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ABSTRACT

networks [7], [8] also often have been used to cluster
data.
The performance of most clustering algorithms is
greatly influenced by the number of clusters which can
not always be defined a priori, the choice of initial
cluster centroids, and the geometrical properties (e.g.
shapes and distributions) of the data. Generally, there
are two approaches to speclfyng the number of clusters.
The first approach involves increasing the number of
clusters, computing some certain performance measures
in each run, until partition into optimal number of
clusters is obtained [9]-[lO]. This approach requires
extensive computation. The second approach focuses on
finding a good projection algorithm whch maps a set of
multi-dimensional pattern onto a two-dimensional space
so as to allow one to cluster data directly by eye [ 111-[14].
The price paid for the possibility of visual examination
of clusters is that we can not automate the specification
of clusters.
While it is easy to consider the idea of a data
cluster on a rather informal basis, it is very difficult to
give a Formal and universal definition of a cluster. In
order to mathematically iden* clusters in data, it is
usually necessary to first define a measure of similarity
or proximity which will establish a rule for assigning
patterns to the domain of a particular cluster centroid.
As it is to be expected, the measure of similarity is
problem dependent. The most popular similarity
measure is the Euclidean distance. The smaller the
distance, the greater the similarity. By using Euclidean
distance as a measure of similarity, hypersphericalshaped clusters of equal size are usually detected. This
measure is useless or even undesirable when clusters
tend to develop along principal axes. Actually, genetic
Structures of real data sets often exhibit
hyperelllipsoidal-shaped clusters. To take care of
hyperelllipsoidal-shaped clusters, the Mahalanobis
distance: from x to E , D(?,Z) = (?-mlT
- c1
(5-14). is one
of the popular choices. The matrix C is the covariance
matrix of a pattern population, - is the mean vector,

How to efficiently spec& the “correct” number of
clusters from a given multidimensional data set is one of
the most fundamental and unsolved problems in cluster
analysis. In this paper, we propose a method for
automatically discovering the number of clusters and
estimating the locations of the centroids of the resulting
clusters. This method is based on the interpretation of a
self-organizing feature map ( S O W formed by the
given data set. The other dif€icult problem in cluster
analysis is how to choose an appropriate metric for
measuring the similarity between a pattern and a cluster
centroid. The performance of clustering algorithms
greatly depends on the chosen measure of similarity.
Clustering algorithms utilizing the Euclidean metric
view patterns as a collection of hyperspherical-shaped
swarms. Actually, genetic structures of real data sets
often exhibit hyperellipsoidal-shapaped clusters. In the
second part of this paper we present a method of training
a single-layer neural network composed of quadratic
neurons to cluster data into hyperellipsoidal- andor
hyperspherical-shaped swarms. Two data sets are
utilized to illustrate the proposed methods.

1. INTRODUCTION
Cluster analysis is one of the basic tools for
exploring the underlying structure of a given data set
and is being applied in a wide variety of engineering and
scientific disciplines such as medicine, psychology,
biology, society, pattern recognition, and image
processing. The primary objective of cluster analysis is
to partition a given data set of multidimensional vectors
(patterns) into so-called homogeneous clusters such that
patterns within a cluster are more similar to each other
than patterns belonging to Merent clusters. Cluster
seeking is very experiment-oriented in the sense that
cluster algorithms that can deal with all situations are
not yet available. Extensive and good overview of
clustering algorithms can be found in [1]-[3]. Perhaps
the best known and most widely used member of the
family is the K-means algorithm or the Isodata
algorithm [4]. Lately neural networks, for example,
competitive-learning networks [ 5 ] , self-organizing
feature maps [6], and adaptive resonance theory (ART)
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and - represents a pattern. One of the major difficulties
associated with using the Mahalanobis distance as a
similarity measure is that we have to recompute the
inverse of the sample covariance matrix every time a
pattern changes its cluster domain, which is
computational expensive. A self-organizing network for
hypereulipsoidal clustering (HEC) using the regularized
1
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the responses of one- or two-dimensional arrays of
neurons, and to perform this transform adaptively in a
topological ordered fashion. The transformation makes
topological neighborhood relationship geometrically
explicit in low-dimensional feature maps. The essential
constituents of SOFMs are as follows 161 :
an array of neurons that compute simple output
functions of incoming inputs of itrbitraq
dimensionality,
*a mechanism for selecting the neuron With the
largest output, and
*an adaptive mechanism that updates the weights of
the selected neuron and its neighbors.
One typical network structure is shown in Fig. 1.
Note that each component of the input pattern
- = ,. ..,xfl)T is simultaneously connected to each of

Mahalanobis distance was proposed to reduce the
computational requirements [ 151. The HCE network
consists of two layers. The first layer employs a number
of principal component analysis @CA) subnetworks
which are used to estimate the hyperellipsoidal shapes of
currently formed clusters. The second layer then
performs a competitive learning using the cluster shape
information provided by the first layer. The approach
does not need to compute the inverse of the covariance
matrix, however, the PCA subnetworks may take time to
converge if the learning parameters are not properly
chosen.
In this paper, we propose to use two classes of
neural networks to cluster multidimensional data. First,
we use the data set to form a self-organizing feature map
(SOFM). Although the SOFM is originally intended to
visualize metric-topological relationships of input
patterns, however, it should be emphasized that the
inteipretation of an obtained map is not as
straightforward as it appears to be. In order to extract
clustering information from a trained SOFM, we first
transform the accumulated responses of the array
neurons into a 2-D digital image where brightness of
each pixel is proportional to the accumulated response of
the respective neuron and then use a 3x3 mask to search
the peaks of the image. Each peak corresponds to a pixel
of which gray level is brighter then its 8-neighbors. The
number of peaks of the image estimates the number of
clusters of the given data set. Besides, the locations of
the peaks also provide us with the estimates of the
locations of cluster centroids, After we have estimated
the clustering information from the S O N we train a
single-layer neural network composed of quadratic
neurons to cluster data. The number of the quadratic
neurons is determined according to the number of the
peaks of the image. The values of the synaptic weights
are initialized by the coordinates of the locations of the
peaks. The inherent characteristics of quadratic neurons
were reported in [16]-[18]. The neural network is trained
in an unsupervised manner to cluster the data into
hyperspherical-shaped or
hyperellipsoidal-shaped
swarms according to the underlying structure of the data.
The remaining of the paper is organized as follows.
Section 2 briefly introduces the characteristics of SOFMs
and the proposed technique to extract clustering
information from a trained SOFM. We discuss the
characteristics of quadratic neurons and the proposed
unsupervised training algorithm for the neural networks
consisted of quadratic neurons in Section 3. Simulation
results of two data sets are provided in Section 4. Finally,
a few concluding remarks are given to conclude this
paper.

an NxN array of neurons. The output of thejth neuron is
defined as
"
outy+l)(x(t +1)) = f ( =p+ri ( t+ 1)+ cw,,ouL;') ( x ( 1))
f (1)
i= 1

where

/EL,

denotes the connection weight from the ith

input component to the jth neuron, wJ, denotes the
lateral feedback weight fiom neuron 1 to neuronj, L,
denotes the subset that contains the neurons having
lateral feedback weights connected to neuron j , f is a
suitable activation function, t denotes a discrete time
index, and x ( ~ ) = [ x , ,...,
( t )x , ( t ) l T represents the tth
input pattern. The training algorithm for forming a
. SOFM is summarized as follows :
Step 1: Initialization: Choose random values for the
initial weights
(0).
--i

Step 2: Winner Finding: Find the winning neuron j' at
time t, using the minimum-distance Euclidean
criterion:

1,

j' = argminllx - E,
1

where

j = 1 ... N 2
7

(2)

,

1.11 indicates the Euclidean norm.

Step 3: Updating: Adjust the weights of the winner and
its neighbors, using the following rule:

where v ( t ) is a positive constant and N . ( t ) is the
J

topological neighborhood set of the winner neuron j' at
time t. Practically, we usually start with a wide range for
N,,( ) and a large 7( f ) and then reduce both the range
of N , . ( t ) and the value of q ( t ) gradually as learning

2. INTERPRETATION OF SELFORGANIZING FEATURE MAPS

proceeds.
The global topological ordering of the weight
vector
( t ) take place during the initial phase of the

The principal goal of self-organizing feature maps
is to transform patterns of arbitrary dimensionality into

learning process. The remaining iterations are needed

2
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principally for the fine tuning of the feature map. It
should be emphasized that the success of the map
formation is critically dependent on how the main
parameters (i.e. q ( t ) and N , ( t ) )are selected, initial

3,,NEURAL NETWORKS WITH
QUADRATIC NEURONS

J

values of the weight vectors, and the number of
iterations. Although the SOFM are originally intended
to visualize metric-topological relationships of input
patterns, the interpretation of a SOFM is not as
straightforwardas it appears to be. A trained SOFM has
to be calibrated by supervised labeling of array neurons
in response to a specific known vector from the training
set. Such labeling is usually achieved by the so-called
"voting method" ( i.e. a neuron is labeled class k if it
responds to input patterns belonging to class k as a
majority within the whole data set ). After this, we are
able to analyze the meaning of the labeled map. As we
can see, if no category information is available, the
inspection of the map does not reveal any information
about the clustering characteristics of the data set. In fact,
the absence of category labels distinguishes cluster
analysis from pattern recognition ( and discriminate
analysis ), therefore, an unlabeled SOFM is not of much
help in cluster analysis.
Based on above discussions, we propose a method
to interpret an unlabeled SOFM so as to provide us with
information of both the number of clusters and the
locations of the cluster centroids. The method is given as
follows:
1. Map forming. The whole training data set is used
to form a SOFM.
2. Response accumulation. The responses of each
neuron are accumulated according to the following
equations:
M

b, = c O u t , ( x , )

j=1,2;-,N2

(4)

,=I

and

where A4 denotes the number of training patterns.
3. Peak searching. We can view the accumulated
responses of the neurons as an NxN digital image.

The digital image is a matrix whose row and
column indices i d e n w a neuron in the array and
the corresponding matrix element value
i d e n w n g the gray level at that point is
proportional to the value of the accumulated
response of the corresponding neuron. The image
provides a global structure of the given data set.
Pixels with relatively bright gray levels are the
potential centroids of clusters. A 3x3 mask shown
in Fig. 2 can be used to automate the specification
of such pixels. We scan the image pixel by pixel,
from top to bottom and from left to right. Let po
denote the pixel at any step in the scanning
process and let PI, ...& be the 8-neighbors of po. A
peak exists at the pixel po if the following
condition is satisfied:

In many practical situations data tend to cluster. A
reasonable approach to cluster data would be in the form
of a hyperspherical or hyperellipsoidal swarm of patterns.
This assumption brought about the class of neural
networks using quadratic junctions reported earlier. The
inherent architecture of the networks was discussed in
[16], [17]. In addition, it was shown that any Gaussian
classifier can be mapped into a neuron using quadratic
junctions [18]. Here a variety of the quadratic-type
junctions we consider in this paper is described by the
following equations :
(7)

and

out ( x ) = e-+c',
J

-

where bJk,s,, and

x = (XI;',Xn
-

wJb

(9)

(5)

are adjustable weights,

is an input pattern, 11,

= (yll
,...,yr ) T

is

the trmjfomed version of the input pattern X , and
Out ( x ) is the output function of neuronj.
J -

This type of quadratic junctions is capable of
achieving hyperellipsoidal discriminants that can be
varied in sizes and in locations. The reasons are as
follows. First, the rotation and scaling transformation
are easily accomplished to transform the X-space into
the Y-space via Eq.(7). Then a hypersphere is defined in
the transformed space (i.e. Y-space) by Eq.(8).
Combining these two-equations, we are able to define a
hyperellipsoid whose principal axes may be oblique to
the coordinate axes.
From our previous works [16], [17], we have
developed a supervised training algorithm for training
the networks. Here we present an unsupervised training
algorithm for the networks. Instead of sequentially
computing principal components to define a
hyperellipsoid, we propose to adjust the weights of the
winning quadratic neuron in the direction of gradient of
the output function so as to increase the chances of
winning by thejth neuron for the repetition of the same
input pattern. That is, the weight adaptation rule tends to
enhance the same responses to a sufficiently similar
subsequent input. The weights are updated using the
following d e s :
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and Fig. 5 . show the trained SOFM and the image of the
accumulated responses, respectively. For a more distinct
illustration, we flip the gray levels such that darker
regions represent peaks instead of valleys. By using the
3x3 mask shown in Fig. 2. to scan the image, we found
there are three peaks located on the coordinates (2,4),
(3,1), and (4,4), respectively. Therefore, there exist three
clusters in the data set. We then use these information to
initialize a single-layer neural networks with 3 quadratic
neurons. After training, the resulting clusters are shown
in Fig. 6. For the comparison purpose, we use the Kmeans algorithm associated with the Euclidean metric to
cluster the same data set. The resulting three clusters are
shown in Fig. 7. This figure tells us there are several
patterns which are not appropriately clustered.

= s .(I)+?,(-2s .Out. (x)net .
J

J

J

J

and
dour .(x)
w .. ( t + l ) = w . - ( t ) + 1 7 , 2
Jh
Jb
dw. . ( t )
Jh

where v b , 7s, and r7, are positive learning rates. The
whole competition learning algorithm for a single-layer
neural network composed of quadratic neurons can be
stated as follows:
1 Initialization: Set b, (0) to be the coordinates of the

Example 2: Iris data set
The Iris data set has three subsets (i.e. Iris Setosa,
Iris Versicolor, and Iris Virginica), two of which are
overlapping. The Ins data are in a four-dimensional
space and there are total 150 patterns in the set. Fig. 8.
shows the image of the accumulated responses. For a
more distinct illustration, we flip the gray levels such
that darker regions represent peaks instead of valleys.
The image tells us there are three peaks located on the
coordinates (1,3), (3,1), and (4,4), respectively. We then
used 3 quadratic neurons to cluster the Iris data set. The
learning rates were set to be 0.01, 0.001, and 0.04 for
7b,7,, and r 7 w , respectivly. The training procedure
terminated at the 60th iterations. The performance
results are tabulated in Table I. Note that the K-means
algorithm with Euclidean distance misclassified 16
patterns, the HEC network misclassified 5 patterns, the
fuzzy clustering algorithm [191 misclassified 4 patterns,
and the quadratic-junction network misclassified 4
patterns.

estimated locations of cluster centroids,
set,,b ( 0 )= 1 if k = 1 , and zero otherwise, and set
s, = 1,

for j=l, 2,-, C, where C represents the

estimated number of clusters. That is, we let the C
clusters start fiom being C hyperspheres.
2,Activation: At time t, activate the C quadratic
neurons by applying input pattern - ( t ) .
3.Winner Finding: Find the winning neuron j' at
time t, using the maximum-value criterion:
j' =argmaxOut,(xJ), j = I ,..., C.
I

4.Updating: Adjust the synaptic weight vector of the
winning neuron, using Eqs. (10)-(12).
5,Continuation: Continue with Step 2 until no
noticeable changes in the weight vectors are
observed or the same result (i.e. the cluster
membership of input patterns) as in the previous
iteration is obtained.

4. SIMULATION RESULTS

5. CONCLUSIONS

Two data sets are used to illustrate the
effectiveness of the proposed method. For the artificial
data set the comparison is performed between a singlelayer neural network composed of quadratic neurons and
the K-means algorithm with Euclidean distance. The
performance was also demonstrated on the well-known
Iris data. For the Ins data set, the reported results of [ 151
and [ 191 are also used for the comparison purpose in the
simulations. Note that since the behaviors of the Kmeans algorithm and the networks with quadratic
junctions are influenced by the choice of initial cluster
centroids or initial weights, the best results in ten trials
are reported in this paper. For each data set, a 5x5
network was trained to form a SOFM.

In this paper, we first propose a method of
estimating both the number of clusters and the locations
of the cluster centroids. The method is based on
interpreting an unlabeled S O W . We then use these
estimates to initialize a single-layer neural network with
quadratic neurons.The network is updated in an
unsupervised manner to cluster data into
hyperellipsoidal-shaped
or
hyperspherical-shaped
clusters according to the underlying structure of the data
set. Simulation results are very encouraging.
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Fi,g. 1. One typical seif-organizing feature map
network structure.
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Fig. 3. The artificial data set: 579 data
points.
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Fig. 5. The image of the accumulated
responses for the artlficiai data set.

responses of Iris data set.

Table I. The performance of clustering algorithms for
the Irisdata
5

4

XI

Fig. 6. Partitions using the network
composed of three quadratic neurons.
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