p-planes in C™t? that meet n given planes in general
position. The algorithm has been improved by Huber and Verschelde [SIAM J. Control Optim., 38
(2000), pp. 1265-1287] to be more intuitive and more suitable for computer implementations.

A different approach of employing the Pieri homotopy algorithm for numerical Schubert calculus
is presented in this paper. A major advantage of our method is that the polynomial equations in the
process are all square systems admitting the same number of equations and unknowns. Moreover,
the degree of each polynomial equation is always 2, which warrants much better numerical stability
when the solutions are being solved. Numerical results for a big variety of examples illustrate that
a considerable advance in speed as well as much smaller storage requirements have been achieved by
the resulting algorithm.

Key words. enumerative geometry, Schubert variety, Pieri formula, Pieri homotopy algorithm,
Pieri poset
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1. Introduction. With “/-planes” representing ! dimensional linear subspaces,
a general problem in enumerative geometry is
Enumerate all p-planes in C™*? that meet n given planes Li,..., L, in
(%) general position of dimension m+1—k; fori =1,...,n, with ky +---+
k, = mp.
The condition that k; + - - - + k,, = mp guarantees a finite number of p-planes meeting
those given planes.

Based on Pieri’s formula, and following the new geometric proof of Pieri’s for-
mula established by Sottile [9], Huber, Sottile, and Sturmfels [3] proposed the Pieri
homotopy algorithm to deal with this problem numerically. The homotopies in the
algorithm have then been simplified by Huber and Verschelde [4] via the poset of
localization patterns, making the algorithm more suitable for computer implementa-
tions.

In both of those works, each given plane L; for ¢ = 1,...,n with dimension
d; = m + 1 — k; is represented, as they were traditionally, by an (m + p) x d; matrix
consisting of d; linearly independent vectors in C™*?. Let X be a p-plane that
intersects all those given planes. Without loss, one may represent X by the (m+p) xp
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o 0
Z11
1
Tmi Tip
L 0 Tmp |
Fori=1,...,n, let [a;(z), where x = (z11,...,Zmp), denote the maximal minor of
the (m + p) x (p + d;) matrix [X|L;] with row indices a = (a1, ..., 0p+q;). Then the
intersection conditions in problem (x) become, for each i =1,...,n,

X meets L; <= [a]i(x) =0 V possible row indices o = (o, ...,Qptd;)-
The backbone of the Pieri homotopy algorithm [3, 4] is to solve k; more variables in
z = (11,...,Zmp) One at a time for i = 1,..., n successively to satisfy the intersection
conditions with Lj,...,L;:

(1) [a];(z) = 0 V possible row indices @ = (a1, ...,Qpt+q,), for L =1,...,1.
To solve the above systems successively for i = 1,...,n, different homotopies

based on Pieri’s formula on Schubert varieties are constructed at each stage where
the solutions of the system at the current stage taken as the solutions of the target
system of the current homotopy are the solutions of the start system of the homotopy
at the next stage. In the process, if k; = 1, then d; = m + 1 — 1 = m, making
[X|L;] a square matrix and resulting in the increment of one more equation in one
more unknown in (1) from (i — 1)th stage to ith stage. However, when k; > 1, then
d; = m+1—k; < m, and consequently the number of all possible maximal minors in
the (m + p) x (p + d;) matrix [X|L;] equals

p+m\ p+m _(p+m Sk
p+d;) \p+m+1-k) \k-1 E

since k; = m+1—d; < m. When this occurs, the system in (1) admits more equations
than unknowns and constitutes an overdetermined system.

Solving an overdetermined system by the homotopy continuation method as pro-
posed in [8], a square system is constructed by using random linear combinations of all
equations in (1). This reduction to a square system destroys the geometric structure
and creates many excess solution paths to follow, which may lead to a considerable
inefficiency of the algorithm since the solution sets of the new square system may
properly contain the original ones.

In this paper, we present a different approach. Most importantly, we will represent
each given plane L;, i = 1,...,n, in general position by a set of m+p—d; =p+k; —1
linear equations which defines L;. The collection of the normals of those equations
forms a (p + k; — 1) x (m + p) matrix, denoted by K;, and X meets L; if and only if

K;XA; =0 for some A; € PP7L.

Employing the same strategy as in [3, 4], we will solve k; more variables in z =
(%11, ..., Zmp) one at a time from i = 1 to i = n by solving for each i the system

(2) KXA =0 AIGPP_I for I=1,...,1.
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And different homotopies are constructed, also based on Pieri’s formula, at different
stages to connect the solutions of the systems in (2) for consecutive i’s. For each fixed
i, the system in (2) has (p+ k1 — 1)+ -+ (p+ki—1)=(p—-1)i+ki+---+ ks
equations. On the other hand, since A; € PP~!, it admits only p — 1 variables for
each [; together with ki + --- + k; variables in £ = (z11,...,Zmp), the system has
p+ki—-1)+--+(p+ki—1)=(p—1)i+ k1 + -+ k; variables. We therefore
deal with square systems throughout the process even when k; > 1 occurs and never
have to undertake the disadvantages of solving overdetermined systems. Moreover,
another important advantage of our approach is that the degree of each polynomial
equation in (2) is always 2 while polynomial equations in the previous approaches in
(3, 4] may reach quite higher degrees in many situations, which may severely affect
the numerical stability when solutions of the systems are being solved.

The computational experiences of the resulting algorithm are listed at the end of
the paper to illustrate the remarkable speed up of our method has achieved over the
existing algorithm in [4] for a big variety of examples, and our algorithm is particularly
valuable for general cases when k; > 1 appears.

While, in this paper, we only deal with given planes in general position, the
input data of planes for applications may not be so general. An approach common
to practitioners of homotopies to solve a given problem is to deform the solutions of
the general problem to those of the special problem by applying cheater’s homotopy
[5] or coefficient-parameter polynomial continuation [6, 7).

In [4], new homotopies were presented to compute p-plane producing curves in-
tersecting m-planes at prescribed interpolation points. A future project would be to
investigate whether the improvements proposed in this paper also apply to those new
homotopies developed in [4].

2. Preliminaries.
DEFINITION 1. Let Ay C Ay € --- C A, be a set of planes in C™P with
dim(A4;) = a;. The set

Q(A1,...,Ap) = { p-planes X in C™*P|dim(X N 4;) >t,i=1,...,p}

ts called a Schubert variety.

For planes A; C --- € Ap and B; € --- C B, with dim(B;) = dim(4;) = a;,
for i = 1,...,p, a nonsingular linear transformation in C™*? can be constructed
to transform A; to B; for i = 1,...,p, and the induced transformation transforms
Q(A1,...,Ap) onto Q(By, ..., Bp). For this reason, the notation Q(a1,...,ap) is fre-
quently used without specifying the planes A; where dim(4;) =a;,i=1,...,p.

Now consider planes Ay C A2 C --- C A, and By C --- C By, with dim(4;) = a;
and dim(B;) = b;, i = 1,...,p. When they are all in general position, we may assume

Ai = (61,...,€ai> and Bi = <em+p+l—bia-' .,6m+p>, 1= 1,.. D,

where e; is the unit vector in C™*?P with unit at the jth entry. Here, and from
here on, (vq,...,v;) denotes the plane spanned by vq,...,v. If X € Q(44,...,4p)
N By, ...,Bp), then dim(X (Apt1-s) > p+ 1 — ¢ and dim(X (B;) > i. Thus,
since dim(X) = p and both X (| A,4+1-; and X (| B; are planes in X,

> dim((X ) Ap1-:) (X ) Bi))
> dim(X N Ap+1-i) + dim(X () B;) — dim(X)
> p+1—-it4i—-p=1

dim(Ap41-i 1 Bi)
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So, ap+1-i + b > m+p+ 1. Conversely, if apt1-; +b; > m+p+1, then apy1-5 2>
m+p+1—b;. Thus emip+i-b, € Bi () Apr1—i- Let X = (€mtpt1-b,: Emtp+i-by_1)
ey em+p+1_b1). ObViOuSly, X n Bi = (em+p+1—b1 y Em4p+1—byyr- - ) em+p+1—-b,‘> and
dim(X N B;) = i. Furthermore, X (Apti—i 2 (€mipti—bys---> Em+p+1—b;) and
hence dim(X (Ap+1-:) > p+ 1 —i. Thus X € Q(A1,...,4,) By, ..., Bp).
Therefore, we have the following proposition.

PrROPOSITION 1 (Theorem I, p. 327 [1]). When A; C A2 & -+ & A, and

-=

By C .-+ C B, are planes in general position in C™P with dim(A4;) = a; and

dim(B;) = b; fori = 1,...,p, then Qa1,...,a,) and Q(by,...,bp) intersect if and
only if

apy1—i+b; >m+p+1 for i=1,...,p.

As a corollary, we have the following proposition.

PROPOSITION 2 (Corollary, p. 328 [1]). Q(a1,...,a,) 1 Q2(m+p+1—ap,...,m+
p+1—ay) consists of a unique p-plane for given 1 < ay <--- < ap <m+p.

EXAMPLE 1. Let m = p =2, A} = (e1,e2), Az = (e1,e2,€3), By = (e3,e4), and
By = (e2,€3,€4). Then Q(A1, A2) By, Bz) = (e2, €3).

In the rest of the paper, when we write a = (a1, ..., ap), those coordinates will
satisfy 1 < a; < -+ < ap < m + p. Because of the importance of Proposition 2,
a*=(m+p+1—ap,...,m+p+1—ai)is called the dual of a = (a1, -, ap).

For 0 < h<m,let o := Q(m+1—h,m+2,...,m+p), the set of p-planes that
meet a given (m + 1 — h)-plane. Since every p-plane will meet any (m + 1)-plane, oo
is the collection of all p-planes.

For (ai,...,a,) and (by,...,bp) with apy1—; > m+p+1-1b; fori=1,...,p,
let Ay C Ay C--- C Ay and By € --- € B, be planes in C™*? with dim(4;) = a;
and dim(B;) = b;. If X € Q(ay,...,ap) (b1, ...,bp), then X meets Api1-i()B;
fori=1,...,p. Let D be the smallest plane containing A, () B1,-..,A1[) Bp. Then
X CD and

dim(D) < dim(4,(\B1) +- -+ dim(4; N Bp)
= ap+b—(m+p) +--+a+14+b,—(m+p)
>i(ai +b;) — (m+ p)p.

Let h=> a;+ > b, — (m+p+1)p. Clearly,

Il

dm(D)=h+p<=ap_i<m+p+1—-b;<apit1 Vi=1,...,p.

When dim(D) = h+p, let G}, be a generic (m+1—h)-plane. Representing D and G}, by
matrices consisting of independent vectors in C™*?, the rank of the (m+p)x (m-+p+1)
matrix [D|Gp] is m + p. Thus, up to a scalar factor, there is a unique nonzero vector
g € Gp, where g = vy + -+ + v, with v; € Apy1i(\B; for i = 1,...,p. Let
X = (v1,...,vp); then X € Q(Ai,...,4,) N Q(By,...,Bp) and meets Gp.

PROPOSITION 3 (Theorem III, p. 333 [1]). Let 1 < h < m. For (ay,...,ap) and
(b1,...,bp) satisfying

(3) ap—i <m+p+1=b <app1-i, h=3 a;i+) bi—(m+p+1)p,

the intersection Q(ay, ..., ap) (VQ(b1,...,bp) (o consists of a unique p-plane.
EXAMPLE 2. Letm = p = 2, A = (61,62>, Ay = (61,62,63>, B, = (63,64),

By = (e1,e2,€3,€4), and 01 = Q(D1, D3), where D is a generic 2-plane and Dy = Cc*.

Then A; (B = Ay and Ay (\B1 = (e3). Denote the 1-plane Dy (\(A1,e3) by Dj.
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Let u = (u1,ug,us,us) € D}y and fi = (u1,u2,0,0). Then Q(2,3)N2(2,4)No1 =
(f1,e3).

For Q(a1,...,ap) and Q(by,...,by), a1, ...,ap)+Q(b1,...,bp) denotes the class
of p-planes X, where for planes 4; C A C --- C Ap and B, C --- € B, with
dim(A;) = a; and dim(B;) = b; fori = 1,...,p, dim(X () 4;) > ¢ (or dim(X (| B;) >
i) for all i = 1,...,p. We abbreviate Q(ay,...,a,) + Q(a1,...,ap) by 2Q(as,...,ap)
and in general

d
ZQ(al, conap) i=dQag, ..., ap).
i=1
Furthermore, Q(a1,...,a,) ® Q(b1,...,by) represents the class of p-planes X, where
dim(X N A4;) > i and dim(X (N B;) >iforalli=1,...,p.
For sets of p-planes A and B, we write A e B for A(|B. We say A is equivalent
to B, denoted by A ~ B, if whenever
AeQc)=kQ1,...,p)
for some ¢ = (cy,...,¢p), we also have

BeQ(c)=kQ(1,...,p).

Note that Q(1,...,p) represents a general p-plane. The following property [1, 2, 3]
will be used repeatedly for the establishment of our algorithm:

ANB=>AOO’h~BOO'h.

Following Proposition 3, for fixed ai,...,a, and h, any b = (b1, ..., bp) satisfying (3)
yields

Qai,...,ap) @ 0n @ Qb1,...,bp) =Q(1,...,p).

On the other hand, for the dual b* = (b,...,b}) = (m+p+1-by,...,m+p+1—b1)
of b, by Proposition 2,

Qb7, ..., by) e by, bp) = Q(L,...,p).
Moreover, for b = (b1, ...,b,) satisfying (3), but b # b*,
Q... 5y) 8 Qb by) = 0.

These observations lead to the following important formula.
PROPOSITION 4 (Pieri’s formula, p. 354 [1]).

Qar,...,ap)e0n~ Y Qbi,...,bp), where

(4) 0< b §a1<b2§a2<~--_<_ap_1<bp§ap with ij=2aj—h.

When we fix a = (a1,...,a,) and h, those b = (b1, ..., b,) satisfying (4) together
with a are called the Pieri nodes; the nodes b are induced Pieri nodes of node a.
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From here on, we will use [a1,...,a,| to denote a Pieri node or its dual. Recall that
for i = 1,...,n, p-planes that meet plane L; with dim(L;) = m + 1 — k; belong to
Qm+1-—k;,m+2,...,m+p) = ok,, and the condition k; + - - - + k,, = mp warrants

(5) Ok, ® 0k, @ -00r, =dQ(1,...,p).

Thus problem (%) introduced in section 1 can now be interpreted as follows: finding
all d specific p-planes in o, ® i, ® --- ® oy for given planes L,,..., L, in general
position. To calculate ok, ® o, ® - @0y, in (5), Pieri’s formula in Proposition 4 will
be used as a main tool. The Pieri nodes derived in the process constitute a Pier:
poset, and the number d is called the Pieri root count.

EXAMPLE 3. For m=2, p=2 and given planes L1, Ls, L3, L4 in general position
with dim(L;) =2 and k; =m+1—-d; =1 for alli=1,...,4,

Ok, ® Ok, ® Ok ® Ok,

Q(2,4) e oy, ® 0k, ® 0,
(91,4) + 9(2,3)) » 740 0,
2Q(1,3) e oy,

2Q(1,2).

2 2

The Pieri poset of all the Pieri nodes and the poset that consists of their duals are
shown in Figure 1.

1[2 4] 1[1 3]
1]1 4] 1[2 3] 11 4] 1[2 3]
2[1 3] 2[2 4]
} }
2[1 2] 2(3 4]
Pieri poset Dual Pieri poset
Fic. 1.

Now, any 2-plane X that meets Ly must be in Q(3,4) e 01 ~ Q(2,4). Since
[2,4]* = [1,3], there is a unique 2-plane in Q(2,4) @ Q(1,3). So, if we let A; = (e1)
and Az = (e1, ez, e3), there is a unique 2-plane in Q(A;1, A2) consisting of 2-planes of
the form

= X[l’g]

SO O
o = O

that meet Ly. We may determine this unique X[ 3) by finding u via its intersection
condition with L.

Similarly, any 2-plane X that meets both Ly and Lo must lie in Q(3,4) 00,001 ~
Q(1,4) + Q(2,3) by Proposition 4. Since [1,4]* = [1,4] and 2(2,3) e Q(1,4) =0, by
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letting A1 = (e1) and Az = (e}, ez, €3,€4), there is a unique 2-plane in Q(A;, Az)
consisting of 2-planes of the form

- o

v | = X0

V2

S oo+

that meet both Ly and Ly. We may determine this unique X[ 4 by finding vi and
vy via the intersection conditions of meeting Ly and Ly. On the other hand, since
(2,3]* = [2,3] and Q(1,4) e Q(2,3) = 0, there is a unique 2-plane in (A1, Az) with
Ay = (e1,e2) and Ay = (e, ez,€e3) consisting of 2-planes of the form

1 O
vy 1
0 v | Xi2,3)
0 O

that meet Ly and Ly. This X3 3) is decided when v] and vy are found.

Continuing the same pattern, since (3,4) @ 01 @ 01 0 01 ~ 2Q(1,3) and [1,3]* =
[2,4], there are two 2-planes in Q(A;, Ag), with A1 = (e1,e2) and A = (e1, €2, €3, €4),
consisting of 2-planes of the form

1 0

wq 1

0wy | = X4
0 w3

that meet L1, L2, and Ls. And, 2(3,4) e g, @ 01 @ 01 @ 01 ~ 2Q(1,2) as well as
(1,2]* = [3,4] imply that the two 2-planes that meet all L1,...,Ls can be found by
solving two set of y’s of

1 0
y 1
=X
Ys Y2 3.4]
0 s

in Q(A;, A2) with A; = (e1,ez,e3) and (e1,e2,€3,€4).

The theme of the so-called Pieri homotopy algorithm is as follows:

1. Finding u in X[1 3) by the criteria of meeting L;.

2. (a) Solving {v1,v2} in X1 4) by a homotopy with a starting point containing

{v1 = u,vy = 0}.
(b) Solving {v1,ve} in X235 by a different homotopy with a starting point
containing {vy = 0,vy = u}.

3. Solving two sets of {w1,wz, w3} in X2 4 by a homotopy with two starting
points containing {w; = 0, wy = vy, ws = v2} and {w; = v}, wy = vhws = 0},
respectively.

4. Solving two sets of {y1,y2,¥3,ya} in X34 by a homotopy with two starting
points containing {y1 = wy,y2 = we,y3 = w3, ys = 0} with two sets of values
of {w1, we, w3} obtained at the last step.

The details of those homotopies of our approach will be elaborated in the next

section.
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From the process in the above example, we solve the ultimate solutions in X3 4
by following the cascade of solving

Xns3
X23] Xnaq
(6)
2X[24]
2X[34]
For a = [ay,...,ap|, write
~ . 0 .
Z1,1
1
T(ay—-1),1 T1,p
Xa = X[q,, Jap] = . .
w(afp"p)yp
e O -l

Those a’s in (6) actually follow the duals of the Pieri poset in Figure 1. For nodes a
and b,

a_,..._)...__)b

is called a chain joining a and b. A chain joining a = [m + 1,m +2,...,m + p] and
b =[1,...,p] is called a complete chain. The Pieri homotopy algorithms in general
are constructed based on the duals of the Pieri poset consisting of all the derived Pieri
nodes.

3. Algorithms. For given planes Ly,..., L, in C™*? in general position with
dim(L;) =m+1—k; for i =1,...,n, all derived Pieri nodes in

Ok, @0k, ®- -+ ® 0,

form a poset. Unless otherwise indicated, we shall use the term “Pieri poset” for the
poset of duals of all those Pieri nodes. As mentioned in the introduction, we shall
represent each L; by a (p + k; — 1) x (m + p) matrix K; whose rows consist of all the
normals of the linear equations that define L;.
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(a) Hypersurface intersection conditions, where k; = 1 for all i =
1,...,n. Letting a® = [1,2,...,p] sit on top of the Pieri poset, we may write
(7) a% - al-> ... 5 a"

for a complete chain in the poset, and it is obvious that the coordinates of consecutive
nodes a’ and a’*! in the chain can differ by 1 on only one component. We shall use

Copip s
al TH gitl

to denote that the p;41th component of a’ is increased by 1 to reach a’*!. We may
therefore write

a0 ﬁl_, al __/_‘_2__) _El) a”

for a complete chain. Recall that for a = [ay,...,ap)
[ 1 0 ]

T1,1
1
T(a;-1),1 T1,p
Xa= .
z(aﬂ_p)»p

0

= 0 -

For a® %4 a!) the only unknown in X,: can be determined by

K1 Xa1A] =0,
where A} = e,, € CP. Now, suppose we have proceeded up to

al B, gl K2, L KL g

in the chain. This means that we have solved all the variables in X,; and found
Af,..., A} € PP~ such that

KlXajA‘lj=0 for l=l,...,j.

Namely, a p-plane in the form X, that meets planes L, ..., L; has been determined.
To proceed one step further in the chain, for
al B it where ait! = [aUTV . oY),
consider the homotopy
K1 Xps1 AT = 0,
(8) H t,Xaj+1,Aj+1) = o
( KanJ‘+1A“;-+1 = 0,

[(1 - t)Kaj+l + tKj+1]Xaj+1 Agii = 0,
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where the p;th component of A{H islforl=1,...,j+1, and I?aj+1 is the matrix
[ea(j+1>,...,ea(j+1>]T. For each t € [0,1], the system admits p — 1 variables in A{‘H
1 P

for each I =1,...,7+ 1 and j + 1 variables in X,;+1; it admits, in total, (p — 1)(j +
1)+ (j+1) = p(j + 1) variables. It is clear that the total number of equations is also
p(j + 1), making the system a square system. When ¢ = 0,

Xait1 = Xai
AT = A, l=1,...,7,
A;i% = eﬂj+1(G (&

is a solution of the system H (0, Xgs+1, A7T!) = 0 in (8). Following the homotopy path
of H(t, Xai+1, A1) = 0 emanating from this solution, we obtain a solution of Xaj+1
and A{H forl=1,...,5+1at t=1 that satisfies

Ki X1 AJT =0 forl=1,...,5+1.

A p-plane that meets L, ..., L;1; in the form of X,+1 is then found and the chain
has been extended one step further; namely, we have proceeded along the chain up to

o
a0 M, gl H2 o HEL il

When we proceed further along the chain and arrive at a™, a p-plane that meets all
L;,i=1,...,n, becomes available.
EXAMPLE 4. In Ezample 3, there are two chains in the dual poset:
chain 1: [12] 25[13] 2 [14] -5 [24] - [34],
chain 2: [12]-2>[13] - [23] 2 [24] > (34,
and the corresponding homotopies are

[12] [12]
l -
0 [ 0
[13]: K1X[13]A%=O,A%= [ 1 ] [13]: K1X[13]A%=O,A%_—_ [ 1 ]
l r -
(14], KiXjpgA?=0 [23] K1XjggA2 =0
A 0ferea)” +tE}XpgAF =0 7| {(1-D)ez,e]” +tK2}XpgAT = 0
U o
[24] K1X[24]A:1; =0 [24] i K1X[24]A:1; =0
: K2 X[pqA3 =0 : K2Xjo4A3 =0
L {(1 —t)[€2,€4]T+tK3}X[24]Ag =0 L {(1 —t)[e2,e4]T +tK3}X[24]Ag =0
L !
[34] KIX[34]A% =0 [34] K1X[34]A‘{ =0
}'{2)([34]/\‘21 =0 . KQX[34]A4 =0
K3X[34]A§ =0 ’ K3X[34]A§ =0
| {1 —t)[es, ea]T + 1Ky} X(34A5 =0 | {1 t)[es, ea]T + tKa} X(34A] = 0.

For chain1, AL =[], k=1,2,1=1,....,k, AL = [1], k=3,4, 1 =1,....k;
for chain 2, AL = [1], k=1,3, 1l =1,....k, AL = [}], k =24, 1=1,.. k.
Between chain 1 and 2, the only distinct homotopies are [13] N [14] in chain 1 and
(13]—>[23] in chain2. O

EXAMPLE 5. Form = 3,p = 2, let Ly,..., Lg be planes with dim(L;) = 3 for
1 =1,...,6. The Pieri poset is shown in Figure 2. For the complete chain

(12]-25[13] -2 [14] - [24] -2 [25] - [35] = [45],
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11 2
101 3]
1{14] 1[23]
1(15] 2[24]
3[25] 2[34]
5[35]
5[4 5]
Fic. 2.
the homotopies are
[12]
! i
0
[13] N KlX[13]A%,= O,A}.z |: 1 ]
L
[14] K1 Xp4A3 =0,
L {(1 - t)[el7e4]T + tK?} X[l 4]A% = Oa
!
24 [ K XpgA} =0, 1=1,2,
L {1 —=t)[e2, eq]T +tK3} Xj29A3 =0,
!
[25] [ KiXpg5Al =0, 1=1,2,3,
' L {(1 - t)[62,e5]T + tK4} X[25]Ai = 07
!
5] [ KiX;35A =0, 1=1,2,3,4,
"l {1 —t)[es, es)T + tK5} X35A% =0,
!
(45 [ K Xy5Af =0, 1=1,2,3,4,5,
"L {1 —t)[es, e5)T + tKe} Xja5Ag =0,

where Ay =[], Ab=[7], Ay =[], A =[;], AL =[], and Af=1[}]. O

*

Remark 1. Let a be a node shared by k different complete chains

al B ol L Eloan =1,k
Say a{“ =a, for l =1,...,k. This means ox, e o}, ®--- 00}, e Q(a) =kQ(L,...,p),
where k; = 1 for i = 1,...,j. In this situation, the homotopies for the extensions

al Ay aj™! = a in (8) are the same for all I. It is critically important that those
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k paths that emanate from k different starting points

0
Xa=Xp, M =MNfori=1....5 Ajj=|1| < pgrmth
L 0]

will reach different solutions at ¢ = 1. This assertion is warranted by the following
observations. Since for each ¢ € [0,1], (1 — t)Ka + tK;1; represents an m-plane
L;j;1(t), and those m-planes L;;1(t) are in general position for 0 < ¢t < 1, it follows
that for each t € (0, 1] the system

K1 XA = 0,
K XA = 0,
[(l—t)K +tKin)XaAl = 0

has & solutions and all of them are nonsingular. Since at ¢ = 0 those k solutions are
also nonsingular, those & different paths of the same homotopy will lead to k different
solutions at ¢t = 1.

(b) General intersection conditions, where k; > 1 for certain 1 < ¢ < n.
The Pieri poset in this case is somewhat more complicated. For k; > 1, let a* be a
derived node of a’~!. The coordinates of nodes a’~! and a’ may have several different
components and their differences may not simply differ by just 1. Moreover, as the
following example shows, not all the nodes can be proceeded to reach final node a™
to be part of a complete chain.

EXAMPLE 6. For m =5, p = 3, and given planes L1,...,Ls in general position
with dim(L;) = 3, for alli=1,...,5, Z?zl k; = 15 = mp. Furthermore,

0p®030©03003003003

[€2(6,7,8) @ 03] 803003003 003

[2(3,7,8) @g3] @03 003 @03

[ ( ) 78) +Q(27578) +Q(31478)] 03003003

[2Q(1,3,8) + 3Q(1,4,7) + 2Q(2,4,6) + Q(1,5,6) + Q(3,4,5)] e 03 03
[7(1,3,5) + 69(1,2,6)] o 03

69(1,2,3).

222

The Pieri poset in this case is shown in Figure 3, and the poset consisting of
complete chains is shown in Figure 4.

Of course, only complete chains in the Pieri poset are meaningful in computing
our solutions. For a° = (1,...,p), let

aO_‘)al__). ce—a"
be a complete chain, where a’*! is derived from a’ via oy, +1 forj=1,...,n—1.
Namely, Q(a’) C g0y, ®--- 0%, and Q(a/*!) C gge ok, @ 0k, ,. When k; > 1 for
certain i € {1,...,n}, we Wlll insert artificial intermediate nodes between nodes a‘~!
and a* for our algorithm as follows:
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ol[123]

ol(126]

11 3 8] el(147 o115 6]

2168 o 03258 o[348]™ ¢2(357 o[456]

6378 ® ® 7(46 8]

®6[6 7 8]
FiG. 3.

Writing
a7l = [agiﬁl),...,a("'l)] and a'=[a{?. -, ald),
we let I; = min{j | a(t V< a(z)} and b! = (b, ..., b"), where
agi_l) for j=1,...,1; — 1,

b§l) = (’ V41 forj=10

a(-i) for j=0L+1,...,p

Inductively, when b® = (b(s) . b(s)) is defined for s < k; — 1, let g4, =
min{j | bﬁs) < ag.’)} and bstl = (bgs"'l), .. .,b,(,sH)), where
b§~s) for j=1,...,0l441 -1,

b§s+1) — bfj‘il +1 for ] = ls+l

ag.i) for j=ls41+1,...,p
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el[123]

o 1[126]

1[1 3 8lg e1[147] 1156

2[16 8] o 03(258] ¢1[348)

®65[3 78]

®6[6 7 8]
Fi1G. 4.

We insert those nodes b!,...,b*~! defined above between a‘~! and a‘. Obviously,
the coordinates of any two consecutive nodes among them can differ by 1 on only one
coordinate. Therefore, we may write

ai~l.= O AL pl H2, . PR i g
where 1; in b7~1 24 b7 represents the coordinate where bi~! and b differ.
EXAMPLE 7. For instance, the node insertion between [1 4 7] and [1 6 8] on
Figure 4 of Example 6 is

14750157 -2167)->[168],
and when all intermediate nodes are inserted the poset with complete chains is shown
in Figure 5.
For consecutive nodes a*~! and a’ with k; > 1 and the chain joining the interme-
diate nodes between them,

Bk —1
—_

(9) a~l=p" £ p! £ b* = a,

suppose we have solved all the variables in X i-1 as well as A}"l € PPl for | =
1,...,i—1 for which

(10) KiXq:A7'=0  for I=1,...,i-1
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olll 23]
(124)

(125)

o112 6]

ol[138] (1[147 "ol[156]

(1438) 157) (238)
(158) (167) (248)

c20168 3258 (iB34s)

FiG. 5.

Recall that the (p + k; — 1) x (m + p) matrix K] is a representation of the plane L;.
Let K; = [v1,...,vp4k,—1]T, where v, for s = 1,...,p+k; — 1 are linearly independent
vectors in C™*P, For

ai—l — bO i) bl
consider the homotopy

K1Xb1A§+ki_l = 0,

(11) Ki—IXblAz:i_llci—l = 0,
[(1-t)K? + tK} | X AlTR T = o,

where for b! = (b{"), ... b))

A~

0._ T
Kl = [ebgl)’ ey ebl(pl)]

1. T
and Kj:= [5b(1)""’eb“) ) U1, €,1) ,...,eb(l)]
1 nyp—1 u1+1 4
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Moreover, the p;th coordinate of A:i’,:::l cPPlissettobel,andforl=1,...,i—1
the coordinate of Af'”“i_l € PP~ is set to be 1 if the same coordinate of A}~" € PP~!
is 1.
This homotopy is a deformation of square systems of size
i—1

p+Y (p+k-1).

=1

Clearly, when t = 0 any solution Xa:-1, Af+ki"1 forl =1,...,i— 1 of (10) coupled
with Aziﬁzj = e, is a solution of (11). The solutions we obtain at t = 1 by following
the paths of the homotopy in (11) emanating from those solutions will be established
as solutions of the start system of the homotopy constructed for the next step.

Inductively, write b! = ( 5’), ey bg)) for ] =0,...,k; and suppose for 2 < j < k;
the system

it+k;—(5—1
Ki Xy ATR0-D =
12 itki—(j—1)
(12) Ki_1 Xps AlTRs = 0,
1 ) itki—(i-1) _
R} Xy TR TOZ = o,
where
>l L T
Kj—l = [eb(j-l),...,eb(j_1) ,’Uj_l,eb(j—l) ,...,eb<,-_1),v1,...,vj_2]
1 pj—-1-1 pj—1+1 P

has been solved. For
bt HL bl

consider the homotopy

K1 Xps AT = 0,
(13) Ki 1 Xps A5 = 0,
R . ki
(1 - t)K? +tK X AT = 0,
where
K? = [eb(lj), ey eb;j),vl, ey Uj_l]T
1 _ ) ) . . T
and K; = [ebgj),...,ebi,;_l,vj,ebijj)ﬂ,...,ebgj),vl,...,v]_l] .
And, as in (11), the p;jth coordinate of A:i’,:::; € P! is set to be 1, and for [ =
1,...,i—1, the coordinate of Af+ki—j is set to be 1 if the same coordinate of A;+ki_(j -1

is 1.
This homotopy is a deformation of square system of size

i—1

p+i—-1+Y (p+k—1),
=1
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and it is straightforward that any solution of the system in (12) induces a solution of
(13) when t = 0. Those paths of the homotopy in (13) emanating from those solutions
lead to, at t = 1, a set of solutions of

K1 Xy AiYR=7 =,
(14) Ki_IijA::tllci-'j = 0,
KiXuAifeZd = 0.

Continuing those steps successively from j = 2, when we reach j = k;, the
solutions at ¢t = 1 provide a set of p-planes in the form X,: that meet L,,..., L;.
EXAMPLE 8. In Ezample 7, the homotopies of the chain
[123]i>(124)—3->(125)i>[126]

le;(;l 1

—2—->(136)—2—§(146)—§—>[147]

1&5 2

—l->(247)—3—>(257)—3+[258] —

lev‘eT{%
at the third level with K3 := [v1,v2,v3,v4,v5])7 are
[147]
! ]
(247) KIX(2,4'7)A‘;) = 0,
: K3X(2,47)A5 =0,
| {(1—t)[e2, eq, 7] + tlea, vs, €7)T} X (2,4, A = 0,
!
(257) .I{1X(275’7)A‘11 =0,
: K2 X(25mA3 =0,
i {(1 - t)[ez, €5, 67,05]T + t[62,65,1)4,05]T}X(2,5,7)A2 =0,
l
[258] K1 Xps5gA3 =0,
: K> X253 =0,
| {(1 —t)[e2, e5, €5, va, vs] + vy, V2, v3, V4, v5]} X |25, 5)AF = 0,
where

Ex

5 4 3 _ 5 4 3 __
A1,A1,A1— s A2,A2,A2— * 1,

1 * ER
and Al=|x|, Aj=|1|, Ad=]%]|.
* * Ll_
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Write I?{ = (1 —t)[ea, e4, €77 + tle2, vs,e7]T. Then,

1 0 0

.’12110

JI21
R 01 000O0O0TO T3 T4 A1
KiXoanA3 = [********j' s A2
000O0O0O0OTI1O0 O A3

L6

7

L. 0_

Obviously, A3 = 0 for all t € [0,1], and, as assigned, A\; = 1 for all t € [0,1].
Let xi”, . ,a:g,l),)\gl)(= 1),)\§1),/\g1)(= 0) be a solution of K1 X (247yA} = 0. Now, for
Ki{:=(1- t)]e2, es, e7,v5]T + tlez, €5,v4,v5) at t =0,

T1 0 0]
x110
01000000 z2 1 N
~ 00001000 T3 T4
K3Xesndi = 15 90000010 y s ;2
3
*x %k % %k X% X %k X O xﬁ
z7
- 0_
1 1 0 0
_ 0 y zs i‘_o
- 0 0 z7 A2‘0
*  x  * 3 0

As assigned, Ao = 1 and obviously A\3 = 0, and the new variable y must be zero.
And, since

1AM +1=0,

T = wl(l) forl =1,...,7, along with \; = —;%, Ao =1, A3 = 0, is a solution
1

of I?gX(257)Afi = 0. Similarly, with K} = [eq, es,va,v5)T, let x?), . ,zg,z),y(z),)\?),
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Ag2)(= 1), /\§2) be a solution of

1 0 0 ]
I 1 0
01000000 z2 1 A
= 000O0T1O00O0TO T3 T4
KiXenhl = | 4 o % « 1« » voos ||
3
* * * * * * * * 0 176
z7
L 0 -
T 1 0 0
0 y zs M 0
- o | =
*  x \ 0
*  x 3 0
Then for I?é = (1 —t)[ez, es, e, vg, vs)T + t[v1,v2,v3,v4,05] at t =0,
1 0 O 1
- I 1 0
01 00O0O0OO0OTDO 2 1
R 000 O0O1O0O0TO0 T3 4 A1
KgX[zg.g]A% = 000 0 O0OT OO 1 y s A2
* % %k %x % % x x O A3
* * x ok k¥ *x ok Ze
L o
L z
[z, 1 0 0
0 y x5 A 0
= 0 0 z /\2 = 0
* Kk % A3 0
| x x 0

Then A3 = 1, as assigned, implies 2 = 0. On the other hand, since

yda + x5 =0 and 1A + A2 =0,

@

T = x§2) forl=1,...,7, y = y@, A = —%?53-, and Ay = ——)‘(327 s a solution of
z3

KgX[258]Ag = 0 D

Remark 2. In Example 8, K} defines a 5-plane L} containing Lz, K} defines a
4-plane L2 containing L3, and K3 = Kj represents L3. So the strategy behind the
homotopies we construct between intermediate nodes is the following. To find the
3-planes in the form of Xjz55) which meet Ly, Lo, L3 (those X[z5¢) are in o3 @03 003 @
(2,5,8)), we first find the 3-planes X547y which meet L1, Lo, L} (those X (247) are in
03803001 0€)(2,4,7)). Then we find the 3-planes X (257) which meet L1, Lo, L2 (those

X'’s are in 03 803 002 02(2,5,7)). Ultimately, we find the 3-planes X|z5¢) which meet
Ly, Ly, L3.
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4. Numerical results. An implementation of a previous version of the Pieri
homotopy algorithm for numerical Schubert calculus [4] exists in the module of the
extended version of PHCpack in [10] that also provides the SAGBI homotopy proposed
in [3] for solving general problems in enumerative geometry numerically. In general,
as reported in [4], the Pieri homotopy algorithms are much superior in speed as well
as the range of applications than the SAGBI homotopies. We therefore compare only
the results of the implementation of our algorithm with those of the code in PHCpack.
All computations were carried out on a 400 MHz Intel Pentium II CPU with 256 MB
of RAM, running on SunOS 5.6. In all the tables below #hty represents the total
number of homotopies we followed in the corresponding cases, and Wu is the symbol

representing our code.

1. k; = 1 for all ¢, as shown in Table 1.

TABLE 1

m | p | #soln F#£hty ‘Wu PHC
312 5 21 220ms 720ms

4 | 2 14 63 1s270ms 5s50ms
3|3 42 183 13s420ms 41s480ms
5 |2 42 195 8s870ms 39s870ms
6 | 2 132 360 13s330ms 1m13s
712 429 1196 1m16s 8mlds
413 462 1110 1mb58s 8mb9s
8 | 2 1,430 4,056 Tmdds 53m2s
9 | 2 4,862 13,988 38mlls 6h29m1ls
513 6,006 14,683 57m59s 7h53m28s
6 | 3| 87,516 | 217,276 | 28h44m13s -

The code in PHCpack requires a much bigger RAM than our code in all of the
cases. For instance, for (m,p) = (4, 3) above, PHC needs more than 7,044KB

whereas Wu only needs 996KB.

2. k; > 1 for certain i’s, as shown in Tables 2—10. The first column of
each table shows the numbers of all those &;’s.
TABLE 2
(m,p) = (3,2)
[Tki,..-,kn] | #soln | #hty | Wu || PHC |
321 1 6 40ms 470ms
222 1 6 60ms 550ms
2211 2 9 80ms 1s30ms
21111 3 13 130ms 2s290ms
TABLE 3
(m7 p) = (37 3)
[ [k1,-- kn] [ #soln [ #hty [ Wu | PHC
333 1 9 160ms 2s250ms
3222 1 9 250ms 5s70ms
33111 1 9 200ms 4s420ms
32211 2 13 490ms 8s120ms
22221 3 21 870ms 10s480ms
222111 6 32 1s160ms 20s670ms
2211111 11 50 3s310ms 42s190ms
21111111 21 92 7s80ms 1m10s830ms
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TABLE 4
(m,p) = (4,2)

[ [k1,...,kn] | #soln | #hty [ Wu ]| PHC |
2222 3 20 220ms 6s750ms
3311 2 12 150ms 4s730ms
4211 1 8 60ms 3s70ms
32111 3 16 240ms 6s850ms

41111 1 8 80ms 2m510ms
221111 6 30 680ms || 14s240ms
311111 4 20 380ms 8s970ms
2111111 9 41 910ms 16s460ms
TABLE 5
(m,p) = (4,3)

U [k1,.- -, kn] [ #soln | #hty || Wu I PHC
44211 1 12 330ms 25s550ms
43311 2 16 750ms 53s700ms
43221 2 17 730ms 1m9s320ms
33222 4 29 1s730ms 1m39s800ms
222222 16 120 7s340ms 3m57s880ms

2222211 26 166 15s510ms 9m26s530ms
22221111 45 226 25s300ms 15m20s820ms
222111111 79 360 49s840ms 25m8s680ms
2211111111 140 622 1m35s740ms 41m42s700ms
21111111111 252 1,112 || 3m34s200ms || 1h16m48s270ms
TABLE 6
(m,p) = (5,3)
| lk1,. .., kn] | #soln | #hty || ‘Wu ]] PHC
54321 2 20 1s240ms 6m0s660ms
44421 3 30 2s50ms 8m12s730ms
44322 4 37 3s340ms 9m23s770ms
43332 5 49 4s230ms 11m30s110ms
33333 6 65 5s80ms 10m21s130ms
543111 3 23 1s660ms 6m46s850ms
5421111 4 28 1s970ms 9m55s900ms
333321 14 118 12s540ms 24m?29s30ms
3222222 60 451 1m2s180ms 1h14m22s370ms
TABLE 7
(m,p) = (5,2)
[ [k1,---,kn] [ #soln [ #hty | Wu || PHC |
4222 2 16 270ms 24s560ms
5311 1 10 210ms 10s280ms
3322 3 23 360ms 35s40ms
22222 6 44 1s20ms || 1m14s520ms
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TABLE 8
(m,p) = (5,4)

[ Tk1,--- kn] | #soln | #hty | Wu B PHC |
44444 1 20 25490ms 49m2s760ms
553322 3 33 6s5480ms 1h48m10s470ms
443333 9 102 225170ms 2h50m18s640ms
544322 4 42 75950ms 2h14m59s90ms
4443221 18 145 45s710ms -

4433222 32 261 1m25s430ms -
2222222222 | 3,396 | 25,938 || 5h4m39s444ms -

TABLE 9
(m,p) = (6,3)

[ [k1,--.,kn] | #soln | #hty ]| Wu I PHC |
333333 40 413 1m6s560ms 3h22m45s430ms
443322 24 208 30s920ms -

433332 30 286 40s650ms -
3333222 104 830 2m20s260ms -
222222222 876 6,547 || 30m22s470ms -

TABLE 10
(m,p) = (6,4)
[ [k1,...,kn] | #soln | #hty || Wu I PHC ]

664422 3 37 10s0ms -

654333 6 70 22s850ms -

554433 10 123 45s870ms -

444444 15 220 1m10s440ms 22h58m54s70ms
33333333 790 8,413 || 1h15m45s778ms >148.5h

As we can see from the results above, our novel approach of employing the Pieri
homotopy algorithm for the numerical Schubert calculus has made a considerable
advance in speed. And, in all the cases we have tried, the storage requirement for our
code is much smaller than that of the existing code. The algorithm is particularly
valuable when k; > 1 appears.
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